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COMPARATIVE  TESTS  OF  SIX  SIZES  OF  ILLINOIS  COAL 
ON  A  MIKADO  LOCOMOTIVE 


I.     Introduction 

1.  Preliminary  Statement. — Until  a  few  years  ago  practically  all 
of  the  coal  used  on  locomotives  was  mine-run  coal — the  entire  un- 
screened products  of  the  mines.  In  recent  years,  however,  increasing 
quantities  of  screened  lump  coal  have  been  used  in  locomotive  service. 
This  increase  in  the  consumption  of  lump  coal  has  been  due  partly  to 
economic  factors,  such  as  the  increasing  market  for  the  screenings 
which  result  from  the  production  of  lump  coal ;  and  partly  to  the  belief 
that  lump  coal,  when  burned  on  a  locomotive,  produces  enough  more 
steam  than  mine-run  coal  to  compensate  for  its  greater  cost.  Special 
considerations,  such  as  the  desire  to  lessen  the  amount  of  smoke  formed, 
have  also  led  in  some  instances  to  the  use  of  lump  coal,  which  is  gen- 
erally believed  to  require  less  skill  in  firing  than  mine-run  coal.  Be- 
cause of  the  gradual  adoption  of  mechanical  stokers  for  locomotives, 
the  railroads  are  also  using  constantly  increasing  amounts  of  various 
si2;es  of  screenings  for  locomotive  fuel.  Thus  far  they  have  made  com- 
paratively little  use  of  any  except  the  sizes  mentioned,  although  traffic 
and  market  conditions  occasionally  make  it  feasible  and  desirable  to 
employ  such  sizes  as  egg,  egg-run,  and  nut  coal  on  locomotives,  pro- 
vided the  prices  are  such  as  to  warrant  their  use. 

Under  these  circumstances  railway  purchasing  departments  are 
continually  confronted  with  the  problem  of  choosing  between  mine- 
run  and  lump  coal,  and  occasionally  with  that  of  choosing  between 
these  and  other  sizes  as  well  as  between  various  sizes  of  screenings. 
For  such  a  choice,  information  regarding  the  relative  values  of  the 
various  sizes  of  coal  in  locomotive  service  is  obviously  essential;  but 
unfortunately  very  little  such  information  is  in  existence.  Nearly  all 
locomotive  laboratory  tests  have  been  made  with  mine-run  coal,  and 
what  little  information  is  available  concerning  the  relative  values  of 
mine-run  and  lump  coal  has  been  derived  from  road  tests,  and  is 
inadequate  and  conflicting.  There  are  practically  no  data  concerning 
the  other  sizes. 

An  appreciation  of  the  situation  thus  briefly  reviewed,  and  a 
recognition  of  the  economic  importance  of  reliable  information  on  this 
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subject  led,  in  1914,  to  the  appointment  by  The  International  Railway 
Fuel  Association  of  a  special  Committee  on  Fuel  Tests.  This  com- 
mittee was  instructed  to  arrange  tests  in  locomotive  service  for  various 
sizes  of  coal  in  order  to  determine  their  steam-producing-  capacities 
and  to  define  their  relative  values.  This  committee  held  its  first  meet- 
ing in  November,  1914,  at  the  University  of  Illinois,  and  arrangements 
then  broached  in  conference  between  the  committee  and  the  repre- 
sentatives of  the  Engineering  Experiment  Station  of  the  University 
later  resulted  in  an  agreement  for  co-operation  between  the  Fuel  Asso- 
ciation, the  University,  and  the  United  States  Bureau  of  Mines  in 
carrying  on  an  investigation  of  the  subject  under  consideration.  The 
tests  whose  results  are  here  presented  constitute  the  beginning  of  this 
investigation.  The  agreement  contemplates  the  continuation  of  the 
research  on  coals  from  various  other  fields.  Under  the  terms  of  this 
agreement  the  University  of  Illinois  has  furnished  the  facilities  of  its 
locomotive  laboratory,  the  services  of  the  staff  of  its  department  of 
railway  engineering,  and  a. portion  of  the  funds  required  for  the  tests  ; 
the  Fuel  Association  has  provided  the  remainder  of  the  funds ;  and 
the  Bureau  of  Mines  has  made  all  the  chemical  analyses  and  the  heat 
determinations  of  the  coal,  ash,  and  cinders.  In  perfecting  these  ar- 
rangements, the  Fuel  Association  was  represented  by  the  committee 
whose  members  are  named  in  Section  2 ;  and  the  Bureau  of  Mines,  by 
Director  Van.  H.  Manning,  and  Mr.  0.  P.  Hood,  Chief  Mechanical 
Engineer. 

The  funds  supplied  by  the  Fuel  Association  were  obtained  by 
subscription  and  did  not  become  available  until  the  Spring  of  1916 ; 
the  locomotive,  then  under  construction,  was  not  delivered  until  the 
Fall  of  that  year.  The  tests  were  begun  in  December,  1916,  and 
were  completed  in  February,  1917. 

The  body  of  this  bulletin  contains  information  concerning  the 
test  program,  the  coal,  the  locomotive,  the  laboratory,  the  test  methods 
and  conditions,  and  the  results.  Appendixes  I,  II,  and  III  contain 
more  detailed  statements  regarding  the  locomotive  and  the  methods, 
and  complete  tabulated  results.  In  Appendix  IV,  there  are  presented 
certain  data  relating  to  engine  performance.  In  Appendix  V,  there 
are  the  results  of  a  few  of  the  tests  which,  in  order  to  study  the  uni- 
formity of  conditions  during  their  progress,  were  divided  into  three 
periods,  and  the  data  for  each  period  were  separately  calculated. 

The  results  of  this  investigation  have  already  been  presented  in 
a  report  to  the  International  Railway  Fuel  Association  Convention 
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held  in  Chicago  in  May,  1917 ;  and,  in  somewhat  different  form,  will 
appear  in  the  Proceedings  of  the  Association  for  this  year. 

2.  Acknowledgments. — The  Committee  on  Fuel  Tests  previously 
referred  to,  under  whose  direction  the  work  was  planned  and  the 
general  program  defined,  was  composed  of  the  following: 

J.  G.  Crawford,  Fuel  Engineer,  Chicago,  Burlington  & 
Quincy  Railroad,  Chairman 

H.  B.  Brown,  General  Fuel  Inspector,  Illinois  Central  Rail- 
road 

W.  P.  Hawkins,  Fuel  Agent,  Missouri  Pacific  Railway  Sys- 
tem 

0.  P.  Hood,  Chief  Mechanical  Engineer,  United  States 
Bureau  of  Mines 

L.  R.  Ptle,  Fuel  Supervisor,  Minneapolis,  St.  Paul  &  Sault 
Ste.  Marie  Railroad 

W.  L.  Robinson,  Supervisor  of  Fuel  Consumption,  Baltimore 
&  Ohio  Railroad 

E.  C.  Schmidt,  Professor  of  Railway  Engineering,  University 
of  Illinois 

The  locomotive  used  during  the  tests  was  loaned  by  the  Baltimore 
and  Ohio  Railroad  Company,  through  the  interest  and  courtesy  of 
Mr.  J.  M.  Davis,  Vice  President ;  Mr.  F.  H.  Clark,  General  Superin- 
tendent of  Motive  Power;  and  Mr.  M.  K.  Barnum,  Assistant  to  the 
Vice  President.  The  tests  came  at  a  time  when  traffic  demands  were 
extraordinary,  and  the  loan  of  the  locomotive  constituted  as  great  a 
contribution  to  the  work  as  that  made  by  any  other  agency. 

The  funds  provided  by  the  International  Railway  Fuel  Association 
were  donated  to  the  Association  by  the  following  railroads,  coal  com- 
panies, and  railway  supply  manufacturers : 

Atchison,  Topeka,  and  Santa  Fe  Railway 

Atlantic  Coast  Line  Railway 

Baltimore  and  Ohio  Railroad 

Chicago  Great  Western  Railway 

Chicago,  Indianapolis,  and  Louisville  Railway 

Erie  Railroad 

Long  Island  Railroad 

Minneapolis,  St.  Paul,  and  Sault  Ste.  Marie  Railway 

Norfolk  and  Western  Railway 
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St.  Loins  Southwestern  Railway 

Seaboard  Air  Line  Railway 

Big  Muddy  Coal  and  Iron  Company 

T.  C.  Keller  and  Company 

Old  Ben  Coal  Corporation 

W,  P.  Rend  and  Company 

Southern  Coal  and  Mining  Company 

Taylor  Coal  Company 

United  Coal  Mining  Company 

American  Arch  Company 

American  Locomotive  Company 

Franklin  Railway  Supply  Company 

Locomotive  Stoker  Company 

Locomotive  Superheater  Company 

The  Pilliod  Company 
The  Locomotive  Stoker  Company  and  the  Baltimore  and  Ohio, 
the  Chicago  and  Northwestern,  the  Erie,  and  the  Minneapolis,  St. 
Paul  &  Saiilt  Ste.  Marie  Railroad  Companies  each  delegated  to  the 
laboratory  a  man  to  act  as  test  observer  and  calculator  for  the  entire 
period  of  the  tests.  Mr.  L.  R.  Pyle,  Fuel  Supervisor  of  the  road 
last  named,  was  in  charge  of  the  cab  operations  and  supervised  the 
work  of  the  fireman.  The  uniformity  attained  in  the  firing  and  in 
the  conditions  of  combustion  was  due  largely  to  the  experience  and 
skill  of  Mr.  Pyle. 

The  department  of  mining  engineering  of  the  University  of  Illinois 
contributed  the  use  of  its  laboratory  facilities  for  crushing  and  sam- 
pling the  coal  and  analysing  the  flue  gas ;  and  Professors  H.  H.  Stoek 
and  E.  A.  Holbrook  of  that  department  gave  advice  on  many  matters 
connected  with  the  investigation.  The  laboratory  coal  screen  used  in 
the  tests  was  designed  by  Professor  Holbrook. 

11.  Purpose  and  Program 
As  has  been  stated,  the  ultimate  purpose  of  the  tests  was  to  deter- 
mine the  relative  values  of  different  sizes  of  coal  when  burned  on 
a  locomotive.  The  immediate  purpose  was  to  find  for  each  size,  at 
two  rates  of  evaporation,  the  number  of  pounds  of  water  evaporated 
per  pound  of  coal,  in  the  expectation  that  these  values  of  evaporation 
would  provide  a  proper  basis  for  comparing  the  performance  of  the 
sizes  and  for  defining  their  relative  values.  The  tests  were  made  on  a 
Mikado  (2-8-2)  type  locomotive. 
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Six  sizes  of  Franklin  County,  Illinois,  coal  were  selected — -mine 
run,  2-incli  by  3-incli  nut,  3-inch  by  6-inch  egg,  2-inch  lump,  2-ineh 
screenings,  and  114-iiich  screenings.  The  general  test  program  in- 
volved for  each  size  of  coal  six  tests,  three  of  which  were  made  at  a 
medium  rate  of  evaporation,  and  the  remaining  three  at  a  high  rate. 
The  medium  rate  was  chosen  to  represent  an  average  rate  of  working 
the  locomotive,  in  so  far  as  it  is  possible  to  define  such  an  average. 
During  tests  run  at  this  medium  rate  about  23,000  pounds  of  water 
were  evaporated  per  hour  under  the  prevailing  conditions  of  steam 
pressure,  superheat  temperature  and  feedwater  temperature;  from 
3,100  to  4,300  pounds  of  coal  were  fired  per  hour ;  and  the  engine  was 
worked  at  33  per  cent  cut-off  and  at  about  19  miles  per  hour,  develop- 
ing approximately  1,300  indicated  horse  power  and  about  22,500 
pounds  drawbar  pull.  During  tests  when  the  engine  was  worked  at 
the  high  rate  of  evaporation,  about  43,000  pounds  of  water  were  evapo- 
rated per  hour,  the  hourly  coal  consumption  varied  from  about  7,000 
to  9,300  pounds,  the  cut-off  and  speed  were  respectively  55  per  cent 
and  26  miles  per  hour,  while  the  horse  power  was  about  2,200,  and  the 
drawbar  pull  about  28,500  pounds. 

The  number  of  tests  actually  run  with  each  size  at  each  rate  of 
evaporation  was  as  follows : 


Size  of  Coal 

No.  of  Tests  at 

the  Medium  Rate 

of  Evaporation 

No.  of  Tests  at 
the  High  Rate 
of  Evaporation 

Mine  Run 

3 
4 
3 
3 
3 
3 

3 

2"  X  3"  Nut 

3"  X  6"  Egg 

3 
3 

4 

2 

2 

III.     The  Coal  Used 

3.  Source  and  Mining  Methods. — All  coal  used  during  the  tests 
was  secured  from  the  United  Coal  Mining  Company's  Mine  No.  1, 
located  one  mile  east  of  Christopher,  Franklin  County,  Illinois,  on 
the  Illinois  Central  and  the  Chicago,  Burlington  and  Quincy  Rail- 
roads. This  mine  was  chosen  by  the  Fuel  Association  Committee  be- 
cause western  railroads  draw  a  large  fuel  supply  from  this  field,  and 
because  of  its  nearness  to  the  locomotive  laboratory. 

The  coal  is  derived  from  what  is  designated  by  the  Illinois  Geologi- 
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cal  Survey  as  bed  No.  6  of  the  Carboniferous  Age,  Carbondale  forma- 
tion. The  bed  averages  in  thickness  at  this  mine  about  9  feet  and 
carries  almost  throughout,  at  from  18  to  30  inches  from  the  floor,  a 
"blue  band"  variable  in  thickness  and  consisting  of  "bone,"  shaly 
coal,  or  gray  shale.  The  mine  is  worked  under  the  room-and-pillar 
system,  and  the  coal  is  undercut  with  electric  chain  machines.  It 
separates  at  a  parting  of  mother  coal  about  14  to  30  inches  from  the 
top  of  the  bed,  and  the  coal  above  this  parting  is  left  for  the  roof. 
The  coal  face  and  the  mine  itself  are  quite  uniformly  dry. 

All  the  coal  was  mined,  screened,  and  loaded  by  the  methods 
usually  employed  at  the  mine  for  supplying  the  ordinary  commercial 
product.  It  was  inspected  during  the  process  of  loading  by  one  of  the 
regular  fuel  inspectors  of  the  Chicago,  Burlington  and  Quincy  Rail- 
road, who  at  the  time  of  inspection  took  at  the  tipple  samples  for 
analysis,  the  results  of  which  were  later  used  to  compare  the  moisture 
in  the  coal  when  loaded  with  its  moisture  content  when  used  at  the 
laboratory. 

While  it  was  originally  planned  to  ship  all  test  coal  in  box  cars  to 
protect  it  from  the  weather  during  transit  and  before  it  could  be  un- 
loaded at  the  laboratory,  only  two  cars  of  mine-run  coal  were  so 
shipped.  Under  the  prevailing  conditions  of  business  and  car  sup- 
ply, the  plan  proved  impracticable  and  had  to  be  abandoned,  and  all 
coal  except  these  two  car  loads  was  shipped  in  ordinary  flat-bottomed 
gondola  cars.  As  promptly  as  possible  after  its  receipt  at  the  labora- 
tory— on  the  average  6  days,  and  in  no  instance  more  than  12  days 
after  its  arrival — the  coal  was  unloaded  into  covered  bins  where  it 
remained  protected  from  the  weather  until  used.  The  cars  were  un- 
loaded by  hand  shoveling  about  as  they  would  have  been  at  some  of 
the  older  types  of  railway  coal  pockets,  and  the  coal  was  probably  sub- 
jected to  about  the  same  amount  of  breakage  in  this  process.  The 
maximum  time  which  elapsed  between  loading  the  coal  at  the  mine 
and  testing  it  was  37  days  in  one  instance.  Taking  the  tests  as  a  whole 
the  average  time  between  loading  and  testing  was  about  25  days. 

4.  Preparation. — ^At  the  mine  all  coal  was  dumped  from  the  mine 
cars  into  a  hopper  from  which  it  was  run  out  on  a  stationary  deadplate 
where  it  spread  out  before  reaching  the  shaking  screens.  The  various 
sizes  were  prepared  as  follows : 

The  mine  run  coal  was  the  entire  unselected  product  of  the  mine. 

The  2-inch  lump  was  made  by  passing  mine  run  coal  over  a  screen 
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having  144  square  feet  area  with  2-inch  round  openings,  and  consisted 
of  everything  going  over  this  screen. 

The  2-inch  by  3-inch  nut  consisted  of  what  passed  over  the  prev- 
iously mentioned  screen  and  through  a  screen  having  72  square  feet 
area  with  3-inch  perforations ;  and  it  was  re-screened  over  a  stationary 
screen  having  an  area  of  18  square  feet  with  slots  %-iiich  wide  and 
8-inches  long,  and  a  stationary  screen  of  20  square  feet  area  with 
1%-inch  round  perforations. 

The  3-inch  by  6-inch  egg  passed  first  over  a  screen  having  144 
square  feet  area  with  2-inch  round  perforations  and  72  square  feet 
area  with  3-inch  round  perforations,  and  then  through  a  screen  having 
32  square  feet  area  with  6-inch  round  perforations. 

The  2-inch  screenings  were  passed  through  the  screen  over  which 
the  2-iQch  lump  coal  was  made,  namely,  144  square  feet  area  with 
2-inch  round  perforations. 

The  114-iiich  screenings  were  made  at  the  re-screening  plant 
through  a  revolving  screen  having  411  square  feet  area  of  plate  with 
%-inch  round  perforations  and  188  square  feet  area  of  plate  with 
1^-inch  perforations. 

5.  Chemical  Analyses. — During  the  progress  of  each  test,  while 
the  coal  was  being  loaded  into  the  charging  wagons  to  be  taken  to  the 
firing  platform,  samples  were  taken  for  the  purpose  of  analysis.  These 
samples  varied  in  amount  from  500  to  1000  pounds,  and  they  were 
taken  according  to  methods  prescribed  by  the  American  Society  for 
Testing  Materials  as  set  forth  in  the  year  book  of  the  society  for  1915. 
The  sampling  process  is  described  in  Appendix  II.  Under  arrange- 
ments made  with  the  United  States  Bureau  of  Mines,  all  analyses  of 
coal,  ash,  and  cinders  were  made  at  the  laboratories  of  the  bureau  in 
Pittsburgh,  where  the  samples  were  shipped  immediately  upon  the 
conclusion  of  each  test. 

The  results  of  these  analyses  are  given  for  each  test  in  the  tables 
in  Appendix  III.  The  averages  of  the  coal  analyses  for  all  tests  made 
with  each  grade  of  coal  are  presented  in  Table  I.  An  inspection  of 
this  table  reveals  a  rather  unusual  uniformity  among  the  various 
sizes  with  regard  to  their  composition  and  heating  value.  Consider- 
ing all  six  sizes,  the  ash  content  varied  from  8.06  per  cent  to  10.59 
per  cent  and  the  heating  value  per  pound  of  dry  coal  varied  from 
12,711  to  13,239  B.  t.  u.  The  analyses  for  the  two  sizes  of  screenings 
correspond  very  closely  in  all  respects  and  their  average  heating  value 
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Table  1 

The  Chemical  Analyses  and  Heating  Values  of  the  Coals 

(The  table  gives  the  averages  for  all  tests  for  each  size.) 


Proximate  Analyses- 
Coal  as  Fired 

- 

Calorific  Values 

Ultimate  Analyses — 
Coal  as  Fired 

-a  a 

Size  of  Coal 

a 

1 

<0 

§   . 

1 

a 
o 

^ 

Qg 
„^ 

o  -^ 

a 

f^ 

a 

u^ 

•a^ 

>. 

n 

9. 

o 

OJ 

O  o 

St3 

o    . 

"S 

C3 

it 

1 

t-i 

K 
< 

03 

Sfq 

K 

a 

o 

a 
O 

g 

O 
u 

ft 

a 

<u 
M 
O 

a 

V 

O 

•9S 
III 

8.14 
8.60 

34.18 
34.83 

47.92 
47.70 

9.76 

8.87 

0.95 
0.88 

11873 
11957 

12926 
13082 

14463 

14487 

66.63 
67.50 

4.28 
4.36 

1.55 
1.38 

8.69 

8.42 

7.82 

2' X  3"  Nut 

8.48 

3'  X  6"  Egg 

8.82 

34.57 

48.56 

8.06 

0.94 

12071 

13239 

14523 

68.19 

4.50 

1.51 

7.99 

9.27 
9.25 

34.46 
32.05 

47.49 
48.12 

9.07 
10.59 

0.88 
0.85 

11S17 
11550 

13023 
12727 

14469 
14408 

66.34 
65.74 

4.23 
4.43 

1.49 

1.48 

8.73 
7.66 

2'  Screenings 

1}4"  Screenings 

9.09 

32.34 

48.01 

10.57 

0.97 

11557 

12711 

14385 

65.49 

4.35 

1.43 

8.10 

9.07 

based  on  dry  coal,  was  only  about  two  per  cent  less  than  the  average 
heating  value  of  the  four  large  sizes.  Their  average  ash  content 
was  10.58  per  cent,  and  the  average  ash  for  the  other  sizes  was 
8.94  per  cent— a  difference  of  1.64  per  cent.  As  would  be  expected, 
the  mine  run  occupies  an  intermediate  position  between  the  screen- 
ings and  the  egg,  nut  and  lump,  both  with  regard  to  ash  content 
and  to  heating  value.  The  uniformity  of  the  analyses  and  of  the 
heating  values  makes  it  clear  that  such  differences  in  performance 
as  developed  between  the  various  sizes  are  due  chiefly  to  differences 
in  their  mechanical  make-up,  and  only  in  small  measure  to  differences 
in  their  chemical  composition.  This  fact  is  further  emphasized  by 
discussion  which  appears  later  in  the  report. 

6.  The  Make-up  of  the  Coals  as  Received. — Because  of  differences 
in  the  nature  of  the  coal,  in  mining  methods,  and  in  methods  of  prep- 
aration, there  is  frequently  much  uncertainty  about  the  meaning 
of  such  terms  as  ''  mine  run,"  "  lump,"  etc.  The  mine  run  grade 
from  a  district  where  the  coal  is  soft  and  friable,  for  example,  is 
likely  to  contain  a  larger  proportion  of  fine  coal  than  mine  run  made 
from  a  harder  coal.  Similarly  the  methods  of  mining,  the  use  of  bar 
instead  of  plate  screens,  or  square-hole  instead  of  round-hole  screens, 
all  entail  differences  in  the  make-up  of  coals  which  are  designated  by 
identical  names.  For  these  reasons  the  laboratory  has  devised  a 
method  of  screening  samples  of  the  coals  used  during  tests  for  the 
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purpose  of  separating  them  into  their  size  elements  in  order  to  be 
able  to  define  and  record  the  actual  mechanical  make-up  of  the  various 
grades.*  All  the  coals  used  in  these  tests  were  thus  screened,  and 
this  screening  process  is  referred  to  in  the  report  as  the  mechanical 
analysis. 

The  samples  for  this  purpose  were  taken  while  the  cars  were  being 
unloaded,  by  methods  which  are  described  in  Appendix  II.  Three 
carloads  each  of  mine  run  and  lump,  and  two  carloads  of  each  of  the 
other  four  grades  were  received  at  the  laboratory.  For  both  the  mine 
run  and  the  lump  coals,  two  of  the  three  carloads  of  each  size  were 
sampled  for  screening.  Samples  were  taken  from  each  car  of  nut  and 
each  car  of  egg,  whereas  the  two  cars  of  2-inch  screenings  and  the  two 
cars  of  114 -inch  screenings  were  combined  for  each  size,  and  one  sam- 
ple only  was  taken  from  each.  There  was  thus  taken  for  mechanical 
analysis  a  total  of  ten  samples,  each  of  which  weighed  about  two  tons. 

These  samples  were  screened  by  means  of  the  specially  designed 
shaker  screen  shown  in  Fig.  1.  This  consists  of  two  inclined  steel 
frames  each  of  which  is  supported  by  four  vertical  wooden  slab 
springs.  These  frames  are  shaken  by  connecting  rods  attached  to 
the  pulley-driven  eccentrics  which  appear  at  the  right  of  the  figure, 
and  which  were  run  at  a  speed  of  80  revolutions  per  minute.  The 
frames  carry  removable  plate  screens  provided  with  round  perfor- 
ations. Five  such  screens  were  used  perforated  respectively  with 
4-inch,  2-inch,   1-inch,   i^^-inch,   and  I4"iiich  holes. 

Starting  with  the  4-inch  screen  in  the  upper  and  the  2-inch  screen 
in  the  lower  frame,  one  of  the  samples — mine  run,  for  example — 
was  fed  over  the  upper  frame  and  the  coal  was  separated  in  three 
parts;  one  containing  what  passed  over  the  4-ineh  screen,  the  other 
what  passed  through  the  4-inch  screen  and  over  the  2-inch  screen,  and 
the  screenings  which  passed  through  the  2-inch  screen.  The  first  two 
portions  were  then  set  aside  for  weighing,  the  screens  were  replaced  by 
the  plates  with  1-inch  and  i/2-iiich  holes,  the  screenings  were  again 
fed  onto  the  upper  plate  and  the  process  repeated,  ending  finally  with 
the  14-iiich  screen.  In  this  way  the  sample  was  divided  into  six  parts 
whose  size  limits  were  as  designated  by  the  headings  of  Columns  2 
to  7  in  Table  2.  These  parts  were  then  weighed  and  the  ratios  of  their 
weights  to  that  of  the  original  sample  were  calculated. 


*The  term  "grade"  is  occasionally  used  throughout  this  bulletin  instead  of  the  word 
"size."  It  refers  solely  to  one  of  the  six  sizes  tested,  and  does  not  imply  any  difference  in 
quality  or  kind. 
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Table  2  presents  the  average  values  of  these  ratios  and  it  defines, 
therefore,  for  each  grade  the  magnitude  of  the  size  elements  which 
went  to  make  up  the  original  coal  and  thus  records  definitely  its  com- 
position.    The  significance  of  Table  2  is  perhaps  made  clearer  by 


Table  2 

The  Size  Elements  of  the  Coals  as  Received  at  the  Laboeatory 

(This  table  gives  the  direct  results  of  the  separation  made  by  the  use  of  the 

laboratory  screens) 


Size  of  Coal 

Per 

Cent 
over 

4' 
Screen 

Per  Cent 
through 
4'  over 

2'  Screen 

Per  Cent 
through 
2"  over 

1'  Screen 

Per  Cent 
through 
1'  over 

}4'  Screen 

Per  Cent 
through 
H'  over 

}i"  Screen 

Per  Cent 

through 

M  "Screen 

Total 

1 

2 

3  . 

4 

5 

6 

7 

8 

Mine  Run 

2'x3'  Nut 

3'  X  6'  Egg 

29.6 

4i!6 
61.6 

22.31 
63.9 
48.3 
26.4 

16.81 

30.3 

5.3 

7.5 

33.2 

4.5 

11.4 

2.8 

2.0 

1.9 

25.7 

37.9 

7.4 

1.1 

1.1 

.9 

14.2 

20.0 

12.5 

1.9 

2.3 

1.7 

26.9 

37.6 

100.0 
100.0 
100.0 
100.0 

2'  Screenings 

IH'  Screenings  . . . 

100.0 
100.0 

1  Derived  from  plotted  curves  (Fig.  9). 

Figs  3  to  8  inclusive.  Each  of  these  illustrations  applies  to  one  of  the 
sizes  and  each  figure  is  reproduced  from  a  photograph  of  the  various 
size  elements  which  came  from  the  screen  and  which,  after  weighing, 
were  assembled  side  by  side  as  shown  in  the  cuts.  These  figures  pre- 
sent graphically  the  same  information  as  is  given  in  Table  2.  Fig.  2 
is  reproduced  from  photographs  of  the  original  coal  samples  and  repre- 
sents the  six  sizes  as  they  were  received  at  the  laboratory. 

The  facts  presented  in  Table  2  may  be  re-combined  to  permit  tab- 
idar  and  graphical  definitions  of  the  grades  in  another  form.  Con- 
sidering in  Table  2  the  2-inch  by  3-inch  nut  coal,  if  we  add  Columns 
4  to  7  we  find  that  36.1  per  cent  of  this  coal  passes  through  a  2-inch 
screen.  Adding  Columns  5,  6,  and  7  we  find  that  5.8  per  cent  will 
pass  through  a  1-inch  screen,  etc.  Obviously  also  100  per  cent  of  this 
grade  passed  a  3-inch  screen  in  the  original  preparation  at  the  mine. 
The  total  per  cents  passing  the  various  sized  screens  determined  in 
this  manner  from  Table  2  are  assembled  in  Table  3,  where  we  find 
that  for  the  2-inch  by  3-inch  nut  coal,  31.1  per  cent,  5.8  per  cent, 
3.0  per  cent,  and  1.9  per  cent  passed  respectively  2-inch,  1-inch, 
^-inch,  and  y^^-mch  screens.  If  now  we  plot  as  in  Fig.  9  the  per- 
centages given  in  Table  3,  together  with  the  corresponding  screen 
size,  we  get  for  the  nut  coal  curve  No.  3  there  drawn,  which  serves  to 


Fig.  1.     The  Laboratory  Goal  Screen 
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Fig.  2.     The  Six  Sizes  of  Coal  Used   During  the  Tests,  in  the  Condition  in 
Which  They  Were  Delivered  at  the  Laboratory 
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define  its  composition  and  which  permits  us  to  determine  not  only  the 
percentages  which  successively  pass  through  the  screen  openings 
marked  in  Fig.  9,  but  presumably  to  determine  these  percentages  for 
screens  of  any  intermediate  size.  The  six  curves  drawn  in  Fig.  9  are 
plotted  from  the  percentage  values  and  the  screen  sizes  given  in 
Table  3  for  each  of  the  grades.  Those  portions  of  the  curves  drawn 
with  broken  lines  are  not  supported  by  direct  experimental  data.  The 
scale  shown  in  the  upper  part  of  the  diagram  represents  the  screen  sizes 
which  are  commonly  used  in  the  mines  of  southern  Illinois. 


Table  3 

The  Make-Up  of  the  Coals  as  Received  at  the  Laboratory 

(This  table  presents  the  results  computed  from  Table  2) 


Per  Cent 

Per  Cent 

Per  Cent 

Per  Cent 

Per  Cent 

Per  Cent 

Size  of  Coal 

over  4' 

through  4" 

through  2" 

through  1' 

through  J^' 

through  }4' 

Screen 

Screen 

Screen 

Screen 

Screen 

Screen 

1 

2 

3 

4 

5 

6 

7 

Mine  Run 

29.6 

70.4 

48.1 

31.3 

19.9 

12.5 

2'  X  3'  Nut 

36.1 

5.8 

3.0 

1.9 

3'  X  6'  Egg 

41.0 

59.0 

10.7 

5.4 

3.4 

2.3 

2'  Lump 

61.6 

38.4 

12.0 

4.5 

2.6 

1.7 

2'  Screenings  . . . 

66.8 

41.1 

26.9 

IM'  Screenings  . 

95.5 

57.6 

37.6 

If  in  Fig.  9,  we  follow  curve  No.  5  pertaining  to  the  mine  run, 
we  find  that  about  90  per  cent  of  it  will  pass  through  a  screen  with 
9-inch  round  holes ;  about  87  per  cent  of  it  will  pass  through  a  7-inch 
screen ;  about  70  per  cent  through  a  4-ineh  screen ;  48  per  cent  through 
a  2-inch  screen,  and  so  on.  It  is  interesting  to  note  that  the  2-inch  by 
3-inch  nut,  the  3-inch  by  6-inch  q^^,  and  the  2-inch  lump  contain 
nearly  the  same  proportions  of  coal  which  passes  through  holes  1-inch 
or  less  in  diameter;  whereas  in  these  sizes  the  proportions  of  coarser 
coal  differ  materially.  Other  comparisons  are  rendered  feasible  by 
having  all  six  sizes  thus  represented  on  one  diagram.  It  should  be 
borne  in  mind  that  the  curves  in  Fig,  9  define  the  make-up  of  coals  in 
the  condition  in  which  they  were  unloaded  from  the  cars  at  the 
laboratory. 

7.  The  Make-up  of  the  Coals  as  Fired. — All  grades  except  the 
mine  run  and  lump  were  unloaded  into  the  charging  wagons  from 
the  bins  without  further  preparation,  and  they  were  consequently 
fired  in  exactly  the  condition  in  which  they  arrived  at  the  laboratory, 


ERRATA 

The  titles  to  Fig.  3  snd  Fig.  6  should 

be  interchanged,"  and 

The  tides  to  Fig.  7  and  Fig.  8  should 

be   interchanged. 
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except  for  the  breakage  incident  to  unloading  and  the  insignificant 
breakage  due  to  shoveling  into  the  charging  wagons. 

Since,  however,  the  mine  run  and  the  lump  coals  contained  as 
usual  a  considerable  proportion  of  lumps  too  large  for  proper  firing, 
the  attempt  was  made  to  break  these  two  sizes  down  to  the  extent 
to  which,  in  the  judgment  of  those  in  charge  of  the  tests,  these  grades 
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Fig.  9.    The  Make-up  of  the  Coals  in  the  Condition  in  Which 
They  Were  Eeceived 


are  generally  broken  down  at  the  coal  chute.  These  two  coals  as 
fired  contain,  therefore,  a  smaller  proportion  of  large  lumps  than  when 
they  were  received  and  the  extent  to  which  this  extra  preparation 
modified  the  make-up  of  the  coals  is  defined  in  the  table,  the  figures, 
and  the  discussion  which  follow. 

After  the  mechanical  analysis  samples  taken  to  represent  the  mine 
run  and  lump  coals  as  received  at  the  laboratory  had  been  screened 
and  separated  as  described  in  the  preceding  section,  the  large  lumps  in 
each  sample  were  broken  down  to  the  same  extent  as  these  sizes  were 
broken  before  firing,  and  under  the  supervision  of  the  same  test 
operators  who  controlled  this  process  during  the  progress  of  the  tests. 
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These  reduced  samples  for  mine  run  and  lump  coal  were  accepted  as 
representing  these  two  grades  in  the  condition  in  which  they  were  fired, 
and  they  were  subjected  to  the  same  screening  process  as  has  been 
previously  described.  The  results  of  this  mechanical  analysis  are  pre- 
sented for  these  two  coals  "as  fired"  in  Table  4,  and  the  size  per- 
centages of  these  grades  in  the  condition  in  which  they  were  received 
are  also  embodied  for  comparison's  sake  in  the  same  table. 
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Fig.  10.     The  Make-up  op  the  Mine  Eun  and  the  Lump  Coals, 
AS  Keceived  and  as  Pieed 


The  values  in  Table  4  are  plotted  in  Fig.  10,  in  which  curve  No.  5 
applies  to  mine  run  coal  as  received  and  No.  7  to  the  same  grade  as 
fired ;  while  curves  6  and  8  apply  to  the  2-inch  lump  coal  in  the  con- 
ditions as  received  and  as  fired,  respectively.  The  extent  to  which 
these  two  sizes  were  broken  down  is  revealed  by  an  inspection  of 
Table  4  and  Fig.  10.  Considering  the  curves  in  the  figure,  it  is  ap- 
parent that  the  largest  lumps  in  the  mine  run  were  somewhat  further 
broken  down  than  those  in  the  2-inch  Lump.  After  reduction  all 
mine  run  passed  through  a  5-inch  screen,  whereas  only  about  74  per 
cent  of  the  lump  would  pass  a  screen  of  this  size. 
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Table  4 

The  Make-Up  of  the  Mine  Run  and  the  Lump  Coal,  Both  as 

Received  and  as  Fired 


Per  Cent 

Per  Cent 

Per  Cent 

Per  Cent 

Per  Cent 

Per  Cent 

Size  of  Coal 

over  4" 

through  4' 

through  2" 

through  1" 

through  }/2" 

through  yi' 

Screen 

Screen 

Screen 

Screen 

Screen 

Screen 

1 

2 

3 

4 

5 

6 

7 

Mine  Run: 

As  Received .  . 

29.6 

70.4 

48.11 

31.3 

19.9 

12.5 

As  Fired 

13.1 

86.9 

54.31 

34.3 

22.0 

13.8 

2'  Lump: 

As  Received .  . 

61.6 

38.4 

12.0 

4.5 

2.6 

1.7 

As  Fired 

42.7 

57.3 

21.0 

9.0 

5.3 

2.0 

1  Derived  from  plotted  curves  (Fig.  10). 

In  order  to  permit  comparisons  of  the  mechanical  make-up  of  all 
six  sizes  as  fired,  curves  Nos.  1,  2,  3,  and  4  from  Fig,  9  (applying  to 
the  grades  which  were  fired  as  received)  and  curves  7  and  8  from  Fig. 
10  are  brought  together  in  Fig.  11,  which  consequently  shows  the 
make-up  of  all  the  grades  in  the  condition  in  which  they  were  fired 
during  the  tests. 
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Fig.  11. 


The  Make-up  of  the  Coals,  in  the  Condition  in  Which 
They  Were  Fired 
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IV.     The  Locomotive 

8.  Design  and  Main  Dimensions. — The  locomotive  used  during  the 
tests  was  loaned  for  the  purpose  by  the  Baltimore  and  Ohio  Railroad 
Company.  It  was  of  the  Mikado  type  (2-8-2)  ;  its  road  number  was 
4846,  and  its  classification,  Q-7-F.  It  was  built  by  the  Baldwin  Loco- 
motive Works  during  the  summer  of  1916,  entered  service  in  Septem- 
ber, and  upon  its  arrival  at  the  laboratory,  had  run  approximately 
3400  miles.    It  arrived  at  the  laboratory  in  excellent  condition. 

The  principal  dimensions  of  the  locomotive  are  as  follows: 

Total  weight,  in  working  orders,  lb 284,500 

Weight  on  drivers,  lb 222,000 

Cylinders  (simple),  diameter  and  stroke,  in. 26x32 

Diameter  of  drivers,  in 64 

Firebox,  length  and  width,  in.   . 120  x  84 

Firebox  volimie,  cu.  ft 348.6 

Grate  area,  sq.  ft 69.8 

Heating  surface,  2^ -inch  tubes  (fire  side),  sq.  ft 2410 

Heating  surface,  5%-inch  tubes  (fire  side),  sq.  ft 973 

Heating  surface,  firebox  and  tube  sheets  (fire  side)   sq.  ft.     .  247 

Heating  surface,  total  (fire  side)   sq.  ft 3630 

Heating  surface,  superheater  (fire  side)   sq.  ft 1030 

Boiler  pressure,  lb.  per  sq.  in 190 

Tractive   effort,   lb 54587 

The  boiler  was  of  the  wagon-top  type  with  radial  stays.  It  was 
equipped  with  a  Schmidt  top-header  superheater  consisting  of  34 
elements,  a  Street  stoker,  and  a  Security  brick  arch  carried  on  four 
tubes.  The  front  end  was  self-cleaning  and  was  equipped  with  a  plain 
6-inch  nozzle-tip  without  bridge  or  split,  which  was  used  throughout 
all  tests. 

The  grates  were  of  the  box  type,  the  design  of  which  is  shown  in 
detail  in  Appendix  I.  The  total  air  opening  through  the  grates 
amounted  to  17  square  feet  or  24.4  per  cent  of  the  grate  area.  The 
area  of  the  air  inlet  to  the  ash  pan  amounted  to  8.3  square  feet  or 
49  per  cent  of  the  air  opening  through  the  grates. 

The  locomotive  was  regularly  equipped  with  a  hand-operated  door 
which  was  replaced,  however,  during  the  period  of  the  tests  by  a 
Franklin  pneumatic  door  of  the  butterfly  type.  This  was  used  during 
all  tests  except  those  with  the  two  sizes  of  screenings,  which  were  fired 
by  means  of  the  Street  stoker. 

The  design  of  the  locomotive  is  described  in  further  detail  in 
Appendix  I. 
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9.  Inspection. — In  order  to  ensure  uniformity  of  its  condition  as 
regards  accumulations  of  scale,  soot,  etc.,  and  to  define  these  condi- 
tions, the  locomotive,  during  its  stay  in  the  laboratory,  was  handled 
and  inspected  as  follows: 

The  boiler  water  was  changed  every  five  or  six  days  and  the  boiler 
was  washed  about  every  two  weeks.  More  frequent  washings  were 
unnecessary  because  the  laboratory  water  is  relatively  free  from  scale- 
forming  salts  and  suspended  matter.  Monthly  inspections  in  accor- 
dance with  Interstate  Commerce  Commission  regulations  were  made 
during  the  test  period  as  during  regular  service. 

During  the  progress  of  the  earlier  tests,  in  order  to  ensure  uni- 
formity in  the  condition  of  the  heating  surfaces,  all  tubes,  flues,  and 
superheater  elements  were  blown  free  from  soot  and  small  "honey- 
comb" immediately  before  each  alternate  test.  Although  there  was 
nothing  in  the  test  results  to  indicate  that  this  was  not  being  done 
often  enough,  to  remove  all  uncertainty  this  blowing  down  process 
was  gone  through  before  each  test  during  the  latter  part  of  the 
series.  The  front  end  netting  was  cleaned  of  all  cinders,  and  the 
cinders  were  removed  from  the  top  of  the  arch  at  the  same  time.  The 
arch  was  inspected  after  each  test,  and  all  defective  bricks  were  imme- 
diately replaced. 

Upon  its  arrival  at  the  laboratory,  the  interior  of  the  boiler  was 
inspected  and  was  found  to  be  free  from  all  scale  except  a  very  thin 
coating.  The  laboratory  water  itself  is  not  only  nearly  free  from 
scale-forming  materials  but  it  tends  frequently  to  soften  hard  scale 
deposited  by  other  water;  and  a  final  interior  inspection  revealed  the 
fact  that  this  softening  had  occurred  in  this  instance,  and  that  the 
original  scale  had  been  considerably  disintegrated.  There  was  nothing, 
however,  in  the  change  in  the  scale  to  indicate  that  the  heat  transfer 
through  the  surfaces  had,  in  any  significant  degree,  varied  on  account 
of  scale  during  the  progress  of  the  tests.  The  facts  that  the  boiler  had 
run  only  3400  miles  before  arriving  at  the  laboratory  and  that  its 
mileage  during  the  test^  was  only  3600,  are  perhaps  in  themselves  suffi- 
cient evidence  that  there  could  have  been  no  accumulation  of  scale  nor 
change  in  its  thickness  sufficient  materially  to  affect  the  test  results. 

V.     The  Laboratory 
The  locomotive  laboratory  is  fully  described  in  Bulletin  82  of  the 
Engineering  Experiment  Station  of  the  University  of  Illinois ;  descrip- 
tions have  been  published  also  in  the  Proceedings  of  the  American 
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Eailway  Master  Mechanics'  Association,  Vol.  46,  1913,  and  in  the 
Proceedings  of  the  Western  Railway  Club  for  March,  1913.  It  is 
unneccessary,  therefore,  to  include  here  any  detailed  statement  con- 
cerning its  design.  Since,  however,  the  amount  of  the  cinder  losses  in 
this  series  of  tests  serves  in  large  measure  to  account  for  the  differences 
in  performance  of  the  various  grades  of  coal,  these  losses  have  an 
especial  significance;  and  it  seems  appropriate  therefore  to  describe 
briefly  the  cinder  separator  by  means  of  which  they  were  determined. 

All  gases  and  exhaust  steam  are  discharged  across  an  open  space 
above  the  locomotive  stack  into  the  mouth  of  a  large  steel  elbow 
which  carries  them  up  and  over  to  a  horizontal  duct  running  through 
the  roof  trusses  to  the  rear  of  the  building,  terminating  at  an  exhaust 
fan.  This  elbow  and  duct  are  illustrated  in  Fig.  13.  The  gases  and 
steam  are  drawn  through  the  duct  by  the  fan  and  they  are  then 
passed  through  a  breeching  to  the  cinder  separator  itself  which  is 
located  outside  the  building  and  forms  the  base  of  a  stack  through 
which  the  gases  are  finally  discharged  to  the  air.  The  separator  and 
stack  are  shown  in  section  in  Fig.  14. 

The  cinder-laden  gases  enter  the  separator  at  B  and,  in  order  to 
leave,  they  must  pass  downward  and  around  the  sleeve  A.  This 
passage  gives  them  a  whirling  motion,  which  causes  the  cinders  by 
centrifugal  force  to  move  toward  the  outside  wall  along  which  they 
fall  to  the  hopper  below,  while  the  gases  pass  out  through  the  sleeve  to 
the  stack.  The  cinders  collecting  at  the  bottom  of  the  hopper  are 
drawn  off,  weighed,  and  analysed.  This  separator  collects  all  solid 
matter  which  issues  from  the  locomotive  stack,  except  possibly  the 
finest  dust.  The  cinders  taken  from  the  separator  during  tests  with 
mine-run  coal  have  contained  from  10  to  18  per  cent  of  material  which 
passed  a  screen  with  200  meshes  to  the  inch, 

VI.     Firing  Methods 

It  is  desired  to  present  at  this  point  only  such  information  concern- 
ing the  methods  used  in  the  laboratory  as  relates  to  the  measurements 
of  coal  and  to  the  firing.  Information  about  methods  relating  to 
other  test  processes  is  given  in  Appendix  II. 

10,  Coal  Measurements. — Before  starting  the  test,  the  engine 
was  run  at  the  desired  load  and  speed  long  enough  beforehand  to 
permit  the  rate  of  feed  through  the  injectors  to  be  adjusted  to  the 
test  conditions,  and  it  was  generally  unnecessary  to  change  this  rate 
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Fig.  14.    Cross  Section  of  the  Cinder  Collector  and  Stack. 
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during  the  progress  of  the  test.  The  tests  were  not  started  until  the 
desired  conditions  of  load,  speed,  boiler  pressure,  and  a  proper  con- 
dition of  the  fire  had  been  established.  The  coal  was  weighed  in  one- 
thousand  pound  lots  before  being  delivered  to  the  firing  platform. 
Throughout  each  medium  rate  test,  the  time  of  firing  the  last  scoopful 
of  each  ton  was  recorded,  together  with  the  levels  of  the  water  in 
the  main  feed  tank  and  in  the  boiler  gauge  glass.  During  the  high 
rate  tests,  these  facts  were  recorded  at  the  time  of  firing  the  last 
scoopful  of  each  two  tons  of  coal.  This  procedure  made  it  possible 
to  control  the  regularity  of  the  firing  process  and  it  also  makes  avail- 
able facts  which  may  be  used  to  illustrate  the  regularity  of  feed  of 
both  the  coal  and  the  water.  For  this  purpose  tests  2405  and  2416, 
fairly  characteristic  of  the  series,  have  been  chosen.  During  test 
2416,  run  at  a  medium  rate  of  evaporation,  the  time  required  to  fire 
each  of  the  ten  successive  lots  of  2000  pounds,  varied  only  from  34  to 
36  minutes;  and  the  amount  of  water  fed  per  minute  during  these 
ten  intervals  varied  only  from  390  to  413  pounds.  During  test  2405, 
which  was  run  at  a  high  rate  of  evaporation,  the  times  required  to 
burn  each  of  the  five  successive  lots  of  4000  pounds  of  coal  were 
respectively  36,  33,  31,  32  and  31  minutes;  and  the  water  fed  per 
minute  during  these  intervals  varied  only  from  693  pounds  to  709 
pounds. 

11.  Firing  Methods. — The  locomotive  was  fired  throughout  all 
tests  by  Mr.  C.  Welker,  a  skilled  fireman,  who  was  detailed  by  the 
Illinois  Central  Railroad  from  its  regular  force.  Previous  to  the 
tests  he  had  had  about  seven  and  one-half  years'  experience  firing  in 
service,  and  he  had  also  had  about  a  half  year's  experience  as  fireman 
in  the  laboratory.  The  supervision  of  the  fireman,  the  control  of  the 
injectors,  and  other  cab  operations  were,  during  all  except  the  last 
three  tests,  in  charge  of  Mr.  L.  R.  Pyle,  Fuel  Supervisor  of  the  Min- 
neapolis, St.  Paul  and  Sault  Ste.  Marie  Railroad,  and  member  of  the 
Fuel  Test  Committee.  During  the  last  three  tests  Mr.  Pyle's  place 
was  taken  by  Mr.  B.  F.  CroUey,  Supervisor  of  Locomotive  Operation 
of  the  Baltimore  and  Ohio  Railroad.  During  the  tests  of  the  two  sizes 
of  screenings,  which  were  fired  by  the  stoker,  the  firing  was  super- 
vised by  Mr.  E.  Prouty,  Mechanical  Expert  of  the  Locomotive  Stoker 
Company. 

All  hand-fired  tests  were  fired  by  the  ' '  three-scoop  system, ' '  that  is, 
three  scoopfuls  of  coal  were  fired  at  a  time,  both  during  the  medium 
and  the  high  rate  tests,  although  during  the  latter  it  was  necessary 
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to  cut  down  the  interval  between  firings.  The  fireman  was  instructed 
to  keep  these  intervals  as  regular  as  possible  and  in  this  he  was  aided 
from  time  to  time  by  stop  watch  observations.  The  degree  of  regu- 
larity attained  is  evidenced  by  the  figures  concerning  the  rate  of  coal 
consumption  which  have  already  been  cited,  and  by  the  graphical  logs 
shown  in  Appendix  III.  During  the  stoker-fired  tests,  the  same  regu- 
larity of  feed  was  sought  and  attained.  No  coal  was  fed  by  hand 
during  any  of  these  tests,  and  an  inspection  of  the  fire  at  the  end  of 
the  test  showed  in  each  case  a  uniform  layer  with  no  holes  and  no 
banks. 

The  thickness  of  the  fire  was  kept  as  nearly  uniform  as  was  prac- 
ticable, and  the  grates  were  shaken  as  little  as  possible.  The  Lump 
coal  proved  the  most  difficult  to  fire,  especially  at  the  high  rate  of  com- 
bustion; and  in  one  high  rate  test  with  this  grade  the  grates  had 
to  be  shaken  six  times.  This  was  unusual,  however,  and  during  the 
entire  series  the  grates  were  shaken,  on  the  average,  only  twice  during 
each  run.  The  approximate  thicknesses  of  the  fire  carried  are  shown 
in  Table  5. 


Table  5 
Approximate  Thicknesses  of  Fire  Carried 


Rate 

Approximate  Fire  Thickness — Inches 

Size  of  Coal 

At  the  Beginning 

Maximum 

At  the  End 

Mine  Run 

Medium 

High 
Medium 

High 
Medium 

High 
Medium 

High 
Medium 

High 
Medium 

High 

6 
6 
5 
7 
7 
9 
7 
9 
4 
6 
4 
5 

9 
12 

8 
12 
11 
12 
12 
13 

9 
12 

8 
10 

6 

2''x  3°  Nut 

12 

8 

3'  X  6"  Egg 

12 
10 

10 
12 

12 
7 

IM "  Screenings 

10 

7 

9 

-I 

VII.     Test  Conditions 

Owing  to  the  fact  that  only  two  sets  of  conditions  as  to  speed  and 
cut-off  were  employed  throughout  the  tests,  other  conditions  such,  as 
drafts,  temperatures,  and  pressures  were  also  in  general  quite  uni- 
form for  all  tests  at  a  given  rate.  The  degree  of  uniformity  shown 
is  in  a  large  measure  indicative  of  desirable  test  conditions  and  is 
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therefore  in  some  degree  significant  of  the  reliance  which  may  be 
placed  upon  the  determination  of  those  variables,  such  as  evaporative 
performance,  which  constituted  the  main  purpose  of  the  tests. 

Fig.  15  and  the  discussion  of  the  present  section  are  intended  to 
present  the  more  important  test  conditions  and  the  variation  of  these 
conditions  as  between  different  tests  and  different  groups  of  tests,  and 
as  between  the  medium  and  high  rate  tests.  Figs.  29  and  80  in 
Appendix  III  present  graphical  logs  for  tests  2416  and  2405,  one 
a  medium  and  the  other  a  high  rate  test,  during  each  of  which  approx- 
imately ten  tons  of  coal  were  burned.  These  graphical  logs  are  repre- 
sentative of  the  degree  of  uniformity  in  test  conditions  which  existed 
throughout  individual  tests. 

Fig.  15  presents  in  graphical  form  averages  of  test  conditions  for 
all  grades  of  coal  for  both  medium  and  high  rate  tests.  The  graphs 
have  been  so  arranged  as  to  show  the  variation  in  conditions  for  dif- 
ferent grades  of  coal  at  a  given  rate,  and  also  to  show  difference  in 
conditions  between  medium  and  high  rate  tests. 

12.  Drafts. — The  two  upper  graphs  of  Fig.  15  present  averages 
for  front-end  and  firebox  draft.  The  extremes  of  front-end  draft  for 
the  medium  rate  tests  were  2.8  and  3.8  inches  of  water;  the  average 
for  all  medium  rate  tests  was  3.4  inches  of  water.  The  extremes  of 
front-end  draft  for  the  high  rate  tests  were  8.4  and  10.1  inches  of 
water  and  the  average  for  all  high  rate  tests  was  9.3  inches  of  water. 
The  averages  for  the  different  grades  of  coal  vary  but  little  from  the 
common  average  for  all  of  the  tests  at  the  corresponding  rate.  The 
mean  firebox  draft  for  all  medium  rate  tests  was  1.6  inches  of  water 
and  for  all  high  rate  tests,  4.2  inches.  The  averages  for  the  individual 
tests  and  for  the  various  grades  of  coal  do  not  vary  greatly  from  these 
mean  values.  The  high  rate  mine  run  tests  show  the  greatest  vari- 
ation in  front-end  draft.  The  high  rate  Screening  tests  show  a  some- 
what lower  average  firebox  draft  than  is  shown  for  the  other  grades, 
due  probably  to  the  fact  that  although  the  rate  of  combustion  was  rela- 
tively high,  the  fires  were  comparatively  thin  and  open. 

The  data  relative  to  drafts  show  uniformity  of  conditions  between 
the  tests  of  a  group  as  well  as  between  the  different  groups  at  a  given 
rate  of  performance.  In  general  the  drafts  were  comparatively  low 
in  relation  to  rate  of  combustion,  indicating  satisfactory  arrangement 
of  the  draft  appliances. 


34  ILLINOIS    ENGINEERING    EXPERIMENT    STATION 

13.  Temperatures. — Front-end  temperatures  are  shown  to  have 
been  uniform  for  the  medium  and  for  the  high  rate  tests,  both  by 
the  graphs  of  Fig.  15  and  by  the  tabulated  values.  The  average  fire- 
box temperatures  also  are  shown  to  have  been  fairly  uniform  for  the 
high  rate  tests  and  slightly  less  so  for  the  medium  rate  tests.  The 
minimum,  maximum,  and  average  values  of  firebox  temperature  for  all 
medium  rate  tests  were  respectively  1735,  2090,  and  1893  degrees  F. ; 
and  the  corresponding  values  for  the  high  rate  tests  were  2078,  2334, 
and  2228  degrees  F. 

14.  Superheat  and  Branch-pipe  Pressure. — The  variations  in, 
and  the  values  for,  averages  of  degrees  of  superheat  and  pressure  in 
branch-pipe  are  shown  graphically  in  Fig.  15.  The  minimum,  maxi- 
mum, and  average  values  of  degrees  of  superheat  for  all  medium  rate 
tests  were  respectively  187,  211,  and  198  degrees ;  and  the  correspond- 
ing values  for  the  high  rate  tests  were  207,  265,  and  243  degrees.  Con- 
siderable lack  of  uniformity  is  shown  by  the  results,  particularly  in 
view  of  the  general  uniformity  which  existed  in  other  test  conditions. 
The  branch-pipe  pressure  for  all  medium  rate  tests  averaged  179 
pounds  per  square  inch,  which  was  10  pounds  lower  than  the  average 
boiler  pressure  for  the  same  tests.  For  the  high  rate  tests  the  branch- 
pipe  pressure  averaged  166  pounds  per  square  inch — 22  pounds  lower 
than  the  corresponding  average  boiler  pressure. 

15.  Rate  of  Combustion  and  Bate  of  Evaporation. — The  two  lower 
graphs  of  Fig.  15  show  the  average  rate  of  combustion  and  the  average 
rate  of  evaporation  for  the  different  sizes  of  coal.  Rate  of  combustion 
is  shown  in  pounds  of  coal  fired  per  square  foot  of  grate  per  hour; 
and  rate  of  evaporation,  in  pounds  of  equivalent  evaporation  per 
square  foot  of  heating  surface  per  hour.  For  the  medium  rate  tests 
the  minimum,  maximum,  and  average  values  for  rate  of  combustion 
were,  respectively,  45.1,  61.9,  and  51.7  pounds  of  coal  per  square  foot 
of  grate  per  hour;  while  for  the  high  rate  tests  the  corresponding 
values  were  99.1,  133.7,  and  109.6  pounds.  Since  the  rate  of  evapora- 
tion per  square  foot  of  heating  surface  per  hour  was  maintained 
approximately  constant  for  all  tests  at  a  given  rate  and  since  the  heat- 
ing value  of  all  sizes  of  the  coal  was  about  the  same,  it  follows  that 
the  various  rates  of  combustion  should  indicate  closely  the  relative 
efficiencies  with  which  the  coal  was  burned;  and  they  may  be  used 
as  rough  measures  of  the  relative  values  of  the  different  grades. 
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Fig.  15.    Various  Test  Conditions,  for  both  the  Medium  and 
High  Rate  Tests 
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VIII.     The  Results  of  the  Tests 

All  the  data  and  the  results  of  the  tests  are  set  forth  in  detail  in  the 
tables  of  Appendix  III ;  but  for  convenience  of  reference  certain  data 
defining  the  test  conditions  and  some  of  the  results  relating  to  evapo- 
rative performance,  cinder  loss,  and  heat  distribution  have  been  assem- 
bled here  and  are  presented  in  Table  6.  In  this  table  the  data  are 
divided  into  twelve  groups;  two  groups  for  each  size  of  coal  tested. 
For  each  size  the  first  group  pertains  to  the  medium  rate  tests;  the 
second,  to  the  high  rate  tests.  Averages  for  each  group  appear  imme- 
diately below  the  data  for  the  individual  tests.  In  Table  6  the  column 
headings  and  the  code  item  numbers  are  identical  with  those  in  the 
tables  of  Appendix  III. 

16.  Actual  Evaporation  per  Pound  of  Coal. — The  number  of 
pounds  of  superheated  steam  produced  for  each  pound  of  coal  in  the 
condition  in  which  it  was  fired  appears  in  Column  33  of  Table  6 ;  and 
the  number  of  pounds  of  steam  produced  by  each  pound  of  dry  coal 
is  given  in  Column  34.  The  averages  of  these  values  for  each  size 
of  coal  are  brought  together  in  Table  7,  where  they  appear  separately 
for  the  medium  rate  and  the  high  rate  tests.  Inspection  of  Table  7 
reveals  the  fact  that  the  relative  standing  of  the  various  sizes  differs 
when  based  on  coal  as  fired  and  when  based  upon  dry  coal ;  and  that 
it  differs  also  between  the  medium  and  the  high  rate  tests.  Comparisons 
between  the  sizes,  however,  should  not  be  made  on  the  basis  of  the 
values  of  evaporation  shown  in  Table  7 ;  because  not  only  is  the  mois- 
ture content  of  the  coal  as  fired  variable;  but  during  the  tests  there 
were  slight  variations  in  feed  water  temperature,  in  boiler  pressure, 
and  in  the  degree  of  superheat,  which  make  it  impracticable  to  com- 
pare values  of  actual  evaporation  in  order  to  determine  the  relative 
standing  of  the  coals.  Further  discussion  of  Table  7  is  omitted  for 
these  reasons;  the  table  is  presented  principally  to  exhibit  the  dif- 
ferences between  evaporation  based  on  coal  as  fired  and  evaporation 
based  on  dry  coal. 

17.  Equivalent  Evaporation  per  Pound  of  Dry  Coal. — Because  of 
the  incidental  variations  just  cited  it  became  necessary  to  find  another 
basis  of  comparison.  Since  the  different  sizes  as  they  are  loaded  at 
the  mine  contain  inherently  different  amounts  of  moisture,  there  would 
be  some  justice  in  trying  to  base  comparisons  on  coal  as  loaded  at  the 
mine.  The  significance  of  this  basis  is,  however,  impaired  by  the  fact 
that  the  various  sizes  are  seldom  or  never  fired  in  the  same  condition 
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Table  6 
Test  Conditions  and  Peincipal  REstrLTs 


1 

2 

3 

4 

6 

6 

7 

8 

9 

10 

11 

12 

- 

Dur- 

Cut- 
off, 
Per 

Pressure 

Temperatures 

Rate 

Test 

ation 
of 

Speed 

in 
]y[iles 

Draw- 
bar 

lb.  per  sq.  in. 

Degrees  F. 

Size 

Number 

Test 

per 

Cent 

Pull, 
lb. 

Boiler 

Branch 

Front- 

Branch 

Fire- 

in 
Hours 

Hour 

of 
Stroke 

Gauge 

Pipe 
Gauge 

end 

Pipe 

Box 

Codej3s- 

345 

353 

499 

487 

380 

383 

367 

370 

374 

2400 

3.62 

18.9 

21970 

190.4 

179 

535 

573 

1735 

Medium 

2401 

6.28 

18.9 

34;6 

21727 

190.0 

172 

535 

566 

1835 

2402 

5.20 

19.0 

33.0 

21822 

190.2 

174 

539 

564 

1812 

Average 

5.03 

18.9 

33.5 

21840 

190.2 

175 

536 

568 

1794 

Mine  Run 

2405 

2.72 

25.5 

54.3 

28771 

187.8 

168 

627 

628 

2271 

High 

2406 

2.68 

25.6 

53.7 

28718 

187.8 

167 

631 

631 

2334 

2429 

1.92 

25.7 

55.9 

28672 

189.4 

164 

624 

618 

2140 

Average 

2.44 

25.6 

54.6 

28720 

188.3 

166 

627 

626 

2248 

2408 

3.77 

19.0 

33.0 

22490 

189.0 

178 

595 

589 

2090 

Medium 

2409 

2.33 

18.9 

32.4 

22411 

188.5 

177 

588 

582 

2034 

2410 

4.33 

19.0 

31.5 

22417 

186.2 

181 

570 

569 

2008 

2426 

4.50 

18.9 

31.7 

22640 

189.9 

182 

555 

572 

1967 

Average 

3.73 

19.0 

32.2 

22490 

188.4 

180 

577 

578 

1025 

2'x3'  Nut 

2412 

2.67 

25.8 

28958 

187.1 

168 

607 

629 

2293 

High 

2413 

3.00 

25.7 

55!7 

29100 

187.1 

168 

611 

632 

2267 

2414 

2.00 

25.7 

59.3 

29128 

187.5 

168 

631 

634 

2174 

Average 

2.56 

25.7 

57.5 

29062 

187.2 

168 

616 

632 

2245 

2415 

3.50 

18.9 

32.4 

22840 

189.9 

180 

543 

576 

1808 

Medium 

2416 

5.83 

18.9 

33.3 

23115 

189.5 

180 

540 

574 

1801 

2423 

4.00 

18.8 

32.2 

22533 

190.0 

182 

539 

571 

Average 

4.44 

18.9 

32.6 

22829 

189.8 

181 

541 

574 

ihbs 

3'x  6"  Egg 

2420 

2.00 

25.7 

57.2 

29046 

190.1 

171 

588 

610 

2210 

High 

2422 

2.17 

25.9 

58.2 

29030 

189.7 

170 

634 

590 

2278 

2424 

1.98 

25.8 

56.6 

29104 

190.1 

170 

626 

617 

2183 

Average 

2.05 

25.8 

57.3 

29060 

190.0 

170 

616 

606 

2224 

2417 

4.00 

18.9 

36.3 

23026 

189.9 

180 

546 

578 

1838 

Medium 

2418 

5.83 

19.0 

33.5 

23085 

190.1 

180 

545 

578 

1857 

2419 

3.67 

19.0 

32.7 

22983 

190.0 

180 

553 

578 

1849 

Average 

4.50 

19.0 

34.2 

23031 

190.0 

180 

548 

578 

1848 

2'  Lump 

2425 

1.00 

25.7 

56.0 

28530 

190.0 

168 

618 

595 

2178 

High 

2427 

1.50 

25.8 

55.7 

27909 

183.4 

162 

625 

578 

2308 

2428 

1.83 

25.9 

55.1 

28441 

186.8 

166 

635 

603 

2277 

2442 

2.00 

25.5 

56.5 

29266 

188.9 

166 

637 

616 

2192 

Average 

1.58 

25.7 

55.8 

28537 

187.3 

166 

629 

598 

2239 

2430 

2.62 

19.0 

32.6 

22906 

188.6 

181 

549 

583 

2010 

Medium 

2434 

3.13 

18.7 

33.6 

23091 

190.0 

181 

541 

584 

1817 

2435 

0.97 

19.0 

34.9 

23268 

191.1 

182 

549 

578 

1936 

2'  Screen- 

Average 

2.24 

18.9 

33.7 

23088 

189.9 

181 

546 

582 

1921 

ings 

2436 

1.35 

25.5 

56.8 

27976 

185.3 

161 

631 

634 

2078 

High 

2437 

1.50 

25.7 

66.9 

28938 

189.1 

162 

634 

637 

2194 

Average 

1.43 

25.6 

56.9 

28457 

187.2 

162 

633 

636 

2136 

2431 

1.77 

19.0 

33.9 

22332 

184.5 

178 

551 

589 

2003 

Medium 

2432 

1.87 

19.0 

34.0 

22912 

189.1 

181 

544 

591 

1798 

2433 

3.10 

18.9 

33.2 

22588 

187.7 

180 

543 

572 

1874 

1}'  Screen- 

Average 

2.25 

19.0 

33.7 

22611 

187.1 

180 

546 

584 

1892 

ings 

2440 

1.50 

25.5 

58.2 

29061 

186.6 

163 

634 

604 

2273 

High 

2441 

1.50 

25.6 

55.6 

29392 

191.0 

166 

639 

629 

2234 

Average 

1.50 

25.6 

56.9 

29227 

188.8 

165 

637 

617 

2254 
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Table  6  (Continued) 
Test  Conditions  and  Principal  Results 


1 

2 

3         1 

13 

14     1 

15 

16 

17          18 

19 

20 

21 

Draft, 

in.  of  Water   | 

De- 
grees 

Coal  as  Fired,  lb.      | 

Dry  Coal,  lb. 

Front- 

Per 

Per 

Rate 

Test 

end 

of 

Hour 

Hour 

Size 

Number 

Front 

Fire- 

Ash- 

Sup- 

Total 

Per 

per  Sq. 

Per 

per  Sq. 

of 

box 

pan 

er- 

Hour 

Ft.  of 

Hour 

Ft.  of 

Dia- 

heat 

Grate 

Grate 

phragm 

Surface 

Surface 

Code^^^ 
Item*^ 

394 

396 

397 

409 

418 

626 

627 

2400 

2.8 

1.2 

0.2 

194 

11399 

3151 

45.1 

2895 

41.5 

Medium 

2401 

2.8 

1.5 

0.2 

190 

20000 

3183 

45.6 

2934 

42.0 

2402 

3.0 

1.6 

0.2 

187 

17000 

3269 

46.8 

3005 

43.1 

Average 

2.9 

1.4 

0.2 

190 

16133 

3201 

45.8 

2945 

42.2 

Mine  Run 

2405 

8.4 

4.2 

0.4 

254 

20000 

7361 

105.5 

6753 

96.8 

High 

2406 

8.6 

4.3 

0.4 

257 

18630 

6944 

99.5 

6377 

91.4 

2429 

10.1 

4.5 

0.4 

246 

14000 

7303 

104.6 

6690 

95.9 

Average 

9.0 

4.3 

0.4 

252 

17543 

7203 

103.2 

6607 

94.7 

2408 

3.0 

1.4 

0.2 

210 

12955 

3439 

49.3 

3146 

45.1 

Medium 

2409 

2.9 

1.3 

0.2 

204 

7808 

3347 

48.0 

3054 

43.8 

2410 

2.9 

1.4 

0.2 

189 

14731 

3400 

48.7 

3102 

44.4 

2426 

3.6 

1.8 

0.1 

192 

16310 

3624 

51.9 

3348 

48.0 

Average 

3.1 

1.5 

0.2 

199 

12951 

3453 

49.5 

3163 

45.3 

2'x3'  Nut 

2412 

9.2 

4.6 

0.5 

255 

18683 

7005 

100.4 

6382 

91.4 

High 

2413 

9.2 

4.4 

0.5 

258 

20811 

6937 

99.4 

6313 

90.4 

2414 

9.3 

4.5 

0.5 

260 

13884 

6942 

99.5 

6324 

90.6 

Average 

9.2 

4.5 

0.5 

258 

17793 

6961 

99.8 

6340 

90.8 

2415 

3.6 

1.8 

0.2 

197 

11888 

3397 

48.7 

3107 

44.5 

Medium 

2416 

3.6 

1.7 

0.2 

195 

19915 

3414 

48.9 

3101 

44.4 

2423 

3.3 

1.4 

0.2 

191 

13520 

3380 

48.4 

3079 

44.1 

Average 

3.5 

1.6 

0.2 

194 

15108 

3397 

48.7 

3096 

44.3 

3'x  6*  Egg 

2420 

9.5 

4.3 

0.5 

235 

13882 

6941 

99.4 

6333 

90.7 

High 

2422 

9.2 

4.0 

0.5 

215 

14996 

6920 

99.1 

6315 

90.5 

2424 

9.3 

4.1 

0.5 

242 

14000 

7060 

101.2 

6438 

92.2 

Average 

9.3 

4.1 

0.5 

231 

14293 

6974 

99.9 

6362 

91.1 

2417 

3.6 

1.7 

0.2 

199 

13753 

3438 

49.3 

3118 

44.7 

Medium 

2418 

3.5 

1.7 

0.2 

199 

20537 

3521 

50.5 

3173 

45.5 

2419 

3.5 

1.7 

0.2 

199 

13344 

3639 

52.1 

3289 

47.1 

Average 

3.5 

1.7 

0.2 

199 

15878 

3533 

50.6 

3193 

45.8 

2'  Lump 

2425 

9.3 

4.3 

0.5 

221 

7499 

7499 

107.4 

6850 

98.1 

High 

2427 

9.3 

4.3 

0.4 

207 

11775 

7850 

112.5 

7133 

102.2 

2428 

9.4 

4.4 

0.3 

230 

14122 

7704 

110.4 

6992 

100.2 

2442 

10.0 

4.6 

0.5 

243 

15279 

7640 

109.5 

6951 

99.6 

Average 

9.5 

4.4 

0.4 

225 

12169 

7673 

110.0 

6982 

100.0 

2430 

3.8 

1.9 

0.2 

203 

10000 

3821 

54.7 

3460 

49.6 

Medium 

2434 

3.6 

0.2 

204 

11950 

3814 

54.6 

3455 

49.5 

2435 

3.7 

'  2. V  " 

0.2 

198 

3822 

3952 

56.6 

3597 

51.5 

2'  Screen- 

Average 

3.7 

2.0 

0.2 

202 

8591 

3862 

55.3 

3504 

60.2 

ings 

2436 

9.4 

3.7 

0.4 

263 

11556 

8560 

122.6 

7771 

111.3 

High 

2437 

9.2 

3.8 

0.3 

265 

13254 

8836 

126.6 

8027 

115.0 

Average 

9.3 

3.8 

0.4 

264 

12405 

8698 

124.6 

7899 

113.2 

2431 

3.5 

1.9 

0.2 

210 

7635 

4321 

61.9 

3960 

56.7 

Medium 

2432 

3.6 

1.1 

0.2 

211 

7813 

4185 

60.0 

3818 

54.7 

2433 

3.6 

1.3 

0.2 

193 

13218 

4264 

61.1 

3899 

55.9 

IJ'  Screen- 

Average 

3.6 

1.4 

0.2 

205 

9555 

4257 

61.0 

3892 

55.8 

ings 

2440 

9.5 

4.0 

0.5 

232 

14000 

9333 

133.7 

8487 

121.6 

High 

2441 

9.4 

3.7 

0.5 

256 

13750 

9167 

131.3 

8183 

117.2 

Average 

9.5 

3.9 

0.5 

244 

13875 

9250 

132.5 

8335 

119.4 
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Table  6  (Continued) 
Test  Conditions  and  Principal  Results 


1  • 

2 

3 

22 

23 

24 

25 

26 

27 

28 

29 

30 

B.t.u.  per 
lb.  of 

Cinder  Loss 

' 

Super- 

Per 
Cent 

of 
Coal 

Per 

Indi- 

Draw- 

heated 

Size 

Rate 

Test 
Number 

Dry- 
Coal 

Stack 

Per 

Per 
Cent 

Cent 
of 

cated 
Horse- 

bar 
Horse- 

Steam 
per 

Cin- 
ders 

Hour, 
lb. 

of 
Dry 

B.t.u. 
in 

Power 

Power 

I.H.P. 
Hour, 

as 
Fired 

Coal 

Coal 
Fired 

lb. 

Item**^ 

458 

462 

427 

888 

711 

743 

740 

2400 

12983 

8399 

99 

3.2 

3.4 

2.2 

1108.6 

Medium 

2401 

13012 

8563 

94 

3.0 

3.2 

2.1 

' 122415 

1095.2 

'is  lis 

2402 

12929 

8570 

102 

3.1 

3.4 

2.2 

1223.6 

1104.6 

18.74 

Average 

12975 

8511 

98 

3.1 

3.3 

2.2 

1224.1 

1102.8 

18.46 

Mine  Run 

2405 

12811 

11081 

709 

9.6 

10.5 

9.1 

2157.7 

1954.4 

19.63 

High 

2406 

12933 

11030 

588 

8.5 

9.2 

7.9 

2151.5 

1963.8 

19.40 

2429 

12888 

10921 

651 

8.9 

9.7 

8.2 

2191.0 

1965.2 

19.65 

Average 

12877 

11011 

649 

9.0 

9.8 

8.4 

2166.7 

1961.1 

19.56 

2408 

13118 

8023 

63 

1.8 

2.0 

1.2 

1293.6 

1138.4 

17.93 

Medium 

2409 

13102 

7585 

72 

2.2 

2.4 

1.4 

1286.5 

1129.7 

17.98 

2410 

13023 

8231 

72 

2.1 

2.3 

1.5 

1280.9 

1133.5 

17.93 

2426 

12983 

8458 

107 

3.0 

3.2 

2.1 

1313.7 

1139.9 

18.72 

Average 

13057 

8074 

79 

2.3 

2.5 

1.6 

1293.7 

1135.4 

18.14 

2"x  3"  Nut 

2412 

13081 

10728 

413 

5.9 

6.5 

5.3 

1988.7 

High 

2413 

13176 

10822 

397 

5.7 

6.3 

5.2 

'2266  Is 

1993.0 

'i9!34 

2414 

13090 

10634 

390 

5.6 

6.2 

5.0 

2221.8 

1994.9 

19.00 

Average 

13116 

10728 

400 

5.7 

6.3 

5.2 

2211.1 

1992.2 

19.17 

2415 

13273 

7987 

78 

2.3 

2.5 

1.5 

1313.7 

1150.1 

18.01 

Medium 

2416 

13122 

7999 

76 

2.2 

2.5 

1.5 

1324.3 

1167.6 

17.86 

2423 

13282 

8329 

70 

2.1 

2.3 

1.4 

1291.1 

1131.0 

18.41 

Average 

13226 

8105 

75 

2.2 

2.4 

1.5 

1309.7 

1149.6 

18.09 

3  "x  6  "Egg 

2420 

13198 

10771 

500 

7.2 

7.9 

6.5 

2188.7 

1991.6 

19.83 

High 

2422 

13345 

11234 

468 

6.8 

7.4 

6.2 

2214.3 

2001.4 

19.40 

2424 

13214 

10584 

538 

7.6 

8.4 

6.7 

2220.0 

2003.4 

19.63 

Average 

13252 

10863 

502 

7.2 

7.9 

6.5 

2207.7 

1998.8 

19.62 

2417 

13043 

7713 

71 

2.1 

2.3 

1.4 

1323.2 

1160.7 

17.92 

Medium 

2418 

13086 

7574 

68 

1.9 

2.1 

1.2 

1329.6 

1168.6 

17.73 

2419 

12836 

7106 

85 

2.3 

2.6 

1.4 

1321.0 

1162.2 

18.31 

Average 

12988 

7464 

75 

2.1 

2.3 

1.3 

1324.6 

1163.8 

17.99 

2"  Lump 

2425 

13205 

10917 

545 

7.3 

8.0 

6.6 

2201.4 

1957.8 

19.61 

High 

2427 

12958 

10849 

602 

7.7 

8.4 

7.1 

2169.7 

1919.6 

19.68 

2428 

13061 

10829 

523 

6.8 

7.5 

6.2 

2200.5 

1963.8 

19.95 

2442 

12974 

10415 

595 

7.8 

8.6 

6.9 

2198.5 

1989.6 

20.24 

Average 

13050 

10753 

566 

7.4 

8.4 

6.7 

2192.5 

1957.7 

19.87 

2430 

12748 

9407 

315 

8.3 

9.1 

6.7 

1304.9 

1160.7 

18.02 

Medium 

2434 

12782 

9569 

338 

8.9 

9.8 

7.3 

1314.5 

1152.2 

18.00 

2435 

12710 

9113 

372 

9.4 

10.4 

7.4 

1365.2 

1179.1 

18.25 

2"  Screen-' 

Average 

12747 

9363 

342 

8.9 

9.8 

7.1 

1328.2 

1164.0 

18.09 

ings 

2436 

12769 

10611 

1127 

13.2 

14.5 

12.1 

2126.3 

1905.6 

19.86 

High 

2437 

12625 

11018 

1316 

14.9 

16.4 

14.3 

2243.5 

1980.4 

19.33 

Average 

12697 

10815 

1222 

14.1 

15.5 

13.2 

2184.9 

1943.0 

19.60 

2431 

12929 

10505 

579 

13.4 

14.6 

11.9 

1329.9 

1133.4 

18.32 

Medium 

2432 

12650 

10157 

551 

13.2 

14.4 

11.6 

1343.1 

1161.6 

18.22 

2433 

12793 

10784 

461 

10.8 

11.8 

10.0 

1310.2 

1141.0 

18.71 

li"  Screen- 

Average 

12791 

10482 

530 

12.5 

13.6 

11.2 

1327.7 

1145.3 

18.42 

ings 

2440 

12692 

10870 

1513 

16.2 

17.8 

15.3 

2215.6 

1977.2 

19.29 

High 

2441 

12492 

11203 

1457 

15.9 

17.8 

16.0 

2231.6 

2006.7 

19.48 

Average 

12592 

11037 

1485 

16.1 

17.8 

15.7 

2223.6 

1992.0 

19.39 
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Table  6  (Concluded) 
Test  Conditions  and  Principal  Results 


1       I 

2         1 

3 

31      1     32     1     33     1     34 

35      1      36      1 

37      1 

38 

39 

Superheated  Steam,  lb. 

Equivalent  Evap- 
oration, lb. 

B.t.u. 

Ab- 
sorbed 

by 
Boiler 

per 

i'ound 

of 

Dry 

Coal 

Per 

Per 

Boiler 

Size 

Rate 

Test 
Number 

Per 

Sq.Ft. 

of 
Heat- 

Per 

Pound 

of 

Per 

Pound 

of 

Dry 
Coal 

Per 

Sq.  Ft. 
Heat- 
ing 

Per 

Pound 

of 

Dry 

Coal 

Effi- 
ciency 
Per 

Hour 

ing 
Sur- 
face 
per 

Coal 

as 
Fired 

Hour 

Sur- 
face 
per 
Hour 

Cent 

Hour 

Codejf^= 

Item*^ 

645 

648 

658 

666 

2400 

22566 

4.84 

7.16 

7.79 

29764 

6.39 

10.28 

9989 

76. 8& 

Medium 

2401 

22328 

4.79 

7.01 

7.61 

29451 

6.32 

10.04 

9756 

74.95 

2402 

22970 

4.93 

7.02 

7.64 

30183 

6.48 

10.04 

9756 

75.46. 

Average 

22621 

4.85 

7.06 

7.68 

29799 

6.40 

10.12 

9834 

75.77 

Mine  Run 

2405 

42176 

9.05 

5.73 

6.24 

57022 

12.24 

8.44 

8201 

64.08 

High 

2406 

41946 

9.00 

6.04 

6.58 

56795 

12.19 

8.91 

8658 

66.93 

2429 

42854 

9.20 

5.87 

6.41 

57767 

12.40 

8.64 

8395 

65.10' 

Average 

42325 

9.08 

5.88 

6.41 

57195 

12.28 

8.66 

8418 

65. 3T 

2408 

23327 

5.00 

6.78 

7.42 

31048 

6.66 

9.87 

9591 

73.11 

Medium 

2409 

23254 

4.99 

6.95 

7.61 

30881 

6.63 

10.11 

9824 

75.02 

2410 

23059 

4.95 

6.78 

7.43 

30461 

6.54 

9.82 

9542 

73.05 

2426 

24808 

5.33 

6.85 

7.41 

32796 

7.04 

9.80 

9523 

73.33 

Average 

23612 

5.07 

6.84 

7.47 

31297 

6.72 

9.90 

9620 

73.6a 

2"%S"  Nut 

2412 

42964 

9.22 

6.13 

6.73 

58130 

12.47 

9.11 

8852 

67.67 

High 

2413 

42720 

9.17 

6.16 

6.77 

57929 

12.43 

9.18 

8920 

67.67 

2414 

42209 

9.06 

6.08 

6.67 

57236 

12.28 

9.05 

8794 

67.15 

Average 

42631 

9.15 

6.12 

6.72 

57765 

12.39 

9.11 

8855 

67.50 

2415 

23944 

5.14 

7.05 

7.71 

31678 

6.80 

10.20 

9911 

74.66- 

Medium 

2416 

23788 

5.11 

6.97 

7.67 

31448 

6.75 

10.14 

9853 

75.09 

2423 

23970 

5.14 

7.09 

7.78 

31665 

6.79 

10.28 

9989 

75.25 

Average 

23901 

5.13 

7.04 

7.72 

31597 

6.78 

10.21 

9918 

75.00' 

3"x  6"  Egg 

2420 

43219 

9.28 

6.22 

6.82 

58043 

12.46 

9.16 

8901 

67.46 

High 

2422 

42881 

9.20 

6.20 

6.79 

57160 

12.27 

9.05 

8794 

65.92 

2424 

43302 

9.29 

6.13 

6.73 

58328 

12.52 

9.06 

8804 

66.61 

Average 

43134 

9.26 

6.18 

6.78 

57844 

12.42 

9.09 

•8833 

66. 6& 

2417 

23906 

5.13 

6.96 

7.67 

31652 

6.79 

10.15 

9863 

75.68 

Medium 

2418 

23778 

5.10 

6.75 

7.49 

31458 

6.75 

9.91 

9630 

73.57 

2419 

24340 

5.23 

6.69 

7.40 

32227 

6.92 

9.80 

9523 

74.21 

Average 

24008 

5.15 

6.80 

7.52 

31779 

6.82 

9.95 

9672 

74.49' 

2°  Lump 

2425 

42889 

9.21 

5.72 

6.26 

57214 

12.28 

8.35 

8114 

61.47 

High 

2427 

42254 

9.07 

5.38 

5.92 

56071 

12.03 

7.86 

7638 

58.92 

2428 

44136 

9.47 

5.73 

6.31 

58403 

12.53 

8.35 

8114 

62,14 

2442 

44910 

9.64 

5.88 

6.46 

60539 

12.99 

8.71 

8464 

65.19' 

Average 

43547 

9.35 

5.68 

6.24 

58057 

12.46 

8.32 

8083 

61.9a 

2430 

24122 

5.18 

6.31 

6.97 

32010 

6.87 

9.25 

8988 

70.55 

Medium 

2434 

24014 

5.15 

6.30 

6.95 

31914 

6.85 

9.24 

8979 

70.24 

2435 

25147 

5.40 

6.36 

6.99 

33270 

7.14 

9.25 

8988 

70.75 

2"  Screen- 

Average 

24427 

5.24 

6.32 

6.97 

32398 

6.95 

9.25 

8985 

70.51 

ings 

2436 

42287 

9.07 

4.94 

5.45 

57468 

12.33 

7.40 

7191 

56.25 

High 

2437 

43981 

9.44 

4.98 

5.48 

59814 

12.84 

7.45 

7239 

57.35 

Average 

43134 

9.26 

4.96 

5.47 

58641 

12.59 

7.43 

7215 

56.80' 

2431 

24907 

5.34 

5.76 

6.29 

33102 

7.10 

8.36 

8123 

62.81 

Medium 

2432 

24714 

5.30 

5.90 

6.47 

32870 

7.05 

8.61 

8366 

66.08 

2433 

24933 

5.35 

5.85 

6.39 

32961 

7.07 

8.45 

8211 

64.21 

li"  Screen 

Average 

i    24851 

5.33 

5.84 

6.38 

32978 

7.07 

8.47 

8233 

64.37 

ings 

2440 

43186 

9.27 

4.63 

5.09 

57956 

12.44 

6.83 

6637 

52.28 

High 

2441 

43941 

9.43 

4.80 

5.37 

59540 

12.78 

7.28 

7074 

56.64 

Average 

i   43564 

9.35 

4.72 

5.23 

58748 

12.61 

7.06 

6856 

54.46 
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(as  regards  moisture)  in  which  they  were  loaded,  nor  were  they  in 
the  same  condition  in  this  instance;  and  furthermore  the  necessary 
mine  samples  were  available  for  only  three  of  the  six  sizes  tested. 
Final  comparisons  were  consequently  drawn  only  on  the  usual  basis 
of  dry  coal.  The  use  of  the  customary  "equivalent  evaporatiori  from 
and  at  212  degrees"  eliminates  the  effect  of  the  remaining  variations 
in  test  conditions;  and  the  final  comparison  of  the  grades  was  there- 
fore made  by  the  use  of  the  values  of  this  equivalent  evaporation  per 
pound  of  dry  coal. 

Table  7 

The  Actual  Evaporation  per  Pound  of  Coal  as  Fired  and  Also 
Per  Pound  of  Dry  Coal 


Actual  Evaporation  per  lb.  of  Coal 
as  Fired — lb. 

Actual  Evaporation  per  lb.  of  Dry 
Coal— lb. 

Size  of  Coal 

At  the  Medium 

Rate  of 

Evaporation 

At  the  High 

Rate  of 
Evaporation 

At  the  Medium 

Rate  of 

Evaporation 

At  the  High 

Rate  of 
Evaporation 

1 

2 

3 

4 

5 

7.06 
6.84 
7.04 
6.80 
6.32 
5.84 

5. 88 
6.12 
6.18 
5.68 
4.96 
4.72 

7.68 
7.47 
7.72 
7.52 
6.97 
6.38 

6.41 

2"x3"  Nut 

3"  X  6"  Egg 

6.72 
6.78 

2"  Lump 

2"  Screenings 

6.24 
5.47 

IM"  Screenings 

5.23 

These  values  of  equivalent  evaporation  per  pound  of  dry  coal  are 
given  for  each  test  in  Column  37  of  Table  6.  Inspection  of  these  figures 
discloses  great  uniformity  among  the  values  applying  to  each  size  and 
each  rate.  Only  in  the  case  of  the  high  rate  tests  with  the  2-inch 
lump  coal  is  there  any  considerable  variation  between  the  equivalent 
evaporation  values  for  the  individual  tests ;  and  even  in  this  group 
the  maximum  variation  from  the  average  is  only  5^/2  per  cent.  In 
view  of  this  uniformity  we  are  entirely  warranted  in  using  the  average 
values  for  the  various  groups  and  in  basing  conclusions  upon  them. 
These  averages  of  equivalent  evaporation  per  pound  of  dry  coal  are 
therefore  assembled  in  Table  8  together  with  the  averages  of  the  rate 
of  evaporation  per  square  foot  of  heating  surface  per  hour  taken  from 
Column  36  of  Table  6.  Table  8  embodies  consequently  the  final  direct 
results  of  the  tests. 

In  Table  8  the  coals  are  arranged  in  the  order  of  the  evaporation  at 
the  medium  rate  as  given  there  in  Column  2.  The  egg  coal  heads  the 
list  with  an  equivalent  evaporation  of  10.21  pounds  per  pound  of  dry 
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Table  8 

The  Equivalent  Evaporation  per  Pound  of  Dry  Coal  for  Both 
THE  Medium  and  the  High  Rate  Tests 


For  the  Medium  Rate  Tests 

For  the  High  Rate  Tests 

Size  of  Coal 

Equivalent 

Evaporation 

per  lb.  of 

Dry  Coal 

lb. 

Equivalent 

Evaporation 

per  Hour  per 

sq.  ft.  of 

Heating  Surface 

lb. 

Equivalent 

Evaporation 

per  lb.  of 

Dry  Coal 

lb. 

Equivalent 

Evaporation 

per  Hour  per 

sq.  ft.  of 

Heating  Surface 

lb. 

1 

2 

3 

4 

5 

3"  X  6"  Egg 

10.21 
10.12 
9.95 
9.90 
9.25 
8.47 

6.78 
6.40 
6.82 
6.72 
6.95 
7.07 

9.09 
8.66 
8.32 
9.11 
7.43 
7.06 

12.42 

Mine  Run 

12.28 
12.46 

2"x3"  Nut 

2"  Screenings 

134"  Screenings 

12.39 
12.59 
12.61 

coal  followed  by  the  other  grades  in  the  order  in  which  they  appear  in 
the  table.  For  the  high  rate  tests  the  nut  coal  gave  the  best  perfor- 
mance, namely  an  equivalent  evaporation  of  9.11  pounds  per  pound 
of  dry  coal,  while  the  other  sizes  stand  in  the  order  in  which  they 
are  cited  in  the  table.  These  relations  stand  out  more  clearly  in  Fig  16 
which  has  been  prepared  by  plotting  values  of  equivalent  evaporation 
and  rate  of  evaporation  given  in  Table  8,  In  Fig,  16  the  vertical  dis- 
tances represent  equivalent  evaporation  per  pound  of  dry  coal,  where- 
as the  horizontal  distances  represent  the  pounds  of  equivalent  evapo- 
ration per  hour  on  each  square  foot  of  heating  surface.  For  the 
3-inch  by  6-inch  egg  coal  these  quantities  are,  for  the  medium  rate 
tests  10.21  pounds  and  6.78  pounds,  respectively;  and  for  the  high 
rate  tests  9.09  pounds  and  12.42  pounds,  respectively  (see  Table  8). 
These  pairs  of  values  are  plotted  in  Fig.  16  where  they  appear  as  the 
two  points  which  define  the  line  marked  3-inch  by  6-inch  Egg.  These 
points  are  connected  by  a  straight  line,  which  implies  the  assumption 
that  the  equivalent  evaporation  varies  regularly  and  directly  with  the 
rate  of  evaporation.  While  there  are,  in  this  series,  no  tests  at  inter- 
mediate rates  to  support  this  assumption,  it  is  amply  warranted  by 
the  results  of  numerous  other  locomotive  boiler  tests.  The  other  lines 
in  Fig.  16  are  similarly  plotted  from  values  given  in  Table  8,  and 
they  define  the  performance  of  the  other  five  sizes. 

Inspection  of  Fig.  16  reveals,  as  usual,  for  all  grades  a  sharp  de- 
crease in  evaporation  as  the  rate  of  evaporation  increases.     The  rate 
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of  this  decrease  is  nearly  alike  for  all  sizes  except  the  2-iiich  by 
3-inch  nut  for  which  it  is  roughly  one-half  of  that  for  the  other  sizes. 
This  change  in  evaporation  with  rate  of  evaporation  makes  it  necessary 
to  reduce  the  values  of  evaporation  to  a  common  rate  before  drawing 
final  comparisons  between  the  various  grades.  To  effect  this  reduction 
the  rates  of  evaporation  for  all  the  medium  rate  tests  shown  in  Col- 
umn 3  of  Table  8  have  been  averaged  and  this  average — 6.79  pounds 
per  square  foot  of  heating  surface  per  hour — has  been  represented 
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Fig.  16.     The  Eelation  Between  Equivalent  Evaporation  Per  Pound  of  Dry 
Coal  and  the  Eate  op  Evaporation,  for  Each  Size  of  Coal  Tested 

by  the  vertical  line  AA  in  Fig,  16.  Similarly  the  average  high  rate — 
12.46  pounds  per  square  foot  of  heating  surface  per  hour — is  found 
from  Column  5  of  Table  8  and  is  defined  by  the  line  BB  in  this 
figure.  If  now  in  Fig.  16  we  measure  off  the  vertical  distances  on  AA 
at  the  points  where  this  line  is  intersected  by  the  performance  lines 
for  the  various  sizes,  we  obtain  six  values  of  equivalent  evaporation 
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per  pound  of  dry  coal,  one  for  each  size,  and  all  pertaining  to 
the  common  medium  rate  of  evaporation  defined  by  the  line  AA, 
namely,  6.79  pounds  per  sqiiare  foot  of  heating  surface  per  hour. 
These  values  are  shown  in  Column  2  of  Table  9  and  since  they  pertain 
to  the  same  rate  of  evaporation  they  are  rigidly  comparable.  In  like 
manner  the  evaporation  values  defined  by  the  intersections  with  the 
line  BB  are  given  in  Column  4  of  Table  9,  and  pertain  to  the  com- 
mon high  rate — 12.46  pounds  per  square  foot  of  heating  surface  per 
hour. 

Table  9 

The  Relative  Standing  op  the  Vakious  Sizes,  Based  on  Corrected  Values 

OF  the  Equivalent  Evaporation  per  Pound  of  Dry  Coal 

(This  table  gives  the  values  of  equivalent  evaporation  per  pound  of  dry  coal,  corrected  for   a 

common  medium  rate  of  evaporation  of  6.79  pounds  per  square  foot  of  heating  surface 

per  hour,   and  for  a  common  high  rate  of  evaporation  of   12.46 

pounds  per  square  foot  of  heating  surface  per  hour) 


For  the  Common  Medium  Rate  of 

Evaporation — 6.79  lb.  per  sq.  ft.  of 

Heating  Surface  per  Hour 

For  the  Common  High  Rate  of 

Evaporation — 12.46  lb.  per  sq.  ft.  of 

Heating  Surface  per  Hour 

Grade  of  Coal 

Equivalent 

Evaporation 

per  lb.  of 

Dry  Coal 

lb. 

Relative  Values, 
Based  on 
Mine  Run 

Equivalent 

Evaporation 

per  lb.  of 

Dry  Coal 

lb. 

Relative  \''alues, 
Based  on 
Mine  Run 

1 

2 

3 

4 

5 

3"  X  6"  Egg 

10.21 
10.02 
9.96 
9.89 
9.30 
8.54 

1.02 
1.00 
0.99 
0.98 
0.93 
0.85 

9.08 
8.62 
8.32 
9.10 
7.47 
7.10 

1.05 

Mine  Run 

1.00 

0.97 

2"x  3"  Nut 

1.06 

0.87 

1 M "  Screenings 

0.82 

Table  9  presents  therefore  average  values  of  equivalent  evaporation 
per  pound  of  dry  coal  for  each  of  the  sizes  of  coal — first  for  a  common 
medium  rate  of  evaporation  in  Column  2,  and  next  for  a  common 
high  rate  of  evaporation  in  Column  4.  These  are  the  final  results  of 
the  tests,  and  they  may  be  compared  to  determine  the  relative  value 
of  the  various  sizes.  Such  a  comparison  of  the  values  in  Column  2 
shows  that  when  the  boiler  was  worked  at  the  medium  rate  the  3-inch 
by  6-inch  egg  coal  gave  the  highest  evaporation,  with  the  other  sizes 
following  in  the  order  in  which  they  appear  in  the  table;  whereas 
at  the  high  rate  the  2-inch  by  3-inch  nut  coal  gave  the  highest  evapo- 
ration followed  by  the  egg,  mine  run,  lump,  2-inch  screenings,  and 
1%-inch  screenings  in  the  order  named.    Further  comparison  is  more 
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conveniently  made  upon  a  percentage  basis,  for  which  purpose  the 
performance  of  the  mine  run  is  taken  as  unity  or  100  per  cent,  and  the 
other  sizes  are  represented  in  Columns  3  and  5  of  Table  9  by  numbers 
which  define  the  relation  of  their  performance  to  that  of  the  mine  run. 
At  the  medium  rate  the  four  larger  grades  gave  nearly  the  same 
performance,  the  maximum  difference  among  them  being  but  4  per 
cent.  The  steam  production  per  pound  of  egg  coal  was  2  per  cent 
greater  than  with  the  mine  run,  while  with  the  lump  and  the  nut  it 
was  respectively  1  per  cent  and  2  per  cent  less  than  with  mine  run. 
The  performance  with  2-inch  screenings  was  7  per  cent  less  and  with 
11/4 -inch  screenings  15  per  cent  less  than  with  mine  run.  If  we  assume 
that  mine  run  coal  on  the  tender  was  worth  $2.00  per  ton,  the  relative 
worth  on  the  tender  of  the  other  sizes  during  the  medium  rate  tests 
was: 


3 -inch  X  6 -inch  Egg 

.      $2.04 

2 -inch  Screenings    . 

.     $1.86 

2 -inch  Lump 

1.98 

114 -inch  Screenings 

1.70 

2-inch  X  3 -inch   Nut 

1.96 

At  the  high  rate  the  2-inch  by  3-inch  nut  coal  gave  the  best  per- 
formance, producing  6  per  cent  more  steam  than  the  mine  run;  the 
3-inch  by  6-inch  egg  came  next  with  an  evaporation  5  per  cent  more 
than  that  of  the  mine  run;  while  the  2-inch  lump  evaporated  3  per 
cent  less.  At  this  rate  of  evaporation  the  2-inch  screenings  and  the 
114-iiieh  screenings  produced  per  pound  respectively  13  per  cent  and 
18  per  cent  less  steam  than  the  mine  run.  If  we  again  assume  that 
mine  run  was  worth  on  the  tender  $2.00  per  ton,  the  relative  worth 
of  the  other  sizes  during  the  high  rate  tests  was  as  follows : 


2 -inch  X  3 -inch   Nut 

.      $2.12 

2-inch  Screenings    . 

.     $1.74 

3 -inch  X  6-inch  Egg 

2.10 

1%-inch  Screenings 

.       1.64 

2 -inch  Lump 

.       1.94 

-- 

~- 

The  facts  presented  in  Table  9  and  in  the  foregoing  discussion  are 
graphically  presented  in  Figs.  17  and  18.  Fig.  17  shows  the  relative 
steam  producing  capacity  or  the  relative  values  of  the  six  different 
sizes  of  fuel  when  used  at  the  medium  rate  of  evaporation;  and 
Fig.  18  presents  these  relations  for  the  high  rate  of  evaporation.  These 
two  figures  and  Table  9  embody  the  final  and  principal  results  of  the 
whole  test  series. 

While  the  differences  in  performance  of  the  sizes  is  due  in  some 
measure  to  inherent  variations  in  heating  value  and  in  ash  content, 
these  variations  are  too  small  to  account  fully  for  the  difference  in 
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Fig.  17. 


The  Eelative  Evaporative  Efficiencies  of  the  Coals, 
FOK  the  Medium  Eate  Tests 
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The  Eelative  Evaporative  Efficiencies  of  the  Coals, 
FOR  the  High  Eate  Tests 


TESTS    OF    ILLINOIS    COAL    ON    A   MIKADO    LOCOMOTIVE  47 

performance,  nor  is  an  explanation  on  these  grounds  applicable  to 
all  of  the  sizes.  The  difference  in  performance  appears  to  be  due 
chiefly  to  the  variations  in  cinder  loss  and  in  the  conditions  of  com- 
bustion which  it  was  possible  to  maintain  with  the  different  sizes. 
This  conclusion  is  supported  by  the  discussion  of  cinder  losses  and  of 
the  heat  distribution  which  follows  in  the  next  two  sections, 

18.  Cinder  Losses. — Information  relative  to  the  losses  due  to  cin- 
ders passing  out  through  the  stack  is  given  in  Fig.  19.  In  considering 
the  cinder  losses  as  here  presented  it  should  be  borne  in  mind  that 
all  of  the  coal  tested  was  of  one  kind,  that  is,  it  came  from  one  mine. 
Coals  possessing  other  physical  characteristics  might  show  somewhat 
different  results  as  to  cinder  losses  under  the  conditions  of  the  tests 
here  considered.  It  should  also  be  remembered  that  for  a  given  rate, 
medium  or  high,  the  draft  was,  for  all  grades  of  coal,  practically  con- 
stant as  shown  in  Fig.  15. 

Fig.  19  shows  the  amount  of  the  stack  losses  when  the  weight  of 
the  cinders  collected  from  the  stack  is  expressed  as  a  percentage  of  the 
weight  of  the  dry  coal  fired,  and  also  the  amount  of  such  loss  when 
the  heat  content  of  the  cinders  collected  from  the  stack  is  expressed 
as  a  percentage  of  the  British  thermal  units  in  the  coal  fired.  The 
loss  when  expressed  as  per  cent  of  B.  t.  u.  is  numerically  less  than  when 
expressed  as  per  cent  of  weight  of  dry  coal,  due  to  the  fact  that  the 
cinders  do  not  have  so  high  a  heat  value  per  pound  as  the  coal  from 
which  they  originate.  Also,  due  to  the  fact  that  cinders  produced  at 
high  rates  of  combustion  have  higher  heating  values  than  cinders  pro- 
duced at  low  rates  of  combustion,  the  differences  between  percentages 
for  medium  rate  and  high  rate  tests  are  greater  when  expressed  in 
terms  of  heat  units  than  when  expressed  in  terms  of  dry  coal.  The 
average  heating  value  of  the  stack  cinders  for  all  medium  rate  tests 
was  8635  B.  t.  u.  and  the  average  value  for  all  high  rate  tests  was 
10854  B.  t.  u.  Column  23,  Table  6,  shows  the  heating  value  of  stack 
cinders  for  each  test  and  the  average  values  for  each  of  the  twelve 
groups  of  tests.  The  heating  values  of  the  cinders  from  the  medium 
rate  tests  with  screenings  were  higher  than  corresponding  values  from 
other  grades  of  coal. 

In  Fig.  19  it  will  be  seen  that,  during  the  medium  rate  tests,  from 
2.3  to  13.6  pounds  of  cinders  were  collected  from  the  stack  for  each 
100  pounds  of  dry  coal  fired;  while  for  the  high  rate  tests  from  6.3 
to  17.8  pounds  were  collected  for  each  100  pounds  of  coal.     The  , 
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l_OSS    DUE  TO  STACK  CINDERS  IN    PER   CENT 
OF  HEAT  VALUE  OF  COAL  AS    FIRED 


MEDIUM    RATE 
HIGH    RATE 


■— M 


■ 


1>i"S 


CINDER    LOSS   IN    PER   CENT  OF 
WEIGHT   OF   DRY    COAL    FIRED 


i 


=  z 


Fig.  19.     The  Cinder  Losses,  Expressed  in  Per  Cent  of  the  Heat  in  the  Coal 
AND  AS  Per  Cent  op  the  Weight  op  the  Dry  Coal 
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screened  coals  in  all  cases  produced  fewer  cinders  than  the  mine  run 
coal;  and  the  screenings  produced  a  materially  greater  quantity  of 
cinders  than  any  of  the  larger  sizes. 

When  the  losses  are  expressed  as  B.  t.  u.  percentages,  Fig.  19  shows 
that  for  the  medium  rate  tests  the  loss  on  account  of  stack  cinders 
was  smallest  in  the  case  of  the  lump  coal,  amounting  to  1.3  per  cent 
of  the  heat  content  of  the  coal  fired.  The  corresponding  losses  for  the 
egg,  nut  and  mine  run  coals  were  1.5,  1.6,  and  2.2  per  cent,  respec- 
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Fig.  20.     The  Eelation  between  Cinder  Loss  and  the  Per  Cent  of 
Fine  Material  in  the  Coal 


tively.  The  loss,  during  medium  rate  tests,  for  the  2-inch  screenings 
was  7.1  per  cent  and  for  the  11/4 -inch  screenings,  11.2  per  cent.  The 
average  loss  from  the  screenings  was  roughly  five  times  as  great  as 
the  average  loss  from  the  larger  coals  during  the  medium  rate  tests. 
For  the  high  rate  tests  the  smallest  heat  loss  due  to  stack  cinders 
occurred  with  the  nut  coal.  The  average  losses  for  nut,  egg,  lump 
and  mine  run  are  5.2,  6.5,  6.7,  and  8.4  per  cent,  respectively.     The 
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corresponding  loss  for  the  2-inch  screenings  was  13.2  per  cent  and  for 
the  l^^-inch  screenings  15.7  per  cent.  The  average  loss  from  the 
screenings  during  the  high  rate  tests  was  more  than  twice  as  great 
as  the  average  loss  from  the  larger  coals. 

The  figures  and  data  indicate  that  with  very  fine  coals  such  as 
screenings  the  cinder  loss  is  large  even  at  medium  rates  of  combustion 
and  with  comparatively  low  front-end  draft;  but  that  under  these 
conditions  the  cinder  loss  is  not  serious  for  the  larger  coals  even  when 
they  contain  a  considerable  amount  of  fine  material  as  in  mine  run 
coal.  For  conditions  involving  high  rates  of  combustion  and  strong 
drafts,  however,  the  stack  cinder  loss  is  a  serious  one  for  all  sizes 
of  coal. 

Fig.  20  shows  the  relation  existing  between  the  loss  due  to  stack 
cinders  and  the  amount  of  y^^-iniGh.  or  smaller  material  in  the  coal  as 
received.  The  data  presented  in  Fig.  20  are  also  shown  in  Table  10. 
The  curves  in  addition  to  showing  the  relative  magnitude  of  the 
cinder  losses  for  the  two  rates  of  operation,  show  that  the  cinder  losses 
increased  quite  uniformly  with  the  increase  of  fine  material  in  the 
coal.  At  the  medium  rate  about  1  per  cent  of  the  coal  would  appa- 
rently be  lost  as  cinders  if  there  were  no  14-inch  fine  material  at  all 
in  the  coal;  while  at  the  higher  rate  and  without  such  material,  the 
loss  would  be  about  5.5  per  cent.  The  curve  for  the  high  rate  tests 
shows  an  increase  in  the  cinder  loss  of  very  nearly  one  per  cent  for 
each  increase  of  3.7  per  cent  in  the  amount  of  ^^"iiich  material  in 
the  coal.  The  light  straight  lines  in  Fig.  20  show,  for  both  rates,  a 
uniform  increase  of  one  per  cent  in  cinder  loss  for  each  3.7  per  cent 
increase  in  the  14 -inch  material  in  the  coal.  The  straight  line  repre- 
sents the  plotted  points  of  the  high  rate  tests  closely  but  does  not 
represent  so  well  the  points  plotted  for  the  medium  rate  tests.  For  the 
purposes  of  further  discussion,  however,  the  straight  lines  have  been 
accepted  as  defining  with  sufficient  accuracy  the  relations  for  both 
rates. 

For  conditions  similar  to  those  of  the  high  rate  tests,  therefore,  the 
percentage  loss  of  fuel  due  to  stack  cinders  may  be  expected  to  be 
approximately  5.5  plus  the  per  cent  of  14-inch  material  in  the  coal 
divided  by  3.7.    Expressed  as  a  formula  this  becomes 

C  =  5.5+  (i^-f-3.7), 
where  C  is  the  fuel  loss  on  account  of  stack  cinders  expressed  as  per 
cent  of  B.  t.  u.  in  the  coal,  and  F  is  the  per  cent  of  original  coal  passing 
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Table  10 
Per  Cent  of  Fine  Material  in  Coal,  and  Losses  Due  to  Stack  Cinders 


Per  Cent  of  Fine  Material  in 
Coal  as  Received, 
Passing  Through 

Rate 

Loss  Due  to  Stack  Cinders 

Per 
Cent 

of 

B.t.u. 

in  Coal 

Fired 

Wt.  of  Cinders 
in  Per  Cent  of 

Size 

Round 
Hole 
Screen 

Round 
Hole 
Screen 

1" 

Round 

Hole 

Screen 

Coal 
as  Fired 

Dry 
Coal 

1 

2 

3 

4 

5 

6 

7 

8 

2"  Lump 

1.72 

1.87 

2.28 

12.50 

26.88 

37.59 

2.62 

2.93 

.      3.40 

19.94 

41.09 

57.62 

4.53 

5.77 

5.40 

31.30 

66.82 

95.56 

( Medium 

1  Hio-b 

1.3 

6.7 

1.6 

5.2 

1.5 

6.5 

2.2 

8.4 

7.1 

13.2 

11.2 

15.7 

2.1 

7.4 

2.3 

5.7 

2.2 

7.2 

3.1 

9.0 

8.9 

14.1 

12.5 

16.1 

2.3 
8.4 
2.5 
6  3 

2"  X  3"  Nut 

( Medium 

1  High 

3"  X  6"  Egg 

( Medium 

\  High 

2.4 
7  9 

Mine  Run 

( Medium 

\  High 

3.3 

9  8 

2"  Screenings 

(  Medium 

( High 

9.8 
15  5 

1}4"  Screenings  .. . 

( Medium 

\  High 

13.6 

17.8 

through  a  ^-inch  round  hole  screen.     The  expression  for  conditions 
similar  to  those  of  the  medium  rate  tests  is : 

The  per  cent  of  coal  passing  through  a  i^-i^ch  round  hole  screen 
has  been  used  in  the  foregoing  analj^sis  since  that  was  the  smallest 
screen  used  in  testing  the  coal  for  size.  Similar  analyses  making  use 
of  the  per  cent  of  coal  passing  through  a  i/2-i^ch  or  1-inch  screen  show 
similar  relations  and  result  in  similar  formulas,  with  only  a  change  in 
the  value  of  the  divisor.  When  F  is  the  per  cent  of  coal  passing 
through  a  %-inch  round-hole  screen,  these  formulas  become : 

C  =  5.5  -j-  (i^-f-  5.7),  for  the  high  rate  conditions, 

C  =  F  -^  5.7,  for  the  medium  rate  conditions ;  and  when  F  is 

the  per  cent  of  coal  passing  through  a  1-inch  round-hole 

screen,  the  corresponding  formulas  are : 
C  ^  5.5  -|-  (i^-f-  9.3),  for  the  high  rate  conditions, 
C  =  F  -^d.d,  for  the  medium  rate  conditions. 

It  should  be  remembered  that  kind  of  coal,  intensity  of  draft, 
firebox  and  front  end  arrangement  and  probably  other  factors  may 
materially  affect  the  relations  existing  between  cinder  losses  and  the 
amount  of  fine  material  in  coal,  and  that  in  the  tests  under  consider- 
ation these  variables  have  a  very  limited  range.    The  results,  therefore, 
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if  applied  to  conditions  other  than  those  from  which  they  were  derived 
should  be  used  with  caution  and  with  an  understanding  of  their  limita- 
tions. 

During  tests  with  the  four  larger  grades,  larger  quantities  of 
cinders  were  collected  than  there  was  14-inch,  or  smaller,  material  in 
the  coal.  For  these  coals  a  considerable  portion  of  the  cinders  must 
therefore  have  come  from  comparatively  large  pieces  of  coal.  In  the 
Screenings  tests  the  cinders  collected  were  materially  less  in  amount 
than  the  14-inch  or  smaller  material  that  existed  in  the  coal.  At  all 
comparatively  high  rates  of  combustion  therefore,  and  probably  also 
at  lower  rates,  there  must  be  factors  determining  the  amount  of  cinders 
produced  other  than  the  original  amount  of  fine  material  in  the  coal 
fired. 

19.  Heat  Distribution. — Fig.  21  presents  average  heat  balances 
for, the  tests  with  each  grade  of  coal  for  both  medium  and  high  rate 
tests.  The  figures  have  been  so  constructed  that  the  groups  are 
arranged  with  relation  to  decreasing  values  of  the  per  cent  of  heat 
absorbed  by  the  boiler  during  the  high  rate  tests.  This  places  the 
grades  in  the  following  order :  nut,  egg,  mine  run,  lump,  2-inch  screen- 
ings, and  114-inch  screenings,  the  nut  coal  having  shown  the  high- 
est boiler  efficiency,  followed  by  the  other  sizes  in  the  order  named. 
During  the  medium  rate  tests  the  mine  run  coal  showed  the  high- 
est average  toiler  efficiency  followed  by  egg,  lump,  nut,  2-inch 
screenings  and  1^-inch  screenings  in  the  order  named.  The  per- 
centages of  heat  absorbed  by  the  boiler,  during  the  medium  rate 
tests,  for  the  four  grades  of  coal  other  than  screenings,  were,  however, 
very  nearly  the  same,  ranging  only  from  75.8  per  cent  for  mine  run  to 
73.6  per  cent  for  nut  coal. 

Fig.  21,  in  addition  to  the  per  cent  of  heat  absorbed  by  the  boiler, 
shows  the  following  items,  all  in  percentages  of  the  heat  of  the  coal 
fired ;  loss  due  to  stack  cinders ;  loss  due  to  hydrogen  in  the  coal,  mois- 
ture in  the  coal,  and  moisture  in  the  air;  loss  due  to  combustible  in 
the  ash ;  loss  due  to  heat  of  the  escaping  gases ;  loss  due  to  incomplete 
combustion  of  gases;  and  the  "radiation  and  unaccounted  for"  loss. 
The  complete  heat  balances,  tabulated  in  Appendix  III,  present  the 
same  information  in  more  detail  and  for  each  test.  Fig.  21  reveals 
various  relations  concerning  the  heat  distribution.  For  the  high  rate 
tests  the  figures  representing  cinder  losses  increase  in  size  to  about 
the  same  extent  as  the  figured  representing  heat  absorbed  by  the 
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Fig.  21. 


The  Distribution  of  the  Heat  During  Both  the  Medium  Eate 
AND  the  High  Eate  Tests 


boiler  decrease,  in  passing  from  nut  to  1^-inch  screenings.  In 
general  also,  all  of  the  figures  representing  losses  other  than  the  cinder 
loss  appear  to  be  nearly  equal.  The  principal  exceptions  to  the  gen- 
eral statements  just  made  are  found  in  the  facts  that  losses  due  to 
incomplete  combustion  vary  considerably,  and  that  the  heat  distribu- 
tion representing  the  lump  coal  tests  shows  a  small  cinder  loss  and 
a  large  "unaccounted  for"  loss.  It  may  be  said,  however,  that  there 
was  little  variation  in  the  losses  due  to  escaping  gases,  to  the  ash-pan, 
to  incomplete  combustion,  to  moisture,  and  to  radiation  and  unac- 
-counted  for,  as  between  the  different  grades ;  and  that  the  differences 
in  the  amounts  of  heat  absorbed  by  the  boiler  are  to  be  accounted  for 
•chiefly  by  the  variation  in  the  losses  due  to  cinders. 

This  last  statement  is  illustrated  by  Fig.  22,  in  which  the  height  of 
^each  vertical  band  is  proportioned  to  the  sum  of  the  heat  absorbed 
hy  the  boiler  and  the  heat  carried  away  in  the  cinders.    It  is  obvious 
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from  the  figure  that,  at  the  medmm  rate,  the  inferiority  of  the  screen- 
ings as  compared  with  the  other  sizes  is  entirely  accounted  for  by 
their  cinder  losses.  Among  the  four  larger  grades  the  cinder  losses 
were  small  and  nearly  alike  during  the  medium  rate  tests,  and  the 
differences  in  performances  are  not  chargeable  to  cinders,  but  to  other 
factors.  Of  these  four  sizes  the  mine  run  shows  the  highest  boiler 
efficiency,  despite  the  largest  cinder  loss.    During  the  high  rate  tests 
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the  inferiority  of  the  screenings  is  again  almost  entirely  aeconnted 
for  by  the  cinder  loss.  The  difference  in  performance  of  the  four 
other  grades  is  also  apparently  due  chiefly  to  the  heat  carried  away 
in  the  cinders,  except  as  regards  the  lump  coal  which,  although  its 
cinder  loss  was  less  than  that  of  the  mine  run  and  about  equal  to  that 
of  the  egg  and  nut,  nevertheless  gave  a  performance  inferior  to  all 
of  them.  This  fact  reflects  the  difficulty  experienced  in  firing  the 
lump  coal  at  the  high  rate,  which  has  been  previously  alluded  to. 

The  radiation  and  unaccounted  for  losses  are,  for  all  grades,  quite 
uniform,  the  minimum  and  maximum  values  for  the  twelve  groups 
being  3.0  per  cent  and  9.3  per  cent.  The  minimum,  maximum,  and 
average  values  for  the  entire  36  tests  are  2,  11.2,  and  5.2  per  cent 
respectively.  If  there  were  no  unaccounted  for  loss  the  average  value 
of  5.2  per  cent  should  represent  with  some  degree  of  exactness  the 
radiation  loss.  In  addition  to  the  heat  losses  accounted  for  there  are 
probably  other  losses  not  measured,  such  as  those  due  to  sensible 
heat  carried  away  by  the  ash  and  cinders,  unburned  combustible 
gases  not  determined  by  the  gas  analysis,  and  unburned  carbon  in  the 
smoke  other  than  the  cinders  which  are  collected.  Making  an  allow- 
ance of  1  or  2  per  cent  for  the  losses  just  mentioned  and  deducting 
this  from  the  total  average  unaccounted  for — 5.2  per  cent — would 
leave  the  average  value  for  the  loss  due  to  radiation  at  about  3  or  4  per 
cent.  While  we  have  no  very  reliable  data  as  to  the  radiation  loss 
under  conditions  similar  to  those  of  the  tests,  the  figure  3  or  4  per  cent 
is  probably  not  greatly  in  error.  There  is,  further,  for  all  tests  a  com- 
paratively small  variation  of  the  radiation  and  unaccounted  for  loss 
from  the  mean  value.  Because  of  these  facts  it  is  fair  to  conclude 
that,  in  general,  the  heat  distributions  as  given  in  the  tables  account 
for  practically  all  of  the  heat  content  of  the  coal;  that  the  amounts 
actually  unaccounted  for  are  so  small  as  not  seriously  to  invalidate 
any  portion  of  the  balances ;  and  finally  that  the  approximately  com- 
plete and  correct  accounting  for  of  all  the  heat  content  of  the  coal 
makes  it  probable  that  values  defining  the  heat  distribution  may 
safely  be  taken  as  a  basis  for  conclusions  concerning  the  test  results. 

IX.     Conclusions 
Such  generalizations  as  follow  seem  warranted  by  the  test  results. 
They  are  presented  as  applicable  only  to  the  coal  tested.    How  closely 
they  apply  to  coals  from  other  fields  is  not  clear,  although  it  is  prob- 


56  ILLINOIS    ENGINEERING   EXPERIMENT    STATION 

able  that  they  hold  good  for  other  coals  of  like  mechanical  make-up 
and  similar  physical  properties.  If  it  is  desired  to  apply  these  conclu- 
sions to  coals  from  other  fields,  the  facts  should  be  borne  in  mind  that 
the  six  sizes  tested  were  more  nearly  alike  in  chemical  composition 
and  heating  value  than  is  often  the  case,  that  the  cinder  losses  account 
in  large  measure  for  the  differences  in  performance,  that  the  firing 
was  unusually  uniform  and  constantly  supervised,  that  the  large 
lumps  in  both  the  mine  run  and  lump  coals  were  broken  before 
firing,  and  that  the  same  exhaust  nozzle  was  used  throughout  all  tests. 

The  purpose  of  the  tests  and  the  general  program  are  set  forth 
in  Chapter  II. 

The  heating  values  and  the  chemical  analyses  of  the  six  sizes 
of  coal  tested  are  given  in  Table  1  of  Chapter  III,  and  their  mechan- 
ical make-up  is  defined  in  sections  6  and  7  of  that  chapter. 

The  final  results  of  the  tests,  expressed  in  terms  of  equivalent  evap- 
oration per  pound  of  dry  coal,  are  presented  in  Columns  2  and  4  of 
Table  9  in  Chapter  VIII,  and  they  are  discussed  at  the  end  of  sec- 
tion 17  in  that  chapter. 

The  relative  values  of  the  six  sizes  are  defined  by  the  percentage 
values  given  in  Columns  3  and  5  of  Table  9  in  Chapter  VIII,  and 
are  illustrated  by  Figs.  17  and  18.  It  should  not  be  forgotten  that 
these  percentages  define  the  relative  values  of  the  coals  on  the  tender 
— not  at  the  mine. 

At  the  prices  which  prevailed  when  the  tests  were  made,  both 
sizes  of  screenings  were  slightly  more  economical  than  the  mine  run 
coal.  Amiong  the  four  larger  grades  the  mine  run  was  much  more 
economical  than  either  the  egg,  nut,  or  lump  coals.  Averaging  the 
results  at  both  rates  of  evaporation,  the  price  differential  between 
2-inch  screenings  and  1^-inch  screenings  was  just  offset  by  the 
superior  performance  of  the  former. 

Except  as  regards  the  lump  coal  at  the  high  rate  of  evaporation 
and  the  four  larger  grades  at  the  medium  rate,  the  heat  lost  in  the 
cinders  accounts  almost  entirely  for  the  differences  in  performance 
among  the  various  grades.  These  losses  are  shown  in  Figs.  21  and  22 
and  they  are  discussed  in  sections  18  and  19.  For  the  Screenings 
they  varied  during  the  medium  rate  tests  from  7.1  to  11.2  per  cent, 
and  in  the  high  rate  tests  from  13.2  to  15.7  per  cent.  Among  the 
four  larger  sizes  the  heat  lost  in  the  cinders  varied  during  the 
medium  rate  tests  from  1.3  to  2.2  per  cent,  and  in  the  high  rate  tests 
from  5.2  to  8.4  per  cent. 
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Inspection  of  Figs.  21  and  22  reveals  the  fact  that,  despite  greater 
heat  loss  in  the  cinders,  mine  run  coal  at  the  medium  rate  of  evapo- 
ration had  a  higher  boiler. efficiency  than  either  the  egg  or  the  lump; 
and  at  the  high  rate  its  efficiency  was  greater  than  that  of  the  lump, 
and  only  1.3  per  cent  inferior  to  that  of  the  egg.  It  is  assumed  that 
this  is  due  to  the  better  combustion  of  the  smaller  pieces  of  coal, 
which  are  more  numerous  in  the  mine  run  than  in  the  two  other 
sizes. 

The  inferiority  of  the  performance  of  the  nut  coal  at  the  medium 
rate  was  probably  due  to  insufficient  draft.  Its  superior  performance 
at  the  high  rate  is  considered  to  be  due  to  its  small  cinder  loss  and 
to  the  evenness  and  uniformity  of  the  fire  which  it  was  possible  to 
maintain  with  this  grade. 

At  the  high  rate  of  evaporation  it  was  more  difficult  to  handle 
the  fire  with  lump  coal  than  with  mine  run;  and  at  both  rates  the 
evaporative  efficiency  of  the  lump  was  less  than  that  of  mine  run. 
The  test  results  offer,  therefore,  no  support  for  the  popular  belief  in 
the  superiority  of  lump  coal. 

As  stated  in  Chapter  III  the  large  lumps  in  both  the  mine  run 
and  lump  coals  were  broken  before  firing — the  former  somewhat  the 
more  thoroughly,  as  is  evidenced  by  the  fact  that  after  being  thus 
cracked  all  of  the  mine  run  would  pass  a  5-inch  round  opening, 
whereas  only  74  per  cent  of  the  lump  would  pass  an  opening  of  this 
size.  As  has  been  stated,  the  evaporative  efficiency  of  the  mine  run 
was  greater  than  that  of  the  lump  at  both  rates  of  evaporation.  Since 
these  two  coals  were  not  in  other  respects  identical,  the  facts  cited 
do  not  form  a  conclusive  argument  for  the  advantage  of  breaking  the 
large  lumps;  but,  taken  in  connection  with  the  firing  experience  in 
the  laboratory,  they  do  offer  support  for  the  opinion  expressed  by  the 
Fuel  Test  Committee  that  the  cracking  of  coal  to  the  point  where  it 
will  all  pass  a  5-inch  or  6-inch  round-hole  screen  is  worth  more  than 
it  costs  at  well  equipped  coal  chutes. 
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APPENDIX  I 

The  Locomotive 

The  locomotive  has  been  briefly  described  in  the  body  of  this 
report.  For  convenience  of  reference  some  of  the  facts  there  cited  are 
repeated  in  this  appendix  which  is  intended  to  describe  the  locomotive 
in  detail. 

20.  General  Design. — Baltimore  and  Ohio  locomotive  4846  is  of 
the  2-8-2  type  and  is  shown  in  general  design  in  Figs.  12,  23,  24, 
and  25.  It  was  built  by  the  Baldwin  Locomotive  Works  in  the  sum- 
mer of  1916.  It  uses  superheated  steam  at  190-pound  boiler  pressure, 
in  simple  cylinders,  26  inches  in  diameter  by  32  inches  stroke.  Its 
principal  general  dimensions  are  as  follows : — 

Weight  of  locomotive,  in  working  order 284500  lb. 

Weight  of  tender,  loaded 180000  lb. 

Weight  of  locomotive  and  tender,  in  working  order      .      .  464500  lb. 

Weight  on  front   drivers 55600  lb. 

Weight  on  intermediate  drivers 54900  lb. 

Weight  on  main  drivers 56200  lb. 

Weight  on  back  drivers 55300  lb. 

Weight  on  drivers,  total •  .  222000  lb. 

Weight  on  leading  truck 19400  lb. 

Weight  on  trailing  truck 43100  lb. 

Nominal  maximum  tractive  effort 54587  lb. 

Driving  wheel  base .16  ft.-  9  in. 

Total  wheel  base  of  locomotive 35  ft.-  0  in. 

Driving  wheel  diameter — nominal 64  in. 

Driving  wheel  diameter — actual 63.92  in. 

Leading  truck  wheel  diameter 33  in. 

Trailing  truck  wheel  diameter 46  in. 

Main  driving  journals 11%  x  21  in. 

Other  driving  journals 9%  x  13  in. 

Leading  truck  journals 6  x  6  in. 

Trailing  truck  journals 8  x  14  in. 

21.  The  Boiler,  Firehox,  and  Front  End. — The  boiler,  the  general 
design  of  which  is  shown  in  Figs.  26  and  27,  was  of  the  wagon  top 
radial  stay  type,  composed  of  four  ring  courses  and  the  back  end. 
The  main  steam  dome  was  mounted  over  an  opening  about  27  inches 
in  diameter  and  an  auxiliary  dome  was  mounted  on  the  back  end, 
about  one-third  of  the  length  of  the  firebox  back  of  the  flue  sheet. 
Flexible  staybolts  were  used  throughout. 
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Fig.  24.     Partial  Front  Elevation 
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Fig.  25.     Eear  Elevation  and  Section  Through  the  Cab 
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The  firebox  was  provided  with  a  "Security"  brick  arch  carried  on 
four  3-inch  arch  tubes.  The  grates — shown  in  Fig.  28 — were  of  the 
box  type  with  a  total  area  of  69.8  square  feet  and  a  total  area  through 
the  grate  openings  of  17.0  square  feet — 24.4  per  cent  of  the  grate 
area.  In  ordinary  operation  the  firebox  was  fed  by  a  Street  mechan- 
ical stoker  built  by  The  Locomotive  Stoker  Company.  Its  general 
design  is  shown  in  Fig.  25,  Three  inlets  of  5i^-incli  inside  diameter 
were  provided  in  the  back  head  for  the  stoker  nozzles. 

The  general  design  of  the  front  end  and  the  superheater  appears  in 
Figs.  26  and  27.  While  the  locomotive  was  being  broken  in  in  service 
the  front-end  arrangements  shown  in  the  figures  were  tested  by  using 
coal  similar  to  that  to  be  used  during  the  tests  and  were  found  to  be 
satisfactory.  They  were  not  modified  during  the  progress  of  the  tests. 
The  superheater  was  of  the  Schmidt  top-header  type  and  consisted 
of  34  elements.  The  principal  boiler  dimensions  appear  in  the  follow- 
ing list : 

Outside  diameter  of  first  ring 

Cylindrical  courses,  thickness  of  sheet 

Wrapper  sheet,  thickness 

Back  flue  sheet,  thickness 

Front  flue  sheet,  thickness 

Firebox  sheets,  thickness 

Number  of  2^4 -inch  tubes 

Niimber  of  5% -inch  tubes 

Number  of  3 -inch  arch  tubes 

Length  between  tube  sheets 

Water  space  in  the  boiler 

Steam  space  in  the  boiler 

Heating  surface  of  2^4 -inch  tubes,  fireside 
Heating  surface  of  5 1/4 -inch  tubes,  fireside 
Heating  surface  of  3 -inch  tubes,  fireside   .... 
Heating  surface  of  front  tube  sheet,  fireside  . 

Heating  surface  of  firebox,   fireside 

Total  water  heating  surface,  fireside 

Superheating  surface,  fireside 

Total  water  and  superheating  surface,  fireside 

Number  of  superheater  tubes 

Outside  diameter  of  superheater  tubes 

Total  length  of  superheater  tubes 

Length  of  firebox,  inside 

Width  of  firebox,  inside    .      .      .      .      .      .      .      . 

Depth  of  firebox,  at  front 

Depth  of  firebox,  at  back 

Volume  of  firebox 

Grate  area    

Exhaust  nozzle,  tip  diameter 
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Fig.  27.     The  Front-end  Arrangement  and  the  Superheater 


Fig.  28.     The  Grates 
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22.  The  Cylinders  and  the  Valves. — The  arrangement  of  the 
cj'linders  and  the  valves  is  shown  in  Fig.  24.  The  valves  were  driven 
by  a  Baker-Pilliod  gear.  The  following  list  presents  the  principal 
cylinder  and  valve  dimensions  together  with  data  useful  in  interpret- 
ing the  indicator  diagrams : 


Cylinder  diameter,  right  side 
Cylinder  diameter,  left  side   . 
Valve  chamber  diameter,  right  side 
Valve  chamber  diameter,  left  side 
Stroke  of  piston,  both  sides   . 
Piston  rod  diameter,  both  sides   . 
Piston  displacements: 

Eight  side,  head  end 

Eight  side,  crank  end 

Left  side,  head  end   . 

Left  side,  crank  end  . 


25.771 
25.767 
14.0 
14.0 
32.0 
4.0 


9.660  cu.  ft. 
9.427  cu.  ft. 
9.657  cu.  ft. 
9.424  cu.  ft. 


Clearance  volumes — per  cent  of  piston  displacement : 

Eight  side,  head  end 11.0  per  cent 

Eight  side,  crank  end .      .      .11.5  per  cent 

Left  side,  head  end 11.1  per  cent 

Left  side,  crank  end 11.4  per  cent 
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APPENDIX  II 

Test  Methods  and  Calculations 
The  test  methods  employed  were,  in  general,  those  outlined  in  the 
"Method  of  Conducting  Locomotive  and  Koad  Tests"  as  published  in 
the  Proceedings  of  the  American  Railway  Master  Mechanics'  Asso- 
ciation, Volume  47,  page  538. 

All  tests  were  run  under  one  of  two  sets  of  conditions  as  to  speed 
and  cut-off :  The  ' '  Medium  Rate ' '  tests  at  a  speed  of  100  revolutions 
per  minute  and  at  33  per  cent  cut-off,  and  the  "High  Rate"  test  at 
a  speed  of  135  revolutions  per  minute  and  at  55  per  cent  cut-off.  The 
test  methods  employed  were  the  same  for  all  tests,  and  throughout 
each  test  all  conditions  subject  to  control  were  maintained  as  nearly 
constant  as  possible.  The  graphical  logs  in  Appendix  III  show  to  what 
extent  uniformity  of  test  conditions  was  obtained  during  tests  2416 
and  2405,  and  these  logs  may  be  taken  as  fairly  representative  of 
test  conditions  for  all  of  the  tests. 

All  instruments  were  known  to  be  correct  within  reasonable  limits 
or  were  calibrated  at  intervals  and  suitable  corrections  applied  to  the 
observed  data.  Observations  were  in  general  taken  every  ten  minutes. 
Indicator  diagrams  were  taken  from  each  end  of  both  cylinders  at 
intervals  varying  from  ten  minutes  on  some  tests  to  forty  minutes  on 
other  tests.  Owing  to  the  uniformity  of  test  conditions  and  to  the  fact 
that  only  two  sets  of  conditions  as  to  speed  and  cut-off  were  employed, 
the  taking  of  indicator  diagrams  more  frequently  was  unnecessary. 
The  locations  of  the  more  important  instruments  and  apparatus  are 
indicated  in  the  figures  in  Appendix  I. 

23.  Duration  of  Tests. — The  tests  varied  in  length  from  58  min- 
utes for  test  2435  to  6  hours  and  17  minutes  for  test  2401.  The  gen- 
eral test  program  contemplated  one  medium  and  one  high  rate  test 
for  each  size  of  coal  during  which  approximately  ten  tons  of  coal 
should  be  burned  per  test;  and  two  medium  and  two  high  rate 
tests  for  each  grade  of  coal  during  which  approximately  6^  tons 
of  coal  should  be  burned  per  test.  An  examination  of  the  data  shows 
that  during  five  tests  ten  tons  or  more  of  coal  were  burned  per  test; 
that  during  30  tests  the  amount  of  coal  per  test  varied  from  4  to  9 
tons ;  a,nd  that  in  one  test  only  2  tons  of  coal  were  burned.  For  the 
entire  36  tests  the  average  amount  of  coal  burned  was  7  tons  per 
test.  As  an  average  therefore  about  200  pounds  of  coal  per  square 
foot  of  grate  were  burned  per  test. 
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24.  Beginning  and  Closing  a  Test. — Fires  were  built  upon  a  clean 
grate  for  each  test.  With  sufficient  steam  pressure,  the  locomotive 
was  started  and  was  gradually  brought  to  the  required  conditions  of 
speed  and  cut-off.  It  was  then  operated  for  a  short  time  under  the 
required  conditions  and  until  a  satisfactory  fire  and  a  satisfactory 
boiler  pressure  were  being  maintained.  On  signal  the  ash  pan  and 
cinder  separator  were  closed,  observations  of  water  levels  and  steam 
pressure  were  made,  and  the  test  was  begun.  In  closing  a  test  simul- 
taneous observations  were  made  upon  water  levels,  steam  pressure 
and  condition  of  fire.  The  locomotive  was  then  stopped  as  quickly  as 
conditions  warranted.  As  soon  as  possible  after  stopping,  ashes  were 
removed  from  ash  pan,  and  cinders  from  the  cinder  separator. 

In  all  cases  it  was  endeavored  to  have  the  same  amount  of  com- 
bustible matter  upon  the  grate  at  the  close  as  at  the  start  of  the  test. 
The  removal  of  ash  from  the  fire  in  connection  with  the  closing  of  the 
test  was  primarily  for  the  purpose  of  judging  the  amount  of  combusti- 
ble upon  the  grate  and  not  for  the  purpose  of  collecting  ash.  The  en- 
deavor was  made  to  have  the  boiler  pressure  and  the  water  level  in  the 
boiler  substantially  the  same  at  the  close  as  at  the  beginning  of  the 
test.     Corrections  were  made  for  such  irregularities  as  occurred. 

25.  Temperatures,  Pressures,  etc. — Temperatures  in  the  firebox 
were  measured  by  a  platinum  and  platinum-rhodium  thermocouple; 
and  front-end  and  superheated  steam  temperatures  by  copper  and 
copper-constantan  couples.  Mercury  thermometers  were  used  at  other 
points  where  temperature  observations  were  made. 

Boiler  pressure  observations  were  taken  from  a  gauge  located  in 
the  engine  cab.  Draft  pressures  were  measured  by  means  of  "U"  tubes 
with  water  or  with  differential  draft  gauges.  Quality  of  steam  was 
determined  by  means  of  a  throttling  calorimeter  fitted  with  a  suitable 
sampling  tube.  During  portions  of  a  few  tests  the  moisture  in  the 
steam  was  so  great  that  it  could  not  be  measured  by  means  of  the  throt- 
tling calorimeter.    Speed  was  measured  by  means  of  a  stroke  counter. 

26.  Flue  Gas  Sampling  and  Analysis. — Front-end  gas  samples 
were  collected  through  a  sampling  pipe  provided  with  numerous  small 
holes  along  the  pipe  through  which  the  gas  was  drawn.  The  time 
during  which  a  single  sample  was  collected  varied  from  20  to  60  min- 
utes, depending  mainly  upon  the  total  length  of  the  test.  The  taking 
of  samples  covered  in  general  the  entire  time  of  the  test.  All  samples 
were  collected  over  mercury  and  analyzed  immediately  after  collec- 
tion.    The  apparatus  used  for  the  analysis  of  the  flue  gases  was 
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Burrell  and  Seibert's  modification  of  Haldane's  apparatus.  The  accu- 
racy of  this  apparatus  is  sufficient  to  distinguish  0.01  per  cent  of  car- 
bon monoxide,  of  methane,  or  of  hydrogen.  In  the  present  work,  CO2 
percentages  were  checked  to  0.02  per  cent  and  unusual  care  was  taken 
both  in  the  collection  of  samples  and  in  the  analysis  in  order  that  reli- 
able data  might  be  secured  regarding  the  percentages  of  carbon 
monoxide,  of  methane,  and  of  hydrogen. 

The  tabulated  data  relating  to  the  composition  of  the  flue  gases,  as 
well  as  the  heat  losses  due  to  methane  and  to  hydrogen,  indicate  that 
under  ordinary  conditions  very  little  of  the  original  heat  of  the  coal 
is  lost  because  of  the  presence  of  these  gases  and  that  only  a  small 
error  will  be  made  if  the  volume  of  these  gases  which  is  present  be 
treated  as  carbon  monoxide  instead  of  as  methane  and  hydrogen. 

27.  Samples  of  Coal,  Ash,  and  Cinders  for  Chemical  Analysis. — 
Following  the  close  of  a  test,  the  ashes  collected  in  the  ash  pan  and  the 
cinders  collected  in  the  cinder  separator  were  weighed  and  sampled. 
Samples  weighing  from  50  to  150  pounds  were  collected  as  the  ash 
and  cinders  were  being  weighed,  a  small  amount  being  taken  from 
each  barrow  load  after  passing  over  the  scales. 

Ninety-five  per  cent  or  more  of  each  cinder  sample  being  smaller 
than  Y¥  inch,  the  large  sample  was  thoroughly  mixed  and  reduced 
by  "quartering"  to  a  five-pound  sample.  The  ashes  were  mixed  and 
crushed  to  14-iiich  size  and  reduced  to  a  five-pound  sample  by  ' '  quar- 
tering. ' ' 

The  general  practice  of  sampling  the  coal  for  chemical  analysis 
was  that  outlined  in  the  1915  Year  Book  of  the  American  Society  for 
Testing  Materials.  During  each  test,  as  the  coal  was  loaded  from  the 
bins  into  the  wagons  to  be  transferred  to  the  firing  platform,  amounts 
weighing  approximately  15  pounds  (one  scoopful)  were  placed  in 
sampling  cans.  The  number  of  these  portions  was  so  proportioned 
that  a  total  sample  of  1,000  pounds  would  be  collected  from  the  total 
amount  of  coal  fired  during  one  test.  In  the  case  of  the  liy4-inch 
and  the  2-inch  screenings,  because  of  their  general  uniformity  and 
thorough  mixture  resulting  from  the  process  of  screening  and  loading, 
the  number  of  scoops  of  sample  coal  was  so  proportioned  to  the  gross 
amount  of  coal  burned  that  total  samples  weighing  approximately 
500  pounds  instead  of  1,000  pounds  were  collected.  For  test  2435 
a  sample  of  only  200  pounds  was  collected.  For  all  other  tests  the 
samples  weighed  500  pounds  or  more.  The  average  weight  of  all 
samples  collected  for  the  grades  larger  than  screenings  was  885  pounds. 
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Special  care  was  exercised  to  ensure  that  the  coal  selected  for 
samples  was  in  all  respects  representative  of  the  coal  being  fired.  In 
general,  samples  for  the  chemical  laboratory  were  prepared  from  the 
large  samples  immediately  after  collection.  The  samples  were  pre- 
pared largely  by  mechanical  means  which  produced  results  equivalent 
to  the  hand  method  described  in  the  year  book  of  the  American  Society 
for  Testing  Materials.  The  entire  sample  was  crushed  by  rolls  to 
less  than  1-inch  size,  then  mixed  by  ' '  coning ' '  and  reduced  by  ' '  long 
pile"  mixing  and  "quartering"  to  from  125  to  250  pounds.  This 
amount  was  then  pulverized  and,  through  quartering,  was  reduced 
to  a  fi.ve-pound  sample. 

The  five-pound  samples  of  coal,  ash,  and  cinders  were  submitted  to 
the  chemical  laboratory  for  analysis. 

28.  Chemical  Analysis  of  Coal,  Ash,  and  Cinders. — The  chemical 
analysis  and  heat  determinations  were  made  by  the  United  States 
Bureau  of  Mines  at  the  Experiment  Station  Laboratory,  Pittsburgh, 
Pa.  The  methods  of  analysis  and  details  of  the  apparatus  used  by  the 
Bureau  of  Mines  in  analyzing  coal  are  fully  described  in  Technical 
Paper  8  issued  by  the  bureau  in  June,  1913,  and  all  samples  of  coal,  ash 
and  stack  cinders  were  analyzed  in  accordance  with  those  methods. 

Proximate  analyses  and  direct  B.  t.  u.  determinations  were  made 
for  the  coal  sample  for  each  test.  One  ultimate  analysis  was  made 
for  each  size  of  coal  tested.  The  ultimate  analyses  were  made  from 
composite  samples.  Each  composite  sample  was  made  by  combining 
equal  parts  by  weight  from  the  air-dried  samples  representing  the 
tests  for  each  grade  of  coal.  The  ultimate  analyses  for  the  individual 
tests  which  appear  in  the  report  are  based  upon  the  percentages  of 
moisture,  ash,  and  sulphur  as  determined  by  the  proximate  analysis; 
and  upon  the  assumption  that  the  percentages  of  carbon,  hydrogen, 
oxygen,  and  nitrogen  as  determined  for  the  individual  tests  are  pro- 
portional to  the  percentages  of  carbon,  hydrogen,  oxygen,  and  nitrogen 
as  determined  for  the  composite  samples  of  that  size  by  ultimate 
analysis. 

Proximate  analyses  and  direct  B.  t.  u.  determinations  of  the  cinder 
samples  were  made  for  each  test.  Proximate  analyses  were  made  of 
the  ash  sample  for  each  test  and  direct  B.  t.  u.  determinations  were 
made  for  each  ash  sample  for  tests  2400  to  2427  inclusive.  For  the  ash 
samples  subsequent  to  test  2427,  the  B.  t.  u.  values  were  calculated 
from  an  average  B.  t.  u.  value  for  one  pound  of  moisture-free  and  ash- 
free  content  of  the  ash  samples.     The  average  moisture-free  and  ash- 
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free  B,  t.  u.  value  for  all  ash  samples  2400  to  2424  inclusive,  is  14,148 
B,  t.  u.  per  pound,  and  all  ash  samples  subsequent  to  test  2427  have 
B.  t,  u.  values  dependent  upon  this  average  value  and  proportional  to 
the  moisture-free  and  ash-free  content  of  the  individual  samples. 

29.  Samples  of  Coal  for  Mechanical  Analysis. — From  each  car  of 
coal  delivered,  a  sample  was  taken  for  mechanical  analysis  to  deter- 
mine the  grade  percentages  in  each  size  of  coal.  All  samples  were  col- 
lected in  uniform  manner,  the  handling  from  car  to  separating  screens 
being  such  that  approximately  the  same  amount  of  incidental  break- 
age took  place  as  occurred  when  the  regular  firing  coal  was  transferred 
from  the  cars  to  the  firing  platform.  As  each  car  of  the  run  of  mine 
and  the  2-inch  lump  coal  was  unloaded,  every  twentieth  scoopful  and 
every  twentieth  lump  unloaded  by  hand  were  set  aside.  In  the  case 
of  the  other  coals,  which  contained  no  large  lumps,  every  fifteenth 
scoopful  was  set  aside.  The  weight  of  each  sample  collected  was 
about  five  per  cent  of  the  weight  of  the  coal  in  each  car. 

30.  Smoke  Records. — The  Ringelmann  scale  was  used  in  making 
the  smoke  observations.  Nos.  1,  2,  3,  4,  and  5  of  the  Ringelmann  chart 
represent  respectively,  20,  40,  60,  80  and  100  per  cent  of  black  smoke. 
Owing  to  the  large  amount  of  steam  escaping  with  the  stack  gases, 
changes  in  temperature  and  light  greatly  affect  the  appearance  of  the 
smoke  as  regards  its  apparent  blackness.  Due  to  these  and  other 
causes  which  affect  the  value  of  observations  of  this  kind,  the  tabulated 
results  regarding  blackness  of  smoke  should  be  accepted  as  only 
approximately  correct. 

31.  Methods  of  Calculation. — The  methods  used  in  determining 
the  calculated  results  are  in  general  similar  to  the  detailed  methods  of 
calculation  published  in  Bulletin  No.  82,  University  of  Illinois,  Engi- 
neering Experiment  Station. 

The  calculations  relating  to  heat  losses  due  to  the  presence  of 
hydrogen  and  methane  in  the  escaping  gases  were  based  upon  the 
determination  of  the  amounts  of  these  gases  present  and  upon  heat 
values  of  62100  and  23842  B.  t.  u.  per  pound  for  hydrogen  and  me- 
thane, respectively. 

The  steam  tables  of  Gr.  A.  Goodenough,  presented  in  "Properties 
of  Steam  and  Ammonia, ' '  have  been  used  in  all  calculations  pertaining 
to   the   properties   of   steam. 
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Certain  methods  of  calculation  relating  to  the  determination  of 
the  amount  of  superheated  steam  produced  and  the  amount  used  by 
the  engine  are  as  follows: 

Item  409.     Degrees  of  Superheat 

(Branch-pipe  Temperature) — 
(Temperature  of  Saturated  Steam  at  Branch- 
pipe  pressure). 

Item  644.     Factor  of  Evaporation 
Hs  —  h 


971.7 

Jjs  =  Total  heat  of  steam  at  branch-pipe  press- 
ure. 
h  =  Heat  of  liquid  due  to  feed  water  temper- 
ature. 
Heat  Transfer  Across  Water  Heating  Surface  per  Minute, 
B.  t.  u. 

Item  633  X  (g  +  a;r  — /i)  ^  60 

q-\-  xr  —  h  =  the  heat  added  to  each  pound  of  water  evapo- 
rated by  the  boiler  exclusive  of  the  superheater. 
Heat  Transfer  Across  Superheater  Heating  Surface  per  Min- 
ute, B.  t.  u, 

(Pounds  of  steam  to  superheater  per  minute)  X 
(Hs  —  q — xr) 
Hs  —  q  —  xr  ^  the  heat  added  to  each  pound  of  steam  pass- 
ing through  the  superheater. 

Item  645.     Equivalent  Evaporation  per  Hour,  Pounds. 

[(Heat  transfer  per  hour  across  water  HS)  -f        l 
(Heat  transfer  per  hour  across  Superheater  HS)  J 
Superheated  Steam  per  Hours,  Pounds. 
Item  645  -^  Item  644 

Superheated   Steam  to   Engine  per  Hour,   Pounds. 
(Superheated  steam  per  hour)  — 

(Superheated  steam  loss  per  hour  due  to  Calorimeter 
leaks,  Corrections,  etc.) 
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APPENDIX  III 

Tabulated  Data  and  Results 

The  purpose  of  this  appendix  is  to  present,  for  the  sake  of  those 
who  are  interested  in  the  details  of  the  tests,  all  the  data  and  the 
results.     The  appendix  consists  of  sixteen  tables  and  two  figures. 

Tables  11  to  26,  inclusive,  contain  the  results  for  each  of  the  36 
tests  arranged  in  six  groups.  Each  of  the  six  groups  presents  the 
data  and  the  results  for  a  particular  size  of  fuel.  Within  each  group 
the ,  arrangement  is  such  that  the  medium  rate  tests  precede  the  high 
rate  tests.  The  tests  were  numbered  consecutively  in  the  order 
in  which  they  were  run  and  their  arrangement  within  the  tables  is, 
with  few  exceptions,  also  in  this  order.  Under  each  size  of  fuel 
the  results  of  all  tests  made  at  a  common  rate  of  evaporation  have 
been  averaged  and  these  averages  appear  in  the  tables  in  bold  face 
type.  The  columns  headed  "Test  Number"  and  "Laboratory  Desig- 
nation" are  repeated  from  table  to  table  to  facilitate  cross  reference. 
The  first  term  of  the  column  headed  "Laboratory  Designation"  indi- 
cates the  kind  of  fuel;  the  second,  the  nominal  speed  in  revolutions 
per  minute;  and  the  third,  the  nominal  cut-off  in  per  cent  of  stroke. 
The  abbreviations  used  in  this  column  are :  M.  R.  for  mine  run ; 
2  in.  S.  for  2-inch  screenings;  and  I14  iii-  S.  for  li^-inch  screenings. 
The  data  and  the  results  are  presented  under  146  column  headings. 
The  numbers  assigned  to  these  columns  are  included  between  344 
and  900  and  they  appear  in  the  tables  in  the  order  of  these  numbers, 
which  are  in  general  the  same  as  those  used  in  the  code  for  testing 
locomotives  published  in  the  Proceedings  of  the  American  Railway 
Master  Mechanics'  Association,  Vol.  47,  p.  538. 

In  Fig.  29  and  Fig.  30  are  shown  graphical  logs  for  tests  2416  and 
2405  respectively,  which  are  fairly  typical  of  all  the  tests.  Test  2416 
is  a  medium  rate  test,  during  which  19915  pounds  of  3-inch  by  6-inch 
eg^  coal  were  fired ;  whereas  No.  2405  is  a  high  rate  test  during  which 
20,000  pounds  of  mine  run  coal  were  fired.  The  lines  plotted  in  these 
two  figures  afford  a  basis  for  judging  of  the  uniformity  of  the  test 
conditions  which  prevailed  during  these  tests. 
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Table  11 
General  Conditions 


Laboratory 
Designation 

Duration 
of  Test, 
Hours 

Speed 

Reverse 
Lever 

Notches 
from 

Center 

Revolutions 

Equivalent 

Test 
Number 

Total 

Average 

per 
Minute 

Speed  in 

Miles  per 

Hour 

Piston 
Speed 
in  Feet 

per 
Minute 

Throt- 
tle 

Code  Item  ^ 

345 

351 

352 

353 

354 

360 

363 

2400 
2401 
2402 

M.  R.-100-33 
M.  R.-100-33 
M.  R.-100-33 
Average 

3.62 
6.28 
5.20 

21576 
37439 
31101 

99.4 
99.3 
99.7 
99.5 

18.9 
18.9 
19.0 
18.9 

530.1 
529.6 
531.7 
530.5 

2 
2 
2 

Full 
Full 
Full 

2405 
2406 
2429 

M.  R.-135-55 
M.  R.-135-55 
M.  R.-135-55 
Average 

2.72 
2.68 
1.92 

21807 
21687 
15529 

133.8 
134.7 
135.0 
134.5 

25.5 
25.6 
25.7 
25.6 

713.6 
718.4 
720.0 
717.3 

6 
6 
6 

Full 
Full 
Full 

2408 
2409 
2410 
2426 

Nut-100-33 
Nut-100-33 
Nut-100-33 
Nut-100-33 

Average 

3.77 
2  33 
4.33 
4.50 

22528 
13904 

25886 
26782 

99.7 
99.3 
99.6 
99.2 
99.5 

19.0 
18.9 
19.0 
18.9 
19.0 

531.7 
529.6 
531.2 
529.0 
530.4 

2 
2 
2 
2 

Full 
Full 
Full 
Full 

2412 
2413 
2414 

Nut-135-55 
Nut-135-55 
Nut-135-55 

Average 

2.67 
3.00 
2.00 

21643 
24285 
16189 

135.3 
134.9 
134.9 
135.0 

25.8 
25.7 
25.7 
25.7 

721.6 
719.4 
719.4 
720.1 

6 
6 
6 

Full 
Full 
FuU 

2415 
2416, 
2423 

Egg-100-33 
Egg-100-33 
Egg-100-33 

Average 

3.60 
5.83 
4.00 

20834 
34822 
23741 

99.2 
99.5 
98.9 
99.2 

18.9 
18.9 
18.8 
18.9 

529.0 
530.6 
527.4 
529  0 

2 
2 
2 

Full 
Full 
Full 

2420 
2422 
2424 

Egg-135-55 
Egg-135-55 
Egg-135-55 

Average 

2.00 
2.17 
1.98 

16214 
17650 
16133 

135.1 
135.8 
135.6 
135.5 

25.7 
25.9 
25.8 
25.8 

720.5 
724.2 
723,2 
722  6 

6 
6 
6 

Full 
Full 
Full 

2417 
2418 
2419 

Lump-100-33 
Lump-100-33 
Lump-100-33 
Average 

4.00 
5.83 
3.67 

23837 
34894 
21918 

99.3 
99.7 
99.6 
99.5 

18.9 
19.0 
19.0 
19.0 

529.6 
531.7 
531.2 
530  8 

2 
2 

2 

Full 
Full 
Full 

2425 
2427 
2428 
2442 

Lump-1 35-55 
Lump-135-55 
Lump-135-55 
Lunip-135-55 
Average 

1.00 
1.50 
1.83 
2.00 

8111 
12194 
14963 
16071 

135.2 
135.5 
136.0 
133.9 
135.2 

25.7 
25.8 
25.9 
25.5 
25.7 

721.0 
722.7 
725.3 
714.1 
720.8 

6 
6 
6 
6 

Full 
Full 
Full 
Full 

2430 
2434 
2435 

2  in.  S.-100-33 
2  in.  S.-100-33 
2  in.  S.-100-33 
Average 

2.62 
3.13 
0.97 

15671 

18475 

5791 

99.8 
98.3 
99.8 
99.3 

19.0 
18.7 
19.0 
18.9 

532.2 
524.2 
532.2 
529  5 

2 
2 
2 

Full 
Full 
Full 

2436 
2437 

2  in.  S.-135-55 
2  in.  S.-135-55 
Average 

1.35 
1..50 

10870 
12133 

134.2 
134.8 
134.5 

25.5 
25.7 
25.6 

715.7 
718.9 
717.3 

6 
6 

Full 
Full 

2431 
2432 
2433 

U  in.  S.-100-33 

n  in.  S.-100-33 

li  in.  S.-100-33 

Average 

1.77 
1,87 
3.10 

10603 
11184 
18511 

100.0 
99.9 
99.5 
99  8 

19.0 
19.0 
18.9 
19.0 

533.3 
532.8 
530.6 
532.2 

2 
2 
2 

Full 
Full 
Full 

2440 
2441 

li  in.  S.-135-55 

li  in.  S.-135-55 

Average 

1.50 
1.50 

12063 
12105 

134.0 
134.5 
134.3 

25.5 
25.6 
25.6 

714.6 
717.3 
716.0 

6 

6 

Full 
Full 
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Table  12 
Temperatures 


Laboratory 
Designation 

Tempeeatxjbe,  Degrees  F. 

Test 
Number 

Front- 
End 

Laboratory 

Branch 
Pipe 

Feed 
Water 

Fire- 
Box 

Out- 

Dry  Bulb 

Wet  Bulb 

Door 

Code  Item  ^~ 

367 

368 

369 

370 

373 

374 

2400 
2401 
2402 

M.  R.  -100-33 
M.  R.  -100-33 
M.  R.  -100-33 
Average 

535 
535 
539 
536 

75 
73 
79 
76 

71 
70 

78 

573 
566 
564 
568 

58.9 
56.0 
59.2 
58.0 

1736 
1835 
1812 
1794 

51 
49 
62 

2405 
2406 
2429 

M.  R.-135-55 
M.  R.-135-55 
M.  R.-135-55 
Average 

627 
631 
624 
627 

64 
60 
48 
57 

61 
58 
44 

628 
631 
618 
626 

56.5 
65.6 
65.2 
55.8 

2271 
2334 
2140 
2248 

36 
26 

37 

2408 
2409 
2410 
2426 

Nut-100-33 
Nut-100-33 
Nut-100-33 
Nut-100-33 

Average 

595 
588 
570 
555 
577 

51 
54 
58 
49 
53 

54 
55 
56 

48 

589 
582 
569 
572 
578 

55.2 
55.2 
54.1 
54.9 
54.9 

2090 
2034 
2008 
1967 
2025 

12 
10 
12 
23 

2412 
2413 
2414 

Nut-135-55 
Nut-135-55 
Nut-135-55 

Average 

607 
611 
631 
616 

50 
45 
51 
49 

55 
52 
56 

629 
632 
634 
632 

65.7 
64.5 
55.9 
55.4 

2293 
2267 
2174 
2245 

28 
18 
28 

2415 
2416 
2423 

Egg-100-33 
Egg-100-33 
Egg-100-33 

Average 

543 
640 
539 
541 

65 
62 
46 
58 

64 
63 

47 

576 
574 
571 
574 

66.9 
56.2 
54.8 
55.6 

1808 
1801 

"ihbs" 

44 

42 

8 

2420 
2422 
2424 

Egg-1 35-55 
Egg-135-55 
Egg-135-55 

Average 

588 
634 
626 
616 

58 
56 
51 
55 

56 
57 
53 

610 
590 
617 
606 

55.9 
54.7 
55.0 
55.2 

2210 
2278 
2183 
2224 

42 

35 

9 

2417 
2418 
2419 

Lump-100-33 
Lump-100-33 
Lump-100-33 
Average 

546 
545 
553 
548 

59 
58 
57 
58 

58 
58 
57 

578 
578 
578 
578 

56.0 
67.0 
66.2 
56.4 

1838 
1857 
1849 
1848 

46 
36 
36 

2425 

2427 
2428 
2442 

Lump-135-55 
Lump-135-55 
Lump-135-55 
Lump-135-55 
Average 

618 
625 
635 
637 
629 

46 
50 
43 
49 
47 

47 
46 
42 

42 

595 
578 
603 
616 
598 

56.3 
56.3 
54.4 
54.4 
55.1 

2178 
2308 
2277 
2192 
2239 

24 
26 
24 
18 

2430 

2434 
2435 

2  in.  S.-100-33 
2  in.  S.-100-33 
2  in.  S.-100-33 
Average 

549 
541 
549 
546 

56 
48 
62 
55 

48 
46 
49 

583 
584 
578 
582 

56.4 
64.8 
67.1 
56.1 

2010 
1817 
1936 
1921 

29 

—2 

25 

2436 
2437 

2  in.  S.-135-55 
2  in.  S.-135-55 
Average 

631 
634 
633 

40 
44 
42 

38 
40 

634 
637 
636 

53.4 
54.1 
53.8 

2078 
2194 
2136 

5 

27 

2431 
2432 
2433 

li  in.  S.-100-33 

U  in-  S.-100-33 

U  in.  S.-100-33 

Average 

551 
544 
543 
546 

63 
76 
59 
66 

59 
66 
54 

589 
591 
572 
584 

67.0 
57.6 
55.3 
56.6 

2003 
1798 
1874 
1892 

48 
60 
13 

2440 
2441 

li  in.  S.-135-55 

li  in.  S.-135-55 

Average 

634 
639 
637 

42 
43 
43 

38 
38 

604 
629 
617 

64.1 
54.0 
54.1 

2273 
2234 
2254 

9 
10 
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Table  13 
Pressures 


Laboratory 
Designation 

Pressure — lb.  per  sq.  in. 

Draft,  in.  of  Water 

Boiler, 
Average 
Gauge 

Branch 

Pipe 
Average 
Gauge 

Labor- 
atory 
Baro- 
metric 

Front  End 

Fire 
Box 

Test 
Number 

Front 
of  Dia- 
phragm 

Back  of 
Diaphragm 

Ash 
Pan 

Below 
Damper 

Above 
Damper 

Code  Item^^ 

380 

383 

388 

394 

395 

396 

397 

2400 
2401 
2402 

M.  R.-100-33 
M.  R.-100-33 
M.  R.-100-33 
Average 

190.4 
190.0 
190.2 
190.2 

179 
172 
174 
175 

14.3 
14.3 
14.2 
14.3 

2.8 
2.8 
3.0 
2.9 

2.3 
2.4 
2.5 
2.4 

2.1 
2.1 
2.3 
2.2 

1.2 
1.5 
1.6 
1-4 

0.2 
0.2 
0.2 
0.2 

2405 
2406 
2429 

M.  R.-135-55 
M.  R.-135-55 
M.  R.-135-55 
Average 

187.8 
187.8 
189.4 
188.3 

168 
167 
164 
166 

14.3 
14.2 
14.3 
14.3 

8.4 

8.6 

10.1 

9.0 

6.6 
6.7 
7.8 
7.0 

5.9 
6.0 
7.0 
6.3 

4.2 
4.3 
4.5 
4.3 

0.4 
0.4 
0.4 
0.4 

2408 
2409 
2410 
2426 

Nut-100-33 
Nut-100-33 
Nut-100-33 
Nut-100-33 

Average 

189.0 
188.5 
186.2 
189.9 
188.4 

178 
177 
181 
182 
180 

14.2 
14.3 
14.4 
14.5 
14,4 

3.0 
2.9 
2.9 
3.6 
3.1 

2.4 
2.3 
2.3 
2.8 
2.5 

2.1 
2.0 
2.1 
2.5 
2.2 

1.4 
1.3 
1.4 
1.8 
1.5 

0.2 
0.2 
0.2 
0.1 
0.2 

2412 
2413 
2414 

Nut-135-55 
Nut-135-55 
Nut-135-55 

Average 

187.1 
187.1 
187.5 
187.2 

168 
168 
168 
168 

14.5 
14.6 
14.5 
14.5 

9.2 
9.2 
9.3 
9.2 

7.3 
7.2 
7.3 
7.3 

6.6 
6.4 
6.5 
6.5 

4.6 
4.4 
4.5 
4.5 

0.5 
0.5 
0.5 
0.5 

2415 
2416 
2423 

Egg-100-33 
Egg-100-33 
Egg-100-33 

Average 

189.9 
189.5 
190.0 
189.8 

180 
180 
182 
181 

14.2 
14.2 
14.4 
14.3 

3.6 
3.6 
3.3 
3.5 

3.1 
3.0 
2.7 
2.9 

2.6 
2.6 
2.2 
2.5 

1.8 
1.7 
1.4 
1.6 

0.2 
0.2 
0.2 
0.2 

2420 
2422 
2424 

Egg-135-55 
Egg-135-55 
Egg-135-55 

Average 

190.1 
189.7 
190.1 
190.0 

171 
170 
170 
170 

14.2 
14.2 
14.5 
14.3 

9.5 
9.2 
9.3 
9.3 

7.7 
7.4 
7.3 
7.5 

6.7 
6.4 
6.4 
6.5 

4.3 
4.0 
4.1 
4.1 

0.5 
0.5 
0.5 
0.5 

2417 
2418 
2419 

Lump-100-33 
Lump-100-33 
Lump-100-33 
Average 

189.9 
190.1 
190.0 
190.0 

180 
180 
180 
180 

14.2 
14.2 
14.4 
14.3 

3.6 
3.5 
3.5 
3.5 

3.0 
3.0 
3.0 
3.0 

2.5 
2.5 
2.5 
2.5 

1.7 
1.7 
1.7 
1.7 

0.2 
0.2 
0.2 
0.2 

2425 

2427 
2428 
2442 

Lump- 13  5-5  5 
Liimp-135-55 
Lump-135-55 
Lump-135-55 
Average 

190.0 
183.4 
186.8 
188.9 
187.3 

168 
162 
166 
166 
166 

14.6 
14.4 
14.4 
14.4 
14.5 

9.3 
9.3 
9.4 
10.0 
9.5 

7.5 
7.1 
7.4 
8.0 
7.5 

6.4 
6.3 
6.6 
7.2 
6.7 

4.3 
4.3 
4.4 
4.6 
4.4 

0.5 
0.4 
0.3 
0.5 
0.4 

2430 
2434 
2435 

2  in.  S.-100-33 
2  in.  S.-100-33 
2  in.  S.-100-33 
Average 

188.6 
190.0 
191.1 
189.9 

181 
181 
182 
181 

14.3 
14.5 
14.3 
14.4 

3.8 
3.6 
3.7 
3.7 

3.1 
3.0 
3.1 
3.1 

3.1 
2.5 
2.7 
2.8 

1.9 

'"2.1" 
2.0 

0.2 
0.2 
0.2 
0.2 

2436 
2437 

2  in.  S.-135-55 
2  in.  S.-135-55 
Average 

185.3 
189.1 
187.2 

161 
162 
162 

14.4 
14.4 
14.4 

9.4 
9.2 
9.3 

7.6 
7.4 
7.5 

6.5 
6.3 
6.4 

3.7 
3.8 
3.8 

0.4 
0.3 
0.4 

2431 
2432 
2433 

IJ  in.  S.-100-33 

li  in.  S.-100-33 

1|  in.  S.-100-33 

Average 

184.5 
189.1 
187.7 
187.1 

178 
181 
180 
180 

14.4 
14.1 
14.4 
14.3 

3.5 
3.6 
3.6 
3.6 

2.9 
3.0 
3.1 
3.0 

2.5 
2.6 
2.6 
2.6 

1.9 
1.1 
1.3 
1.4 

0.2 
0.2 
0.2 
0.2 

2440 
2441 

li  in.  S.-135-55 

li  in.  S.-135-55 

Average 

186.6 
191.0 
188.8 

163 
166 
165 

14.4 
14.4 
14.4 

9.5 
9.4 
9.5 

7.5 
7.5 
7.5 

6.6 
6.4 
6.5 

4.0 
3.7 
3.9 

0.5 
0.5 
0.5 
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Table  14 
Quality  of  Steam,  Coal,  Cinders  and  Ash,  and  Air  Supply 


Test 
Num- 
ber 

Laboratory 
Designation 

Quality 

of 
Steam 

in 
Dome 

De- 
grees 

of 
Super- 
Heat 

Factor 
of  Cor- 
rection 

for 
Quality 

of 
Steam 

Coal 

Fired 

Total 

lb. 

Dry 

Coal 

Fired 

Total 

lb. 

Com- 
bus- 
tible 
by 
Analy- 
sis 
Total 
lb. 

Ash 
by 

Analy- 
sis 

Total 
lb. 

Stack 
Cin- 
ders 

Total 
lb. 

Air 
per 

lb. 

of 
Car- 
bon 
Con- 
sumed 

lb. 

Air 
per 
lb. 
of 
Coal 

as 

Fired 

lb. 

Code  ivsg" 
Item   ^^^ 

407 

409 

412 

418 

419 

420 

421 

423 

2400 
2401 
2402 

M.  R.-100-33 

M.  R.-100-33 

M.  R.-100-33 

Average 

0.9815 
0.9791 
0.9801 
0.9802 

194 
190 
187 
190 

0.987 
0.985 
0.986 

11399 
20000 
17000 
16133 

10472 
18432 
15628 

9393 
16512 
13960 

1079 
1920 
1668 

360 
692 
529. 
494 

19.5 
19.4 
18.3 
19.1 

12.5 
12.4 
11.7 
12.2 

2405 
2406 
2429 

M.  R.-135-55 

M.  R.-135-55 

M.  R.-135-65 

Average 

0.9628 
0.9574 
0.9437 
0.9546 

254 
257 
246 
252 

0.973 
0.969 
0.960 

20000 
18630 
14000 
17543 

18348 
17110 
12824 

16346 
15353 
11390 

2002 
1757 
1434 

1926 
1579 
1247 
1584 

15.6 
15.7 
16.6 
16.0 

8.9 
9.2 
9.5 
9.2 

2408 
2409 
2410 
2426 

Nut-100-33 
Nut-100-33 
Nut-100-33 
Nut-100-33 
Average 

0.9890 
0.9836 
0.9840 
0.9853 
0.9855 

210 
204 
189 
192 
199 

0.992 
0.988 
0.989 
0.989 

12955 
7808 
14731 
16310 
12951 

11853 

7125 

13442 

15064 

10702 

6423 

12100 

13550 

1150 

702 

1342 

1514 

236 
169 
311 
482 
300 

17.0 
16.7 
16.6 
16.5 
16.7 

11.2 
10.8 
10.8 
10.8 
10.9 

2412 
2413 
2414 

Nut-135-55 
Nut-135-55 
Nut-135-55 
Average 

0.9516 
0.9470 
0.9460 
0.9482 

255 
258 
260 
258 

0.965 
0.962 
0.961 

18683 
20811 
13884 
17793 

17022 
18938 
12647 

15371 
17196 
11452 

1652 
1742 
1195 

1103 

1191 

780 

1025 

14.2 
15.4 
15.8 
15.1 

8.7 
9.6 
9.8 
9.4 

2415 
2416 
2423 

Egg-100-33 
Egg-100-33 
Egg-100-33 
Average 

0.9871 
0.9885 
0.9873 
0.9876 

197 
195 
191 
194 

0.991 
0.992 
0.991 

11888 
19915 
13520 
15108 

10875 
18087 
12317 

9922 
16372 
11243 

953 
1715 
1073 

273 
445 
281 
333 

19.7 
20.5 
18.0 
19.4 

12.9 
13.3 
11.8 
12.7 

2420 
2422 
2424 

Egg-135-55 
Egg-135-55 
Egg-135-55 
Average 

0 . 9466 
0.9485 
0.9466 
0.9472 

235 
215 
242 
231 

0.962 
0.963 
0.962 

13882 
14996 
14000 
14293 

12666 
13684 
12767 

11514 
12564 
11645 

1152 
1120 
1121 

1001 
1014 
1067 
1027 

16.1 
15.3 
15.4 
15.6 

9.7 
9.5 
9.3 
9.5 

2417 
2418 
2419 

Lump-100-33 

Lump-100-33 

Lump-100-33 

Average 

0.9882 
0.9861 
0.9852 
0.9865 

199 
199 
199 
199 

0.992 
0.990 
0.989 

13753 
20537 
13344 
15878 

12470 
18508 
12060 

11243 
16727 
10661 

1227 
1781 
1400 

285 
396 
312 
331 

20.0 
19.5 
18.8 
19.4 

12.6 
12.3 
11.5 
12.1 

2425 
2427 
2428 
2442 

Lump-135-55 
Lump-135-55 
Lump-135-55 
Lump-135-55 
Average 

0.9440 
0.9490 
0.9442 
0.9439 
0.9453 

221 
207 
230 
243 
225 

0.960 
0.963 
0.960 
0.960 

7499 
11775 
14122 
15279 
12169 

6850 
10700 
12816 
13902 

6247 

9617 

11566 

12481 

603 
1083 
1250 
1421 

545 
903 
958 
1189 
899 

15.1 
14.0 
14.7 
15.4 
14.8 

9.3 
7.9 
8.7 
9.0 
8.7 

2430 
2434 
2435 

2in.S.-100-33 

2in.S.-100-33 

2in.S.-100-33 

Average 

0.9803 
0.9668 
0.9714 
0.9728 

203 
204 
198 
202 

0.986 
0.976 
0.979 

10000 

11950 

3822 

8591 

9054 
10826 
3478 

7991 
9595 
3073 

1063 
1231 
404 

825 

1058 

360 

748 

17.4 
18.3 
18.1 
17.9 

10.3 
10.7 
10.7 
10.6 

2436 
2437 

2in.S.-135-55 

2in.S.-135-55 

Average 

0.9442 
0.9439 
0.9441 

263 
265 
264 

0.960 
0.960 

11556 
13254 
12405 

10491 
12041 

9297 
10570 

1194 
1471 

1521 
1975 
1748 

17.1 
15.0 
16.1 

9.4 
7.9 
9.3 

2431 
2432 
2433 

Uin.S.-100-33 

Uin.S.-100-33 

lJin.S.-100-33 

Average 

0.9794 
0.9801 
0.9681 
0.9759 

210 
211 
193 
205 

0.985 
0.986 
0.977 

7635 

7813 

13218 

9555 

6998 

7129 

12087 

6281 

6276 

10760 

718 

853 

1336 

1023 
1029 
1430 
1161 

17.1 
18.7 
18.5 
18.1 

9.6 
10.3 
10.5 
10.1 

2440 
2441 

Uin.S.-135-55 

Uin.S.-135-55 

Average 

0.9442 
0.9437 
0.9440 

232 
256 
244 

0.960 
0.960 

14000 
137.50 
13875 

12730 
12275 

11234 
10663 

1497 
1612 

2269 
2185 
2227 

14.6 
14.8 
14.7 

7.5 
7.4 
7.5 

1 
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Table  15 
Coal,  Cinders,  Ash,  Smoke  and  Humidity 


Laboratory 
Designation 

Stack 

Cinder 

Loss 

Per  Cent 

of  Total 

Coal  as 

Fired 

Stack 

Cinder 

Loss 

Per  Cent 

of  Total 

Dry 

Coal 

Fired 

Ash  from  Ash  Pan 

Smoke 

Per 
Cent  of 
Black- 
ness by 
Ringel- 
mann 
Chart 

Humid- 

Test 
Num- 
ber 

Total 
lb. 

Per 
Cent 
of  Total 
Dry 
Coal 
Fired 

Per 

Cent 

of  Total 

Coal  as 

Fired 

Per 

Cent 

of  Ash 

by 
Analy- 
sis 

ity 
Mois- 
ture 
per  lb. 
of  Dry 
Air  lb. 

Code  Item  1^^ 

427 

428 

429 

430 

431 

435 

2400 
2401 
2402 

M.  R.-100-33 
M.  R.-100-33 
M.  R.-100-33 

Average 

3.2 
3.0 
3.1 
3.1 

3.4 
3.2 
3.4 
3.3 

335 
1331 

587 

3.2 
7.2 
3.8 
4.7 

2.9 
6.7 
3.5 
4.4 

31.1 
69.3 
35.2 
45.2 

29 
31 
35 
32 

0.016 
0.015 
0.020 

2405 
2406 
2429 

M.  R.-135-55 
M.  R.-135-55 
M.  R.-135-55 

Average 

9.6 
8.5 
8.9 
9.0 

10.5 
9.2 
9.7 
9.8 

1248 
1272 
976 

6.8 
7.4 
7.6 
7.3 

6.2 
6.8 
7.0 
6.7 

62.3 
72.4 
68.1 
67.6 

59 
57 
38 
51 

0.011 
0.010 
0.005 

2408 
2409 
2410 
2426 

Nut-100-33 
Nut-100-33 
Nut-100-33 
Nut-100-33 

Average 

1.8 
2.2 
2.1 
3.0 
2.3 

2.0 
2.4 
2.3 
3.2 
2.5 

555 

381 

1029 

789 

4.7 
5.4 
7.7 
5.2 
5.8 

4.3 
4.9 
7.0 
4.8 
5.3 

48.3 
54.3 
76.7 
52.1 
57.9 

41 
37 
37 
29 
36 

0.008 
0.009 
0.009 
0.007 

2412 
2413 
2414 

Nut-135-55 
Nut-135-55 
Nut-135-55 

Average 

5.9 
5.7 
5.6 
5.7 

6.5 
6.3 
6.2 
6.3 

1037 

677 
865 

6.1 
3.6 
6.8 
5.5 

5.6 
3.3 
6.2 
5.0 

62.8 
38.9 
72.4 
58.0 

58 
50 
49 
52 

0.008 
0.006 
0.008 

2415 
2416 
2423 

Egg-100-33 
Egg-100-33 
Egg-100-33 

Average 

2.3 
2.2 
2.1 
2.2 

2.5 
2.5 
2.3 
2.4 

690 

1155 

637 

6.3 
6.4 
5.2 
6.0 

5.8 
5.8 
4.7 
5.4 

72.4 
67.4 
59.4 
66.4 

1 

3 

18 

7 

0.012 
0.012 
0.007 

2420 
2422 
2424 

Egg-135-55 
Egg-135-55 
Egg-135-55 

Average 

7.2 
6.8 
7.6 
7.2 

7.9 
7.4 
8.4 
7.9 

1041 

982 

1009 

8.2 
7.2 
7.9 
7.8 

7.5 
6.6 
7.2 
7.1 

90.4 
87.7 
90.0 
89.4 

22 
38 
39 
33 

0.009 
0.010 
0.008 

2417 
2418 
2419 

Lump-100-33 
Lump-100-33 
Lump-100-33 

Average 

2.1 
1.9 
2.3 
2.1 

2.3 
2.1 
2.6 
2.3 

1017 
1520 
1185 

8.2 
8.2 
9.8 
8.7 

7.4 
7.4 
8.9 
7.9 

82.9 
85.4 
84.6 
84.3 

3 
3 

7 
4 

0.010 
0.010 
0.010 

2425 
2427 
2428 
2442 

Lump-135-55 
Lump-135-55 
Lump-135-55 
Lump-135-55 

Average 

7.3 

7.7 
6.8 
7.8 
7.4 

8.0 
8.4 
7.5 
8.6 
8.1 

199 
1349 
1008 
1319 

2.9 
12.6 
7.9 
9.5 
8.2 

2.7 
11.5 
7.1 
8.6 
7.7 

33.0 
124.6 
80.6 
92.8 
82.8 

45 
53 

'"is" 

49 

0.006 
0.006 
0.005 
0.004 

2430 
2434 
2435 

2  in.  S.-100-33 
2  in.  S.-100-33 
2  in.  S.-100-33 
Average 

8.3 
8.9 
9.4 
8.9 

9.1 

9.8 

10.4 

9.8 

388 
578 
123 

4.3 
5.3 
3.5 
4.4 

3.9 
4.8 
3.2 
4.0 

36.5 
47.0 
30.5 
38.0 

22 
23 
28 
24 

0.005 
0.006 
0.005 

2436 
2437 

2  in.  S.-135-55 
2  in.  S.-135-55 
Average 

13.2 
14.9 
14.1 

14.5 
16.4 
15.5 

587 
637 

5.6 
5.3 
5.5 

5.1 
4.8 
5.0 

49.2 
43.3 
46.3 

52 
58 
55 

0.004 
0.004 

2431 
2432 
2433 

li  in.  S.-100-33 

li  in.  S.-100-33 

li  in.  S.-100-33 

Average 

13.4 
13.2 
10.8 
12.5 

14.6 
14.4 
11.8 
13.6 

378 
330 
634 

5.4 
4.6 
5.3 
5.1 

5.0 
4.2 
4.8 
4.7 

52.7 
38.7 
47.5 
46.3 

27 
26 
30 
28 

0.010 
0.011 
0.008 

2440 
2441 

li  in.  S.-135-55 

U  in.  S.-135-55 

Average 

16.2 
15.9 
16.1 

17.8 
17.8 
17.8 

740 
453 

5.8 
3.7 
4.8 

5.3 
3.3 
4.3 

49.4 
28.1 
38.8 

52 
62 
57 

0.004 
0.004 
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Table  16 
Coal  Analysis 


Laboratory 
Designation 

Proximate  Analysis — Coal  as  Fired 

Cal- 
orific 
Value 
per  lb. 
of   Coal 
as 
Fired 
B.t.u. 

Ultimate  Analysis 
Coal  as  Fired 

Test 
Num- 
ber 

Fixed 
Car- 
bon, 
Per 
Cent 

Vola- 
tile 

Mat- 
ter, 
Per 

Cent 

Mois- 
ture, 
Per 
Cent 

Ash, 
Per 
Cent 

Sul- 
phur 
Sep- 
arately 
Deter- 
mined, 
Per 
Cent 

Car- 
bon, 
Per 
Cent 

dro- 
gen, 
Per 
Cent 

Ni- 
tro- 
gen, 
Per 
Cent 

Oxy- 
gen, 
Per 
Cent 

Code  — ~- 
Item  ^^ 

437 

438 

440 

441 

442 

443 

449 

450 

451 

452 

2400 
2401 
2402 

M.  R.-100-33 

M.  R.-100-33 

M.  R.-100-33 

Average 

48.08 
48.51 
46.96 
47.85 

34.32 
34.05 
35.16 
34.51 

8.13 
7.84 
8.07 
8.01 

9.47 
9.60 
9.81 
9.63 

0.93 
0.95 
0.98 
0.95 

11929 
11992 
11885 
11935 

66.90 
67.01 
66.62 
66.84 

4.29 
4.30 
4.28 
4.29 

1.56 
1.56 
1.55 
1.56 

8.73 
8.74 
8.69 
8.72 

2405 
2406 
2429 

M.  R.-135-55 

M.  R.-135-55 

M.  R.-135-55 

Average 

47.83 
48.56 
47.55 
47.98 

33.90 
33.85 
33.81 
33.85. 

8.26 

8.16 

8.40 

..8.27 

10.01 
9.43 

10.24 
9.89 

0.81 
0.92 
1.09 
0.94 

11752 
11876 
11806 
11811 

66.44 
66.91 
65.91 
66.42 

4.26 
4.29 
4.23 
4.26 

1.55 
1.56 
1,53 
1.55 

8.67 
8.73 
8.60 
8.67 

2408 
2409 
2410 
2426 

Nut-100-33 
Nut-100-33 
Nut-100-33 
Nut-100-33 
Average 

47.10 
47.14 
46.50 
48.69 
47.36 

35.51 
35.12 
35.91 
34.39 
34.23 

8.51 
8.75 
8.48 
7.64 
8.35 

8.88 
8.99 
9.11 
9.28 
9.07 

0.83 
1.01 
0.85 
0.82 
0.88 

12002 
11956 
11918 
11992 
11967 

67.60 
67.16 
67.42 
68.00 
67.55 

4.37 
4.34 
4.36 
4.39 
4.37 

1.38 
1.37 
1.38 
1.39 
1.38 

8.43 
8.38 
8.41 
8.48 
8.43 

2412 
2413 
2414 

Nut-135-55 
Nut-135-55 
Nut-135-55 
Average 

48.28 
48.01 
48.20 
48.16 

33.99 
34.62 
34.28 
34.30 

8.89 
9.00 
8.91 
8  93 

8.84 
8.37 
8.61 
8.61 

0.86 
0.92 
0.87 
0.88 

11918 
11990 
11923 
11944 

67.29 
67.54 
67.46 
67.43 

4.35 
4.36 
4.36 
4.36 

1.38 
1.38 
1.38 
1.38 

8.39 
8.42 
8.41 
8.41 

2415 
2416 
2423 

Egg-100-33 
Egg-100-33 
Egg-100-33 
Average 

47.89 
48.34 
48.39 
48.21 

35.57 
33.87 
34.77 
34.74 

8.52 
9.18 
8.90 
8.87 

8.02 
8.61 
7.94 
8.19 

1.29 
0.93 
0.73 
0.98 

12143 
11918 
12100 
12054 

68.18 
67.45 
68.40 
68.01 

4.49 
4.45 
4.51 
4.48 

1.50 
1.49 
1.51 
1.50 

7.99 
7.90 
8.01 
7.97 

2420 
2422 
2424 

Egg-135-55 
Egg-135-55 
Egg-135-55 
Average 

48.65 
49.24 
48.83 
48.91 

34.29 
34.54 
34.35 
34.39 

8.76 
8.75 
8.81 
8.77 

8.30 
7.47 
8.01 
7.93 

0.86 
0.92 
0.91 
0.90 

12042 
12175 
12049 
12089 

68.11 
68.76 
68.27 
68.38 

4.49 
4.53 
4.50 
4.51 

1.50 
1.52 
1.51 
1.51 

7.98 
8.05 
8.00 
8.01 

2417 
2418 
2419 

Lump-100-33 

Lump-100-33 

Lump-100-33 

Average 

46.84 
46.36 
46.54 
46.58 

34.91 
35.09 
33.35 
34.45 

9.33 
9.88 
9.62 
9.61 

8.92 

8.67 

10.49 

9.36 

1.06 
0.83 
1.00 
0.96 

11826 
11794 
11601 
11740 

66.26 
66.21 
64.78 
65.75 

4.22 
4.22 
4.13 
4.19. 

1.48 
1.48 
1.45 
.1.47 

8.72 
8.72 
8.53 
8.66 

2425 
2427 
2428 
2442 

Lump-135-55 
Lump-135-55 
Lump-135-55 
Lump-135-55 
Average 

48.06 
47.66 
46.38 
48.58 
47.67 

35.24 
34.01 
35.52 
33.11 
34.47 

8.66 
9.13 
9.25 
9.01 
9.01 

8.04 
9.20 
8.85 
9.30 
8.85 

0.93 
0.89 
0.82 
0.64 
0.82 

12062 
11776 
11853 
11806 
11874 

67.64 
66.34 
66.58 
66.56 
66.78 

4.31 
4.22 
4.24 
4.24 
4.25 

1.52 
1.49 
1.49 
1.49 
1.50 

8.90 
8.73 
8.76 
8.76 
8.79 

2430 
2434 
2435 

2  in.  S.-100-33 

2  in.  S.-100-33 

2in.S.-100-33 

Average 

47.98 
48.12 
48.33 
48.14 

31.93 
32.17 
32.08 
32.06 

9.46 
9.41 
9.01 
9.29 

10.63 
10.30 
10.58 
10.50 

0.84 
0.89 
0.74 
0.82 

11542 
11579 
11565 
11562 

65.54 
65.81 
66.04 
65.80 

4.42 
4.44 
4.45 
4.44 

1.47 
1.48 
1.48 
1.48 

7.64 
7.67 
7.70 
7.67 

2436 
2437 

2in.S.-135-55 

2in.S.-135-55 

Average 

48.70 
47.45 
48.05 

31.75 
32.30 
32.03 

9.22 
9.15 
9.19 

10.33 
11.10 
10.72 

0.79 
0.97 
0.88 

11592 
11470 
11531 

66.03 
65.30 
65.67 

4.45 
4.40 
4.43 

1.48 
1.47 
1.48 

7.70 
7.61 
7.66 

2431 
2432 
2433 

Uin.S.-100-33 

Uin.S.-100-33 

Uin.S.-100-33 

Average 

48.65 
48.13 
48.49 
48.42 

33.61 
32.20 
32.84 
32.88 

8.34 
8.75 
8.56 
8.55 

9.40 
10.92 
10.11 
10.14 

0.99 
1.07 
0.90 
0.99 

11851 
11543 
11698 
11697 

67.06 
65.40 
66.36 
66.27 

4.45 
4.34 
4.41 
4.40 

1.46 
1.43 
1.45 
1.45 

8.30 
8.09 
8.21 
8.20 

2440 
2441 

Uin.S.-135-55 

liin.S.-135-55 

Average 

47.85 
46.91 
47.38 

32.39 
30.64 
31.52 

9.07 
10.73 
9.90 

10.69 
11.72 
11.21 

0.97 
0.91 
0.94 

11542 
11151 
11347 

65.41 
63.24 
64.33 

4.34 
4.20 
4.27 

1.43 
1.38 
1.41 

8.09 
7.82 
7.96 

TESTS    OF   ILLINOIS    COAL    ON    A   MIKADO   LOCOMOTIVE 


.79 


Table  17 
Calorific  Value  of  Coal  and  Cinders,  Analysis  of  Front-end  Gases 


Laboratory 
Designation 

Calorific  Value  B.t.u. 
per  lb. 

Analysis  of  Front  End  Gases — 
per  cent 

Test 

Num- 
ber 

Dry 

Coal 

Com- 
bus- 
tible 

Stack 
Cin- 
ders 

Ash 

Oxy- 
gen 
O2 

Car- 
bon 
Mon- 
oxide 
CO 

Car- 
bon 

Diox- 
ide 

CO  2 

Ni- 
tro- 

Hy- 

dro- 
gen 
Ha 

Meth- 
ane 
CH4 

fteS^ 

458 

459 

462 

463 

466 

467 

468 

469 

470 

471 

2400 
2401 
2402 

M.  R.-100-33 

M.  R.-100-33 

M.  R.-100-33 

Average 

12983 
13012 
12929 
12975 

14476 
14526 
14474 

8399 
8563 
8570 
8511 

3488 
3141 
2695 
3108 

6.47 
6.32 
5.55 
6.11 

0.095 
0.148 
0.220 
0.154 

12.52 
12.53 
13.21 
12.75 

80.95 
81.02 
81.02 
81.00 

0.020 
0.009 
0.000 
0.010 

0.005 
0.003 
0.015 
0.008 

2405 
2406 
2429 

M.  R.-135-55 

M.  R.-135-55 

M.  R.-135-55 

Average 

12811 
12933 
12888 
12877 

14380 
14414 
14510 

11081 
11030 
10921 
11011 

3935 
3852 
4410 
4066 

2.79 
2.15 
3.70 
2.88 

0.601 
1.100 
0.307 
0.669 

15.19 
14.71 
14.54 
14.81 

81.26 
82.00 
81.38 
81.55 

0.093 
0.020 
0.033 
0.049 

0.068 
0.020 
0.033 
0.040 

2408 
2409 
2410 
2426 

Nut-100-33 
Nut-100-33 
Nut-100-33 
Nut-100-33 
Average 

13118 
13102 
13023 
12983 
13057 

14528 
14535 
14461 
14434 

8023 
7585 
8231 
8458 
8074 

2633 
3204 
2187 
1985 
2502 

4.59 
4.28 
4.11 
4.03 
4.25 

0.440 
0.476 
0.376 
0.420 
0.428 

13.98 
14.22 
14.45 
14.44 
14.27 

80.89 
80.92 
80.97 
80.99 
80.94 

0.070 
0.047 
0.058 
0.087 
0.066 

0.035 
0.053 
0.034 
0.033 
0.039 

2412 
2413 
2414 

Nut-135-55 
Nut-135-55 
Nut-135-55 
Average 

13081 
13176 
13090 
13116 

14485 
14512 
14456 

10728 
10822 
10634 
10728 

3416 
3184 
3409 
3336 

1.85 
2.41 
2.09 
2.12 

1.575 
0.610 
0.645 
0.943 

15.65 
15.34 
15.09 
15.36 

80.54 
81.00 
81.94 
81.16 

0.180 
0.265 
0.155 
0.200 

0.205 
0.190 
0.040 
0.145 

2415 
2416 
2423 

Egg-100-33 
Egg-100-33 
Egg-100-33 
Average 

13273 
13122 
13282 
13226 

14549 
14495 
14551 

7987 
7999 
8329 
8105 

3173 
3357 
3827 
3452 

6.85 
7.12 
5.09 
6.35 

0.200 
0.118 
0.184 
0.167 

12.21 
11.85 
13.53 
12.53 

80.69 
80.92 
81.18 
80.93 

0.028 
0.002 
0.008 
0.013 

0.028 
0.000 
0.010 
0.013 

2420 
2422 
2424 

Egg-135-55 
Egg-135-55 
Egg-135-55 
Average 

13198 
13345 
13214 
13252 

14519 
14535 
14486 

10771 
11234 
10584 
10863 

4651 
3343 
4426 
4140 

2.91 
2.43 
2.65 
2.66 

0.390 
0.400 
0.460 
0,413 

15.01 
15.71 
15.53 
15.42 

81.64 
81.30 
81.27 
81.40 

0.035 
0.112 
0.060 
0.069 

0.025 
0.040 
0.040 
0.035 

2417 
2418 
2419 

Lump  -100-33 

Lump  -100-33 

Lump  -100-33 

Average 

13043 
13086 
12836 
12988 

14467 
14479 
14521 

7713 
7574 
7106 
7464 

3469 
3598 
3436 
3501 

6.94 
6.49 
5.88 
6.44 

0.112 
0.102 
0.170 
0.128 

12.16 
12.50 
12.90 
12.52 

80.78 
80.92 
80.98 
80.89 

0.002 
0.003 
0.015 
0.007 

0.008 
0.002 
0.010 
0.007 

2425 
2427 
2428 
2442 

Lump  -135-55 
Lump -135-55 
Lump -135-55 
Lump  -135-55 
Average 

13205 
12958 
13061 
12974 
13050 

14479 
14418 
14472 
14450 

10917 
10849 
10829 
10415 
10753 

3487 
4869 
4297 
4527 
4295 

2.39 
0.90 
1.57 
2.67 
1.88 

0.695 
1.630 
0.865 
0.343 
0.883 

15.61 
15.96 
15.89 
15.66 
15.78 

81.07 
80.94 
81.48 
81.26 
81.19 

0.140 
0.350 
0.140 
0.038 
0.167 

0.110 
0.203 
0.060 
0.033 
0.102 

2430 
2434 
2435 

2in.S.-100-33 

2in.  S.-100-33 

2in.S.-100-33 

Average 

12748 
12782 
12710 
12747 

14443 
14422 
14382 

9407 
9569 
9113 
9363 

3674 
3710 
3677 
3687 

5.01 
5.40 
5.25 
5.22 

0.330 
0.157 
0.280 
0.256 

13.74 
13.28 
13.34 
13.45 

80.81 
81.14 
81.12 
81.02 

0.057 
0.003 
0.010 
0.023 

0.043 
0.013 
0.000 
0.019 

2436 
2437 

2in.S.-135-55 

2in.S.-135-55 

Average 

12769 
12625 
12697 

14409 
14382 

10611 
11018 
10815 

4343 
4021 
4182 

4.25 
2.08 
3.17 

0.503 
0.650 
0.577 

13.88 
15.76 
14.82 

81.20 
81.33 
81.27 

0.073 
0.137 
0.105 

0.073 
0.057 
0.065 

2431 
2432 
2433 

lJin.S.-100-33 

Uin.S.-100-33 

liin.S.-100-33 

Average 

12929 
12650 
12793 
12791 

14407 
14371 
14384 

10505 
10157 
10784 
10482 

4109 
4504 
4252 
4288 

4.90 
5.67 
5.50 
5.36 

0.340 
0.227 
0.228 
0.265 

13.97 
12.91 
13.05 
13.31 

80.80 
81.17 
81.19 
81.05 

0.000 
0.017 
0.050 
0.022 

0.000 
0.007 
0.013 
0.007 

2440 
2441 

liin.S.-135-55 

liin.S.-135-55 

Average 

12692 
12492 
12592 

14384 
14380 

10870 
11203 
11037 

3838 
4469 
4154 

2.11 
1.92 
2.02 

1.380 
0.760 
1.070 

15.37 
15.86 
15.62 

80.42 
81.15 
80.79 

0.313 
0.177 
0.245 

0.443 
0.137 
0.290 
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Table  18 
Water  and  Drawbar  Pull 


Water 

Weight  of 

Correction 

W  ater  in 

for 

Test 

Delivered 

Boiler  at 

Change  of 

Loss 

Presum- 

Laboratory 

Start  of 

Water 

Loss 

from 

Designation 

bv 

Test 

Level  and 

from 

Boiler 

Evapor- 

Pull 

Injectors 
lb 

Minus 

Steam 

Boiler 

Cor- 

lb. 

Weight 

Pressure 

lb. 

rected 

Ib 

in  Boiler 

in  Boiler, 

lb. 

at  Close 

Start  to 

• 

of  Test,  lb. 

Close,  lb. 

Code  Iternl^" 

476 

477 

478 

479 

480 

481 

487 

2400 

M.  R.-100-33 

80868 

-1-1110 

+  794 

0 

0 

81662 

21970 

2401 

VI.  R.-100-33 

141151 

—1110 

—  791 

0 

0 

140360 

21727 

2402 

M.  R.-100-33 

Average 

119334 

+  220 

+  157 

0 

0 

119491 
113838 

21822 
21840 

2405 

M.  R.-135-65 

113133 

+2060 

+1377 

0 

0 

114510 

28771 

2406 

V[.  R.-135-55 

112494 

+   160 

+  114 

0 

0 

112608 

28718 

2429 

M.  R.-135-55 

Average 

80329 

+2640 

+1860 

172 

121 

82068 
103062 

28672 
28720 

2408 

Nut-100-33 

88009 

0 

—  110 

0 

0 

87899 

22490 

2409 

^Jut-100-33 

54574 

0 

—     22 

325 

232 

54320 

22411 

2410 

!^ut-100-33 

99995 

0 

—     43 

75 

54 

99898 

22417 

2426 

Nut-100-33 

Average 

111980 

+  180 

+   128 

495 

353 

111755 
88468 

22640 
22490 

2412 

Nut-135-55 

112833 

+2950 

+1856 

160 

113 

114576 

28958 

2413 

^Jut-135-55 

127417 

+1380 

+  973 

180 

127 

128263 

29100 

2414 

Nut-135-55 

Average 

83950 

+  880 

+  573 

120 

85 

84438 
109092 

29128 
29062 

2415 

Egg-100-33 

84089 

0 

0 

315 

225 

83864 

2284 

2416 

Egg-100-33 

139492 

0 

—  325 

525 

375 

138792 

23115 

2423 

Egg-100-33 

Average 

96044 

+  180 

+  128 

360 

257 

95915 
106190 

22533 
22829 

2420 

Egg-135-55 

84550 

+2740 

+1920 

120 

85 

86385 

29046 

2422 

Egg-135-55 

91315 

+2420 

+1707 

130 

92 

92930 

29030 

2424 

Egg-135-55 

Average 

83485 

+3320 

+2330 

120 

85 

85730 
88348 

29104 
29060 

2417 

Lump-100-33 

96335 

—  590 

—  422 

360 

257 

95656 

23026 

2418 

Lump-100-33 

138919 

+  340 

+  220 

525 

375 

138764 

23085 

2419 

Lump-100-33 

Average 

89522 

0 

0 

330 

236 

89286 
107902 

22983 
23031 

2425 

[junip-135-55 

41743 

+1610 

+  1136 

60 

42 

42837 

28530 

2427 

Lump-135-55 

60757 

+3860 

+2639 

135 

96 

63300 

27909 

2428 

Lump- 13  5-5  5 

77730 

+3130 

+2125 

165 

116 

79739 

28441 

2442 

Lump-135-55 

Average 

89495 

+  740 

+  543 

90 

63 

89975 
68963 

29266 
28537 

2430 

2  in.  S.-100-33 

63153 

+  350 

+  293 

150 

107 

63339 

22906 

2434 

2  in.  S.-100-33 

74750 

+1070 

+  759 

141 

100 

75409 

23091 

2435 

2  in.  S.-100-33 
Average 

24008 

+  500 

+  376 

45 

32 

24342 
54363 

23268 
23088 

2436 

2  in.  S.-135-55 

55754 

+1970 

+1392 

60 

42 

57104 

27976 

2437 

2  in.  S.-135-55 
Average 

66936 

—1040 

—  732 

68 

48 

66156 
61630 

28938 
28457 

2431 

li  in.  S.-100-33 

43907 

+  360 

+  257 

105 

75 

44089 

22332 

2432 

IJin.  S.-100-33 

44696 

+2250 

+1585 

110 

79 

46202 

22912  i 

2433 

liin.  S -100-33 
Average 

76873 

+  940 

+  689 

180 

128 

77434 
55908 

22588 
22611  1 

2440 

IHn.  S.-135-55 

64217 

+  980 

+  725 

68 

48 

64894 

29061 

2441 

IJin,  S.-135-55 
Average 

65872 

+  300 

+  211 

68 

48 

66035 
65465 

29392 
29227 
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Table  19 
Boiler  Performance  — Coal  and  Evaporation 


Laboratory 
Designation 

Coal  as  Fired 
lb. 

Dry  Coal 
Fired— lb. 

Evaporation 

Per 
Hour 

Per 
Hour 

per 
Sq.  Ft. 

of 
Grate 
Sur- 
face 

Per 
Hour 

Per 

Hour 

per 

Sq.  Ft. 

of 
Grate 
Sur- 
face 

Moist 
Steam 

per 
Hour 

lb. 

Superheated  Steam — lb. 

Super- 
Heated 

Test 

Num- 
ber 

Per 
Hour 

Per 

Hour 

per 

Sq.  Ft. 

of 
Heat- 
ing 
Surface 

Per 
lb.  of 
Dry 
Coal 

Per 
lb.  of 
Coal 

as 
Fired 

Steam 

to 

Engine 

per 

Hour 

lb. 

ftem  ^ 

626 

627 

633 

2400 
2401 
2402 

M.  R.-100-33 

M.  R.-100-33 

M.  R.-100-33 

Average 

3151 
3183 
3269 
3201 

45.1 
45.6 
46.8 
45.8 

2895 
2934 
3005 
2945 

41.5 
42.0 
43.1 
42.2 

22577 
22340 
22979 
22632 

22565 
22328 
22970 
22621 

4.84 
4.79 
4.93 
4.85 

7.79 
7.61 
7.64 
7.68 

7.16 
7.01 
7.02 
7.06 

22466 
22257 
22936 
22533 

2405 
2406 
2429 

M.  R.-135-55 

M.  R.-135-55 

M.  R.-135-55 

Average 

7361 
6944 
7303 
7203 

105.5 

99.5 

104.6 

103.2 

6753 
6377 
6690 
6607 

96.8 
91.4 
95.9 
94.7 

42145 
41971 
42811 
42309 

42176 
41946 
42854 
42325 

9.05 
9.00 
9.20 
9.08 

6.24 
6.58 
6.41 
6.41 

5.73 
6.04 
5.87 
5.88 

42365 
41733 
43059 
42386 

2408 
2409 
2410 
2426 

Nut-100-33 
Nut-100-33 
Nut-100-33 
Nut-100-33 
Average 

3439 
3347 
3400 
3624 
3453 

49.3 
48.0 
48.7 
51.9 
49.5 

3146 
3054 
3102 
3348 
3163 

45.1 
43.8 
44.4 
48.0 
45.3 

23334 
23283 
23055 
24834 
23627 

23327 
23254 
23059 
24808 
23612 

5.00 
4.99 
4.95 
5.33 
5.07 

7.42 
7.61 
7.43 
7.41 
7.47 

6.78 
6.95 
6.78 
6.85 
6.84 

23195 
23129 
22962 
24588 
23469 

2412 
2413 
2414 

Nut-135-55 
Nut-135-55 
Nut-135-55 
Average 

7005 
6937 
6942 
6961 

100.4 
99.4 
99.5 
99.8 

6382 
6313 
6324 
6340 

91.4 
90.4 
90.6 
90.8 

42960 
42754 
42219 
42644 

42964 
42720 
42209 
42631 

9.22 
9.17 
9.06 
9.15 

6.73 
6.77 
6.67 
6.72 

6.13 
6.16 
6.08 
6.12 

42951 
42561 
42224 
42579 

2415 
2416 
2423 

Egg-100-33 
Egg-100-33 
Egg-100-33 
Average 

3397 
3414 
3380 
3397 

48.7 
48.9 
48.4 
48.7 

3107 
3101 
3079 
3096 

44.5 
44.4 
44.1 
44.3 

23961 
23795 
23979 
23912 

23944 
23788 
23970 
23901 

5.14 
5.11 
5.14 
5.13 

7.71 
7.67 
7.78 
7.72 

7.05 
6.97 
7.09 
7.04 

23665 
23651 
23774 
23697 

2420 
2422 
2424 

Egg-135-55 
Egg-135-55 
Egg-135-55 
Average 

6941 
6920 
7060 
6974 

99.4 

99.1 

101.2 

99.9 

6333 
6315 
6438 
6362 

90.7 
90.5 
92.2 
91.1 

43193 
42884 
43233 
43103 

43219 
42881 
43302 
43134 

9.28 
9.20 
9.29 
9.26 

6.82 
6.79 
6.73 
6.78 

6.22 
6.20 
6.13 
6.18 

43393 
42953 
43581 
43309 

2417 
2418 
2419 

Lump-100-33 

Lump-100-33 

Lump-100-33 

Average 

3438 
3521 
3639 
3533 

49.3 
50.5 
52.1 
50.6 

3118 
3173 
3289 
3193 

44.7 
45.5 
47.1 
45.8 

23914 
23790 
24348 
24017 

23906 
23778 
24340 
24008 

5.13 
5.10 
5.23 
5.15 

7.67 
7.49 
7.40 
7.52 

6.96 
6.75 
6.69 
6.80 

23714 
23570 
24190 
23825 

2425 
2427 
2428 
2442 

Lump-135-55 
Luinp-135-55 
Lump-135-55 
Lump-135-55 
Average 

7499 
7850 
7704 
7640 
7673 

107.4 
112.5 
110.4 
109.5 
110.0 

6850 
7133 
6992 
6951 
6982 

98.1 
102.2 
100.2 

99.6 
100.0 

42837 
42200 
43502 
44988 
43382 

42889 
42254 
44136 
44910 
43547 

9.21 
9.07 
9.47 
9.64 
9.35 

6.26 
5.92 
6.31 
6.46 
6.24 

5.72 
5.38 
5.73 
5.88 
5.68 

43160 
42698 
43892 
44441 
43548 

2430 
2434 
2435 

2in.S.-100-33 

2in.S.-100-33 

2in.S.-100-33 

Average 

3821 
3814 
3952 
3862 

54.7 
54.6 
56.6 
55.3 

3460 
3455 
3597 
3504 

49.6 
49.5 
51.5 
50.2 

24203 
24069 
25173 
24482 

24122 
24014 
25147 
24428 

5.18 
5.15 
5.40 
5.24 

6.97 
6.95 
6.99 
6.97 

6.31 
6.30 
6.36 
6.32 

23516 
23656 
24918 
24030 

2436 
2437 

2in.S.-135-55 

2in.S.-135-55 

Average 

8560 
8836 
8698 

122.6 
126.6 
124.6 

7771 
8027 
7899 

111.3 
115.0 
113.2 

42299 
44104 
43202 

42287 
43981 
43134 

9.07 
9'.  44 
9.26 

5.45 
5.48 
5.47 

4.94 
4.98 
4.96 

42232 
43376 
42804 

2431 
2432 
2433 

Uin.S.-100-33 

Uin.S. -100-33 

Uin.S.-100-33 

Average 

4321 
4185 
4264 
4257 

61.9 
60.0 
61.1 
61.0 

3960 
3818 
3899 
3892 

56.7 
54.7 
55.9 
55.8 

24951 
24747 
24979 
24892 

24907 
24714 
24933 
24851 

5.34 
5.30 
5.35 
6.33 

6.29 
6.47 
6.39 
6.38 

5.76 
5.90 
5.85 
5.84 

24370 
24469 
24514 
24451 

2440 
2441 

Uin.S. -135-55 

liin.S.-135-55 

Average 

9333 
9167 
9250 

133.7 
131.3 
132.5 

8487 
8183 
8335 

121.6 
117.2 
119.5 

43263 
44024 
43644 

43186 
43941 
43564 

9.27 
9.43 
9.35 

5.09 
5.37 
5.23 

4.63 
4.80 
4.72 

42746 
43478 
43112 
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Table  20 
■Evaporation  and  Equivalent  Evaporation 


Laboratory 
Designation 

Steam 
Used 

at 
Calori- 
meter, 
Safety 
Valve, 
Leaks, 
etc. 

Super- 
heated 
Steam 

Loss 

per 
Hour 
due  to 
Calori- 
meter 
Leaks, 

Cor- 
rections 

etc. 

lb. 

Dry 

Coal 
Loss 

per 
Hour 
Equiv- 
alent 

to 
Steam 
Loss 

lb. 

Factor 

of 
Evap- 
oration 

Equivalent  Evaporation  from  and  at 
212  Degrees  F.— lb. 

Test 

NUM- 
BEB 

Per 
Hour 

Per 
Hour, 
Boiler 
Ex. 
elud- 
ing 
Super- 
Heater 

Per 

Hour, 

Sup- 

er- 
Heat- 

er 
Alone 

Per 
Hour, 

per 
Sq.  Ft. 

of 
Total 
Heat- 
ing 
Sur- 
face 

Per 
Hour, 
per  Sq. 
Ft.  of 
Total 
Heating 
Surface 

Ex- 
cluding 
Super- 
Heater 

Per 

Hour, 

per 
Sq.  Ft. 

of 
Heat- 
Sur- 
face 
Super- 
Heater 
Alone 

Code   j^j^.. 
Item    ^ 

638 

643 

644 

645 

646 

647 

648 

649 

655 

2400 
2401 
2402 

M.  R.-100-33 

M.  R.-100-33 

M.  R.-100-33 

Average 

717 
202 

288 

-hlOl 

+  78 
+  32 

+13 
+10 

+  4 

1.319 
1.319 
1.314 
1.317 

29764 
29451 
30183 
29799 

26867 
26607 
27299 

2897 
2844 
2884 

6.39 
6.32 
6.48 
6.40 

7.40 
7.33 
7.52 

2.81 
2.76 
2.80 

2405 
2406 
2429 

M.  R.-135-55 

M.  R.-135-55 

M.  R.-135-55 

Average 

87 
685 
426 

—191 
+  199 
—212 

—31 
+30 
—33 

1.352 
1.354 
1.348 
1.351 

57022 
56795 
57767 
57195 

49563 
49190 
49703 

7459 
7605 
8064 

12.24 
12.19 
12.40 
12.28 

13.65 
13.55 
13.69 

7.24 
7.38 

7.83 

2408 
2409 
2410 
2426 

Nut-100-33 
Nut-100-33 
Nut-100-33 
Nut-100-33 
Average 

632 

613 

504 

1511 

-1-122 
-1-128 
+  87 
-1-218 

+  16 

+  17 
+12 
+29 

1.331 
1.328 
1.321 
1.322 
1.326 

31048 
30881 
30461 
32796 
31297 

28000 
27823 
27597 
29727 

3048 
3058 
2864 
3069 

6.66 
6.63 
6.54 
7.04 
6.72 

7.71 
7.66 
7.60 
8.19 

2.96 
2.97 
2.78 
2.98 

2412 
2413 
2414 

Nut-135-55 
Nut-135-55 
Nut-135-55 
Average 

871 

1115 

383 

+     4 
+154 
—     8 

+  1 
+23 
—  1 

1.353 
1.356 
1.356 
1.355 

58130 
57929 
57236 
57765 

50135 
49766 
49059 

7995 
8163 

8177 

12.47 
12.43 
12.28 
12.39 

13.81 
13.71 
13.51 

7.76 
7.93 
7.94 

2415 
2416 
2423 

Egg-100-33 
Egg-100-33 
Egg-100-33 
Average 

1259 
1537 
1130 

+270 
+  136 
+  184 

+35 

+18 
+24 

1.323 
1.322 
1.321 
1.322 

31678 
31448 
31665 
31597 

28705 
28530 
28751 

2973 
2918 
2914 

6.80 
6.75 
6.79 
6.78 

7.91 
7.86 
7;92 

2.89 
2.83 
2.83 

2420 
2422 
2424 

Egg-135-55 
Egg-135-55 
Egg-135-55 
Average 

505 
657 
384 

—165 
—  75 
—292 

—24 
—11 
—43 

1.343 
1.333 
1.347 
1.341 

58043 
57160 
58328 
57844 

50233 
49960 
50323 

7810 
7200 
8005 

12.46 
12.27 
12.52 
12.42 

13.84 
13.76 
13.86 

7.58 
6.99 

7.77 

2417 
2418 
2419 

Lump-100-33 

Lump-100-33 

Lump-100-33 

Average 

890 

1778 

816 

+  183 
+200 
+  145 

+24 
+27 
+20 

1.324 
1.323 
1.324 
1.324 

31652 
31458 
32227 
31779 

28673 
28453 
29121 

2979 
3005 
3106 

6.79 
6.75 
6.92 
6.82 

7.90 

7.84 
8.02 

2.89 
2.92 
3.02 

2425 
2427 
2428 
2442 

Lump-135-55 
Lump-135-55 
Lump-135-55 
Lump-135-55 
Average 

193 

570 

406 

1354 

—284 
—436 
—334 

+475 

—45 
—74 
—53 

+74 

1.334 
1.327 
1.341 
1.348 
1.338 

57214 
56071 
58403 
60539 
58057 

49691 
49164 
50549 
52276 

7523 
6907 
7854 
8263 

12.28 
12.03 
12.53 
12.99 
12.46 

13.69 
13.54 
13.93 
14.40 

7.30 
6.71 
7.63 
8.02 

2430 
2434 
2435 

2in.  S.-100-33 

2in.  S.-100-33 

2in.  S.-100-33 

Average 

1961 

1704 

412 

+611 
+360 

+226 

+88 
+52 
+32 

1.327 
1.329 
1.323 
1.326 

32010 
31914 
33270 
32398 

28826 
28426 
29780 

3184 
3488 
3490 

6.87 
6.85 
7.14 
6.95 

7.94 
7.83 
8.20 

3.09 
3.39 
3.39 

2436 
2437 

2in.S.-135-55 

2in.S.-135-55 

Average 

711 

832 

+  62 
+614 

+11 

+  112 

1.359 
1.360 
1.360 

57468 
59814 
58641 

49194 
51249 

8274 
8565 

12.33 
12.84 
12.59 

13.55 
14.12 

8.03 
8.32 

2431 
2432 
2433 

Uin.S.-100-33 

Uin.S.-100-33 

Uin.S.-100-33 

Average 

1206 
1262 
1818 

+526 
+249 
+418 

+84 
+38 
+65 

1.329 
1.330 
1.322 
1.327 

33102 
32870 
32961 
32978 

29692 
29448 
29525 

3410 
3422 
3436 

7.10 
7.05 
7.07 
7.07 

8.18 
8.11 
8.13 

3.31 
3.32 
3.34 

2440 
2441 

Uin.S.-135-55 

liin.S.-135-55 

Average 

1079 
955 

+439 

+457 

+86 
+85 

1.342 
1.355 
1.349 

57956 
59540 
58748 

50272 
51156 

7684 
8384 

12.44 
12.78 
12.61 

13.85 
14.09 

7.46 
8.14 
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Table  21 

Boiler  Performance  ^Heat  Transfer,  Equivalent  Evaporation, 
Horse  Power  and  Efficiency 


Laboratory 
Designation 

Heat 
Trans- 
fer 
across 
Water 
H.  S. 
per 
Min. 
B.t.u. 

Heat 
Trans- 
fer 
across 
Super- 
Heater 

H.  S. 

per 

Min. 
B.t.u. 

Per  Cent  of 
Evapor- 
ation by 

Equivalent  Evaporation  from 
and  at  212  degrees  F.— lb. 

Boiler 
Horse- 
Power 

Test 

NUM- 
BEB 

Water 
Heat- 
ing 
Sur- 
face 

Super- 
Heat- 
ing 
Sur- 
face 

Per 
Hour 

per 
Sq.  Ft. 

of 
Grate 
Area 

Per 
lb.  of 
Coal 

as 
Fired 

Per 
lb.  of 
Dry 
Coal 

Per 

lb.  of 
Com- 
bus- 
tible 

Effici- 
ency 

of 

Boiler 

Per 

Cent 

Code  ^ 
Item  "^ 

656 

657 

658 

659 

660 

666 

2400 
2401 
2402 

M.  R.-100-33 

M.  R.-100-33 

M.  R.-100-33 

Average 

435096 
430864 
442231 
436064 

46917 
46072 
46713 
46567 

90.3 
90.3 
90.4 

9.7 
9.7 
9.6 

426.4 
421.9 
432.4 

9.44 
9.25 
9.23 
9.31. 

10.28 
10.04 
10.04 
.10.12 

11.46 
11.21 
11.24 

863 
854 
875 
864 

76.89 
74.95 
75.46 
75.77 

2405 
2406 
2429 

M.  R.-135-55 

M.  R.-135-55 

M.  R.-135-55 

Average 

802652 
796819 
804918 
801463 

120811 
123182 
130612 
124868 

86.9 
86.6 
86.0 

13.1 
13.4 
14.0 

817.0 
813.7 
827.6 

7.75 
8.18 
7.91 
7.95 

8.44 
8.91 
8.64 
8.66 

9.48 
9.93 
9.72 

1653 
1646 
1674 
1658 

64.08 
66.93 
65.10 
65.37 

2408 
2409 
2410 
2426 

Nut-100-33 
Nut-100-33 
Nut-100-33 
Nut-100-33 
Average 

453535 
450798 
446844 
481531 
458177 

49367 
49535 
46383 
49709 
48749 

90.2 
90.1 
90.6 
90.6 

9.8 
9.9 
9.4 
9.4 

444.8 
442.4 
436.4 
469.9 

9.03 
9.23 
8.96 
9.05 
9.07 

9.87 
10.11 
9.82 
9.80 
9.90 

10.93 
11.22 
10.91 
10.89 

900 
895 
883 
951 
907 

73.11 
75.02 
73.05 
73.33 
73.63 

2412 
2413 
2414 

Nut-135-55 
Nut-135-55 
Nut-135-55 
Average 

812016 
806198 
794562 
804259 

129497 
132223 
132443 
131388 

86.2 
85.9 

85.7 

13.8 
14.1 
14.3 

832.8 
829.9 
820.0 

8.30 
8.35 
8.24 
8.30 

9.11 
9.18 
9.05 
9.11 

10.09 
10.11 
10.00 

1685 
1679 
1659 
1674 

67.67 
67.67 
67.15 
67.50 

2415 
2416 
2423 

Egg-100-33 
Egg-100-33 
Egg-100-33 
Average 

464843 
461940 
465632 
464138 

48158 
47263 
47191 
47537 

90.6 
90.7 
90.8 

9.4 
9.3 
9.2 

453.9 
450.6 
453.7 

9.33 
9.21 
9.37 
9.30 

10.20 
10.14 
10.28 
10.21 

11.17 
11.20 
11.27 

918 
912 
918 
916 

74.66 
75.09 
75.25 
75.00 

•  2420 
2422 
2424 

Egg-135-55 
Egg-135-55 
Egg-135-55 
Average 

813324 
809436 
814798 
812519 

126491 
116617 
129653 
124254 

86.5 
87.4 
86.3 

13.5 
12.6 
13.7 

831.6 
818.9 
835.7 

8.36 
8.26 
8.26 
8.29 

9.16 
9.05 
9.06 
9.09 

10.08 
9.86 
9.93 

1682 
1657 
1691 
1677 

67.46 
65.92 
66.61 
66  66 

2417 
2418 
2419 

Lump-100-33 

Lump-100-33 

Lump-100-33 

Average 

464290 
460773 
471540 
465534 

48258 
48672 
50315 
49082 

90.6 
90.4 
90.4 

9.4 
9.6 
9.6 

453.5 
450.7 
461.7 

9.21 
8.93 
8.86 
9.00 

10.15 
9.91 
9.80 
9.95 

11.26 
10.97 
11.08 

917 
912 
934 
921 

75.68 
73.57 
74.21 
74.49 

2425 
2427 
2428 
2442 

Lump-135-55 
Lump-135-55 
Lump-135-55 
Luinp-135-55 
Average 

804835 
796173 
818563 
846524 
816524 

121855 
111869 
127214 
133841 
123695 

86.9 
87.7 
86.6 
86.4 

13.1 
12.3 
13.4 
13.6 

819.7 
803.3 
836.7 
867.3 

7.63 
7.14 
7.58 
7.92 
7.57 

8.35 
7.86 
8.35 
8.71 
8.32 

9.16 
8.75 
9.26 
9.70 

1658 
1625 
1693 
1755 
1684 

61.47 
58.92 
62.14 
65.19 
61.93 

2430 
2434 
2435 

2in.S.-100-33 

2in.S.-100-33 

2in.S.-100-33 

Average 

466957 
460520 
482315 
469931 

51578 
56498 
56522 
54866 

90.1 
89.1 
89.5 

9.9 
10.9 
10.5 

458.6 
457.2 
476.7 

8.38 
8.37 
8.42 
8.39 

9.25 
9.24 
9.25 
9.25 

10.48 
10.42 
10.47 

928 
925 
964 
939 

70.55 
70.24 
70.75 
70.51 

2436 
2437 

2in.S.-135-55 

2in.S.-135-55 

Average 

796631 
830111 
813371 

134016 
138731 
136374 

85.6 
85.7 

14.4 
14.3 

823.3 
857.0 

6.71 
6.77 
6.74 

7.40 
7.45 
7.43 

8.34 
8.49 

1666 
1734 
1700 

56.25 
57.35 
56.80 

2431 
2432 
2433 

liin.S.-100-33 

liin.S.-100-33 

Uin.S.-100-33 

Average 

480723 
476916 
478098 
478579 

55239 
55422 
55647 
55436 

89.7 
89.6 
89.6 

10.3 
10.4 
10.4 

474.3 
470.9 
472.2 

7.66 
7.85 
7.73 
7.75 

8.36 
8.61 
8.45 
8.47 

9.31 

9.78 
9.51 

959. 
953 
955 
956 

.62.81 
66,08 
64.21 
64.37 

2440 
2441 

liin.S.-135-55 

Uin.S. -135-55 

Average 

814282 
828679 
821481 

124462 
135796 
130129 

86.7 
85.9 

13.3 
14.1 

830.3 
853.0 

6.21 
6.50 
6.36 

6.83 
7.28 
7.06 

7.74 
8.38 

1680 
1726 
1703 

52.28 
56.64 
54.46 
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Table  22 
Engine  Performance 


Laboratory 
Designation 

Cut-Off 

Per 

Cent 

of  Stroke 

Average 

Least 
Back- 
Pressure 
lb.  per 
Sq.  in. 
Average 

Mean 
Efiective 
Pressure 
lb.  per 
Sq.  in. 
Average 

Indicated  Horse  Power 

Test 

Right  Side 

Left  Side 

NUM- 
BEB 

Head 
End 

Crank 
End 

Head 
End 

Crank 
End 

Total 

Code  Item  1^= 

678 

707 

708 

709 

710 

711 

2400 

M.  R.-100-33 
M.  R.-100-33 
M.  R.-100-33 

Average 

2401 
2402 

34.0 
33.0 
33.5 

1.9 
2.1 
2.0 

74.1 
73.7 
73.9 

308.0 
309.3 

321.3 
320.7 

296.9 
296.1 

298.3 
297.5 

1224.5 
1223.6 
1224.1 

2405 
2406 
2429 

M.  R.-135-55 
M.  R.-135-55 
M.  R.-135-55 

Average 

54.3 
53.7 
55.9 
54.6 

11.7 
12.0 
12.9 
12.2 

96.9 
95.9 
97.5 
96.8 

531.8 

528.7 
529.9 

567.2 
562.8 
572.3 

529.2 
527.0 
546.2 

529.5 
533.0 
542.6 

2157.7 
2151.5 
2191.0 
2166  7 

2408 
2409 
2410 
2426 

Nut-100-33 
Nut-100-33 
Nut-100-33 
Nut-100-33 

Average 

33.0 
32.4 
31.5 
31.7 
32  2 

2.1 
2.6 
2.3 
2.7 
2.4 

77.9 
77.8 
77.2 
79.6 
78.1 

327.9 
327.6 
326.6 
332.7 

342.0 
338.2 
338.3 
347.1 

309.0 
310.6 
304.9 
312.7 

314.7 
310.1 
311.1 
321.2 

1293.6 
1286.5 
1280.9 
1313.7 
1293  7 

2412 

Nut-135-55 
Nut-135-55 
Nut-135-55 

Average 

2413 
2414 

55.7 
59.3 
57.5 

11.7 
11.9 
11.8 

98.0 
98.9 
98.5 

547.6 
551.5 

576.3 
581.5 

536.8 
542.0 

539.6 
546.8 

2200 . 3 
2221.8 
2211  1 

2415 
2416 
2423 

Egg-100-33 
Egg-100-33 
Egg-100-33 

Average 

32.4 
33.3 
32.2 
32.6 

2.7 
2.4 
2.4 
2.5 

79.6 
80.0 
78.4 
79.3 

331.7 
334.2 
330.1 

350.0 
351.5 
336.5 

311.7 
317.4 
312.6 

320.3 
321.2 
311.9 

1313.7 
1324.3 
1291.1 
1309  7 

2420 
2422 
2424 

Egg-135-55 
Egg-135-55 
Egg-135-55 

Average 

57.2 
58.2 
56.6 
57.3 

13.0 
13.0 
12.9 
13.0 

97.3 
97.9 
98.3 
97.8 

540.4 
552.5 
547.6 

571.5 
580.2 
585.8 

536.3 
533.2 
544.0 

540.5 
548.4 
542.6 

2188.7 
2214.3 
2220.0 
2207  7 

2417 
2418 
2419 

Lump-100-33 
Lump-100-33 
Lump-100-33 

Average 

36.3 
33.5 
32.7 
34.2 

2.2 
2.6 
2.8 
2.5 

80.0 
80.1 
79.7 
79.9 

335.5 
338.8 
335.0 

350.3 
350.8 
351.9 

320.1 
320.0 
314.4 

317.3 
320.0 
319.7 

1323.2 
1329.6 
1321  ..0 
1324.6 

2425 
2427 
2428 
2442 

Lump-135-55 
Lump-135-55 
Lump-135-55 
Lump-135-55 

Average 

56.0 
55.7 
55.1 
56.5 
55.8 

12.2 
12.5 
12.3 
12.0 
12.3 

97.8 
96.2 
97.8 
98.5 
97.6 

546.5 
533.3 
541.3 
546.1 

572.3 
566.8 
671.4 
576.5 

535.5 
532.1 
543.1 
535.4 

547.1 
537.5 
544.7 
537.5 

2201.4 
2169.7 
2200.5 
2198.5 
2192  5 

2430 
2434 
2435 

2  in.  S.-100-33 
2  in.  S.-100-33 
2  in.  S.-100-33 
Average 

32.6 
33.6 
34.9 
33.7 

2.5 
2.8 
3.0 
2.8 

78.5 
80.3 
82.1 
80.3 

328.8 
337.3 
352.9 

345.5 
345.0 
360.0 

313.6 
321.0 
331.9 

317.0 
311.2 
320.4 

1304.9 
1314.5 
1365.2 
1328.2 

2436 
2437 

2  in.  S.-135-55. 
2  in.  S.-135-55 
Average 

56.8 
56.9 
56.9 

12.4 
12.7 
12.6 

95.2 

100.0 

97.6 

527.2 
563.6 

559.3 
585.5 

524.4 
550.9 

515.4 
543.5 

2126.3 
2243.5 
2184 . 9 

2431 
2432 
2433 

U  in.  S.-100-33 

li  in.  S.-100-33 

li  in.  S.-100-33 

Average 

33.9 
34.0 
33.2 
33.7 

2.9 
3.3 
3.0 
3.1 

79.9 
80.8 
79.1 
79.9 

337.2 
339.4 
334.3 

353.8 
356.3 
342.6 

321.9 
323.3 
318.7 

317.0 
324.1 
314.6 

1329.9 
1343.1 
1310.2 
1327.7 

2440 
2441 

li  in.  S.-135-55 

li  in.  S.-135-55 

Average 

58.2 
55.6 
56.9 

11.4 
12.2 
11.8 

99.3 
99.7 
99.5 

544.5 
550.5 

580.1 
587.3 

546.7 

544.8 

544.3 
549.0 

2215.6 
2231.6 
2223 . 6 
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Table  23 
General  Locomotive  Performance 


Laboratory 
Designation 

Consimied  per 

I.  H.  P.  per 

Hour 

Draw- 
bar 
Horse- 
Power 

Consumed  per 

D.  H.  P.  per 

Hour 

Trac- 
tive 
Force 
Based 

on 

M.E.P. 

lb. 

Ma- 
chine 
Friction 

in 
Terms 

of 
Horse- 
Power 

Ma- 
chine 
Effi- 
ciency 

of 
Loco- 
motive 
Per 
Cent 

Effi- 
ciency 

of 
Loco- 
motive 
Per 
Cent 

Test 

Num- 
ber 

Dry 

Coal 
lb. 

Super- 
Heated 
Steam 
lb. 

Dry 

Coal 
lb. 

Super- 
Heated 
Steam 
lb. 

Code  Item  t^ 

734 

740 

743 

744 

747 

764 

770 

778 

779 

2400 

M.  R.-100-33 
M.  R.-100-33 
M.  R.-100-33 

Average 

1108.6 
1095.2 
1104.6 
1102.8 

2.60 
2.67 
2.72 
2.66 

20.27 
20.32 
20.76 
20.45 

7.55 

2401 
2402 

2.39 
2.46 
2.43 

18.18 
18.74 
18.46 

24288 
24166 
24277 

129.3 
119.0 
124.2 

89.4 
90.3 
89.9 

7.33 
7.25 
7.38 

2405 
2406 
2429 

M.  R.-135-55 
M.  R.-135-55 
M.  R.-135-55 

Average 

3.14 
2.95 
3.07 
3.05 

19.63 
19.40 
19.65 
19.56 

1954.4 
1963.8 
1965.2 
1961.1 

3.48 
3.23 
3.42 
3.38 

21.68 
21.25 
21.91 
21.61 

31766 
31457 
31962 
31728 

203.3 
187.7 
225.8 
205.6 

90.6 
91.3 
89.7 
90.5 

5.72 
6.09 
6.78 
5.86 

2408 
2409 
2410 
2426 

Nut-100-33 
Nut-100-33 
Nut-100-33 
Nut-100-33 

Average 

2.42 
2.36 
2.41 
2.53 
2.43 

17.93 
17.98 
17.93 
18.72 
18.14 

1138.4 
1129.7 
1133.5 
1139.9 
1135.4 

2.75 
2.69 
2.73 
2.91 
2.77 

20.38 
20.47 
20.26 
21.57 
20.67 

25563 
25524 
25333 
26088 
25627 

155.2 
156.8 
147.4 
173.8 
158.3 

88.0 
87.8 
88.5 
86.8 
87.8 

7.07 
7.24 
7.16 
6.73 
7.05 

2412 

Nut-1 35-55 
Nut-135-55 
Nut-135-55 

Average 

1988.7 
1993.0 
1994.9 
1992.2 

3.21 
3.16 
3.17 
3.18 

21.60 
21.36 
21.17 
21.38 

6  07 

2413 
2414 

2.86 
2.85 
2.86 

i9.34 
19.00 
19.17 

32134 
32438 
32286 

207.3 
226.9 
217.1 

90.6 
89.8 
90.2 

6.12 
6.14 
6.11 

2415 
2416 
2423 

Egg-100-33 
Egg-100-33 
Egg-100-33 

Average 

2.34 
2.33 
2.36 
2.34 

18.01 
17.86 
18.41 
18.09 

1150.1 
1167.6 
1131.0 
1149.6 

2.67 
2.64 
2.70 
2.67 

20.58 
20.26 
21.02 
20.62 

26091 
26208 
25725 
26008 

163.6 
156.7 
160.1 
160.1 

87.6 
88.2 
87.6 
87.8 

7.19 
7.34 
7.10 
7.21 

2420 
2422 
2424 

Egg-135-55 
Egrg-135-55 
Egg-135-55 

Average 

2.90 
2.86 
2.92 
2.89 

19.83 
19.40 
19.63 
19.62 

1991.6 
2001.4 
2003.4 
1998.8 

3.19 
3.17 
3.23 
3.20 

21.79 
21.46 
21.75 
21.67 

31922 
32123 
32256 
32100 

197.1 
212.9 
216.6 
208.9 

91.0 
90.4 
90.2 
90.5 

6.04 
6.03 
5.96 
6.01 

2417 
2418 
2419 

Lump-100-33 
Lump- 100-33 
Lumi)-100-33 

Average 

2.34 
2.37 
2.48 
2.40 

17.92 
17.73 
18.31 
17.99 

1160.7 
1168.6 
1162.2 
1163.8 

2.67 

2.70 

'   2.81 

2.73 

20.43 
20.17 
20.81 
20.47 

26257 
26257 
26116 
26210 

162.5 
161.0 
155.8 
159.8 

87.7 
87.9 
88.0 
87.9 

7.31 
7.22 
7.05 
7.19 

2425 
2427 
2428 
2442 

Lump-135-55 
Lump-135-55 
Lump-135-55 
Lump-135-55 

Average 

3.13 
3.32 
3.20 
3.14 
3.20 

19.61 
19.68 
19.95 
20.24 
19.87 

1957.8 
1919.6 
1963.8 
1989.6 
1957.7 

3.52 
3.76 
3.59 
3.45 
3.58 

22.05 
22.24 
22.35 
22.34 
22.25 

32076 
31554 
31869 
32339 
31960 

243.6 
250.1 
236.7 
208.9 
234.8 

88.9 
88.5 
89.2 
90.5 
89.3 

5.47 
5.23 
5.44 
5.68 
5.46 

2430 
2434 
2435 

2  in.  S.-100-33 
2  in.  S.-100-33 
2  in.  S.-100-33 
Average 

2.58 
2.59 
2.61 
2.59 

18.02 
18.00 
18.25 
18.09 

1160.7 
1152.2 
1179.1 
1164.0 

2.90 
2.96 
3.02 
2.36 

20.26 
20.53 
21.13 
20.64. 

25743 
26342 
26932 
26339 

144.2 
162.3 
186.1 
164.2 

89.0 
87.7 
86.4 
87.7 

6.88 
6.74 
6.63 
6.75 

2436 
2437 

2  in.  S.-135-55 
2  in.  S.-135-55 
Average 

3.64 
3.53 
3.59 

19.86 
19.33 
19.60 

1905.6 
1980.4 
1943.0 

4.07 
3.99 
4.03 

22.16 
21.90 
22.03 

31207 
32780 
31994 

220.7 
263.1 
241.9 

89.6 
88.3 
89.0 

4.90 
5.05 
4.98 

2431 
2432 
2433 

li  in.  S.-100-33 

li  in.  S.-100-33 

li  in.  S.-100-33 

Average 

2.92 
2.81 
2.93 
2.89 

18.32 
18.22 
18.71 
18.42 

1133.4 
1161.6 
1141.0 
1145.3 

3.42 
3.26 
3.36 
3.35 

21.50 
21.06 
21.48 
21.35 

26213 
26498 
25937 
26216 

196.5 
181.5 
169.2 
182.4 

85.2 
86.5 
87.1 
86.3 

5.77 
6.18 
5.92 
5.96 

2440 
2441 

li  in.  S.-135-55 

U  in.  S.-135-55 

Average 

3.79 
3.63 
3.71 

19.29 
19.48 
19.39 

1977.2 
2006.7 
1992.0 

4.25 
4.04 
4.15 

21.62 
21.67 
21.65 

32568 
32682 
32625 

238.4 
224.9 
231.7 

89.2 
89.9 
89.6 

4.73 
5.05 
4.89 
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Table  24 
Ajstalysis  of  Ash  and  Stack  Cinders 


Laboratory 
Designation 

Analysis  of  Ash 

Analysis  of  Stack  Cinders 

Test 

NUM- 
BBB 

Fixed 

Carbon, 

Per 

Cent 

Vola- 
tile 
Matter, 
Per 
Cent 

Ash, 
Per 
Cent 

Mois- 
ture, 
Per 
Cent 

Fixed 

Carbon, 

Per 

Cent 

Vola- 
tile 
Matter, 
Per 
Cent 

Ash, 
Per 
Cent 

Mois- 
ture, 
Per 
Cent 

Code  Item  1^" 

«32 

833 

847 

848 

2400 
2401 
2402 

M.  R.-100-33 
M.  R.-100-33 
M.  R.-100-33 

Average 

19.92 
18.30 
15.42 
17.88 

4.63 
2.75 
3.16 
3.51 

74.11 
78.85 
81.07 
78.01 

1.34 
0.10 
0.35 
0.60 

53.88 
55.49 
55.47 
54.95 

4.87 
4.28 
4.05 
4.40 

40.27 
39.48 
39.78 
39.84 

0.98 
0.75 
0.70 
0.81 

2405 
2406 
2429 

M.  R.-135-55 
M.  R.-135-55 
M.  R.-135-55 

Average 

24.48 
25.34 
27.83 
25.88 

3.34 
2.11 
3.35 
2.93 

71.92 
71.77 
67.97 
70.55 

0.26 
0.78 
0.85 
0.63 

73.75 
73.86 
72.91 
73.51 

4.08 
2.91 
3.37 
3.45 

21.98 
22.80 
23.47 
22.75 

0.19 
0.43 
0.25 
0.29 

2408 
2409 
2410 
2426 

Nut-100-33 
Nut-100-33 
Nut-100-33 
Nut-100-33 

Average 

16.64 
21.25 
14.03 
13.65 
16.39 

2.26 
2.50 
2.08 
1.70 
2.14 

76.82 
73.68 
82.56 
77.29 
77.59 

4.28 
2.57 
1.33 
7.36 
3.89 

51.75 
48.87 
52.04 
56.35 
52.25 

4.73 
4.47 
5.57 
3.55 
4.58 

42.27 
42.69 
40.94 
39.08 
41.25 

1.25 
3.97 
1.45 
1.02 
1.92 

2412 
2413 
2414 

Nut-135-55 
Nut-135-5o 
Nut-135-55 

Average 

21.86 
21.35 
22.43 
21.88 

1.50 
1.83 
1.45 
1.59 

76.39 
75.32 
75.92 
75.88 

0.25 
1.50 
0.20 
0.65 

74.99 
73.36 
71.77 
73.37 

1.87 
2.15 
2.80 
2.27 

23.02 
24.37 
25.39 
24.26 

0.12 
0.12 
0.04 
0.09 

2415 
2416 
2423 

Egg-100-33 
Egg-100-33 
Egg-100-33 

Average 

19.88 
21.28 
24.21 
21.79 

2.51 
2.62 
2.70 
2.61 

77.26 
73.93 
72.38 
74.52 

0.35 
2.17 
0.71 
1.08 

51.03 
52.30 
55.04 
52.79 

4.10 
4.33 
3.94 
4.12 

44.84 
43.00 
39.13 
42.32 

0.03 
0.37 
1.89 
0.76 

2420 
2422 
2424 

Egg-135-55 
Egg-135-55 
Egg-135-55 

Average 

31.55 
22.16 
28.48 
27.40 

2.00 
1.32 
2.27 
1.86 

66.23 
76.26 
69.20 
70.56 

0.22 
0.26 
0.05 
0.18 

74.44 
77.32 
71.82 
74.53 

2.67 
2.04 
3.31 
2.67 

22.78 
20.60 
24.70 
22.69 

0.11 
0.04 
0.17 
0.11 

2417 
2418 
2419 

Lump-100-33 
Lump-100-33 
Lump-100-33 

Average 

22.39 
21.64 
21.31 
21.78 

1.95 
4.14 
2.88 
2.99 

75.55 
72.54 
74.06 
74.05 

0.11 
1.68 
1.75 
1.18 

48,94 
48.27 
44.59 
47.27 

5.02 
4.88 
5.11 
5.00 

45.49 
46.26 
48.59 
46.78 

0.55 
0.59 
1.71 
0.95 

2425 

2427 

2428 
2442 

Lump-135-55 
Lunip-135-55 
Lump-135-55 
Lump-135-55 

Average 

22.45 
32.52 
28.99 
29.61 
28.39 

2.39 
1.42 
1.38 
2.38 
1.89 

67.76 
65.98 
69.58 
66.77 
67.52 

7.40 
0.08 
0.05 
1.24 
2.19 

73.00 
73.56 
73.61 
69.58 
72.44 

2.84 
2.88 
2.26 
3.22 
2.80 

24.05 
23.28 
23.93 
26.92 
24.55 

0.11 
0.28 
0.20 
0.28 
0.22 

2430 
2434 
2435 

2  in.  S.-100-33 
2  in.  S.-100-33 
2  in.  S.-100-33 
Average 

20.33 
19  .-71 
19.30 
19.78 

5.64 
6.52 
6.69 
6.28 

65.86  i       8.17 
71.22  j       2.55 
57.81  !     16.20 
64.96  I       8.97 

61.08 
61.57 
58.19 
60.28 

5.43 
5.85 
6.24 
5.84 

32.37 
31.75 
34.14 
32.75 

1.12 
0.83 
1.43 
1.13 

2436 
2437 

2  in.  S.-135-55 
2  in.  S.-135-55 
Average 

26.39 
23.16 
24.78 

4.31 
5.26 
4.79 

68.14 
70.09 
69.12 

1.16 
1.49 
1.33 

66.06 
63.32 
64.69 

8.14 
13.67 
10.91 

25.64 
19.88 
22.76 

0.16 
3.13 
1.65 

2431 
2432 
2433 

liin.  S.-100-33 

liin.  S.-100-33 

liin.  S.-100-33 

Average 

21.38 
21.66 
23.01 
22.02 

7.66 

10.17 

7.04 

8.29 

69.41 
61.67 
67.85 
66.31 

1.55 
6.50 
2.10 
3.38 

65.98 
63.95 
69.86 
66.60 

7.13 
7.06 
5.90 
6.70 

26.44 
28.48 
23.75 
26.22 

0.45 
0.51 
0.49 
0.48 

2440 
2441 

liin.  S.-135-55 

liin.  S.-135-55 

Average 

21.23 
24.50 
22.87 

5.89 
7.09 
6.49 

69.56 
66.24 
67.90 

3.32 
2.17 
2.75 

67.35 
69.57 
68.46 

8.54 
8.47 
8.51 

23.87 
21.50 
22.69 

0.24 
0.46 
0.35 
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Table  25 
Heat  Balance  — British  Thermal  Units 


Laboratory 
Designation 

B.t.u. 
Ab- 
sorbed 

by 
Boiler 
per  lb. 

of 
Coal 

as 
Fired 

B.t.u.   Loss  PER  Pound  of  Coal  as  Fired 

Test 

Num- 
ber 

Due 

to 
Mois- 
ture 

in 
Coal 

Due 
to 
Mois- 
ture 
in 
Air 

Due 

to 
Hy- 
dro- 
gen 

in 
Coal 

Due 

to 
Es- 
cap- 
ing 
Gases 

Due  to  Incomplete 
Combustion 

Due 

to 
Com- 
bus- 
tible 

in 
Stack 
Cin- 
ders 

Due 

to 
Com- 
bus- 
tible 

in 
Ash 

Due 

to 
Radi- 

CO 

«2 

CH 

ation, 
and 
Unac- 
count- 
ed 
for 

Code  j^==. 
Item  "^^^ 

851 

852 

853 

854 

855 

858 

860 

869 

2400 
2401 
2402 

M.  R.-100-33 

M.  R.-100-33 

M.  R.-100-33 

Average 

9173 
8988 
8969 
9043 

102 

99 

102 

101 

42 
41 
52 
45 

483 
487 
482 
484 

1419 
1408 
1331 
1386 

49 

76 

107 

77 

11 

5 
0 
5 

8 

5 

23 

12 

265 
254 
267 
262 

103 

209 

93 

135 

275 
421 
460 
385 

2405 
2406 
2429 

M.  R.-135-55 

M.  R.-135-55 

M.  R.-135-55 

Average 

7531 
7949 
7686 
7722 

109 
108 
112 
110 

25 
24 
13 
21 

487 
506 
498 
497 

1239 
1286 
1342 
1289 

222 
416 
120 
253 

35 

8 

14 

19 

78 
24 
40 
47 

1067 
934 
973 
991 

246 
263 
307 
272 

714 
358 
701 
591 

2408 
2409 
2410 
2426 

Nut-]  00-33 
Nut-100-33 
Nut-100-33 
Nut-100-33 
Average 

8775 
8969 
8706 
8794 
8811 

112 
114 
110 
99 
109 

23 
24 
24 
18 
42 

503 
498 
497 
499 
499 

1505 
1430 
1367 
1355 
1414 

204 
214 
168 
189 
194 

33 
20 
27 
39 
30 

51 
74 
47 
46 
55 

146 
164 
174 
250 
184 

113 
156 
1.53 
96 
130 

539 
292 
646 
608 
521 

2412 
2413 
2414 

Nut-135-55 
Nut-135-55 
Nut-135-55 
Average 

8065 
8114 
8007 
8062 

117 
119 
118 
118 

17 
16 
21 
18 

475 
471 
504 
483 

1199 
1336 
1384 
1306 

568 
241 
258 
356 

66 

106 

63 

78 

230 

234 

50 

171 

633 
619 
598 
617 

190 
104 
212 
169 

358 
630 
707 
565 

2415 
2416 
2423 

Egg-100-33 
Egg-100-33 
Egg-100-33 
Average 

9066 
8949 
9105 
9040 

109 
117 
115 
114 

36 
35 
18 
30 

506 
512 
521 
513 

1526 
1564 
1437 
1509 

108 
66 
90 
88 

16 
0 
5 
7 

47 

0 

15 

21 

184 
178 
173 
178 

184 
195 
180 
186 

362 
301 
440 
368 

2420 
2422 
2424 

Egg-135-55 
Egg-135-55 
Egg-135-55 
Average 

8123 
8026 
8026 
8058 

114 
116 
117 
116 

22 
25 
20 
22 

520 
526 
527 
524 

1259 
1355 
1324 
1313 

178 
157 
173 
169 

14 
44 
23 
27 

31 

49 
48 
43 

777 
759 
807 
781 

349 
219 
319 
296 

656 
899 
665 
740 

2417 
2418 
2419 

Lump  -100-33 

Lump  -100-33 

Lump  -100-33 

Average 

8949 
8677 
8609 
8745 

120 
127 
128 
125 

29 
29 
27 
28 

486 
482 
493 
487 

1519 
1480 
1411 
1470 

59 
52 
82 
64 

0 
3 
7 
3 

13 

3 

15 

10 

160 
146 
166 
157 

256 
266 
305 
276 

236 
529 
358 
374 

2425 
2427 
2428 
2442 

Lump -135-55 
Lump -135-55 
Lump -135-55 
Lump -135-55 
Average 

7414 
6938 
7366 
7696 
7354 

115 
121 
124 
120 
120 

16 
12 
13 
10 
13 

489 
499 
493 
502 
496 

1309 
1115 
1274 
1305 
1251 

266 
530 
311 
127 
309 

54 
12 
51 
15 
33 

131 
21 
67 
38 
64 

794 
831 
734 
810 
792 

92 
558 
307 
391 
337 

1382 
1139 
1113 
792 
1107 

2430 
2434 
2435 

2  in.  S.-100-33 

2in.  S.-100-33 

2in.S.-100-33 

Average 

8143 
8133 
8182 
8153 

122 
121 
115 
119 

13 
15 
11 
13 

500 
513 
512 
508 

1252 
1303 
1283 
1279 

141 

70 

124 

112 

24 
2 
4 

10 

57 

18 

0 

25 

776 
847 
858 
827 

143 
180 
118 
147 

372 
378 
357 
369 

2436 
2437 

2in.S.-135-56 

2in.S.-135-55 

Average 

6520 
6578 
6549 

124 
122 
123 

11 

9 

10 

520 
514 
517 

1357 
1150 
1254 

195 
212 
204 

29 
45 
37 

88 
58 
73 

1396 
1642 
1519 

221 
193 
207 

1131 

946 

1039 

2431 

2432 
2433 

Uin.S.-100-33 

Uin.S.-100-33 

Uin.S.-100-33 

Average 

7443 
7628 
7511 
7527 

107 
111 
110 
109 

21 
25 
19 
22 

513 
492 
502 
502 

1160 
1180 
1252 
1197 

136 

97 

100 

111 

0 

6 

22 

9 

0 

9 

18 

9 

1408 
1337 
1167 
1304 

203 
190 
204 
199 

860 
468 
793 
707 

2440 
2441 

liin.S.-135-55 

Uin.S.-135-55 

Average 

6034 
6316 
6175 

122 
144 
133 

8 
8 
8 

451 
480 
466 

1082 
1082 
1082 

424 
231 
328 

98 
54 
76 

423 
129 
276 

1762 
1780 
1771 

203 
"147 
175 

934 
780 
857 
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Table  26 
Heat  Balance  — Percentage 


Laboratory 
Designation 

Peb  Cent  of  Heat  of  Coal  as  Febed 

Test 
Num- 
ber 

Ab- 
sorbed 

by 
Boiler 

To 
Mois- 
ture 
in 
Coal 

To 
Mois- 
ture 
in 
Air 

To 
Hy- 
dro- 
gen 

in 
Coal 

To 

Es- 
cap- 
ing 
Gases 

To  Incomplete 
Combustion 

To 
Com- 
bus- 
tible 

in 
Stack 
Cin- 
ders 

To 
Com- 
bus- 
tible 

in 

Ash 

To 
Radi- 
ation 
and 
Unac- 
count- 
ed 
for 

CO 

H 

2 

CH 

4 

Code  ^=» 
'Item  *^ 

881 

882 

883 

884 

885 

888 

890 

899 

2400 
2401 
2402 

M.  R.-100-33 

M.  R.-100-33 

M.  R.-100-33 

Average 

76.9 
75.0 
75.5 
75.8 

0.9 
0.8 
0.9 
0.9 

0.4 
0.3 
0.4 
0.4 

4.0 
4.1 
4.1 
4.1 

11.9 
11.7 
11.2 
11.6 

0.4 
0.6 
0.9 
0.6 

0.1 

0.0 
0.0 
0.0 

0.1 
0.0 
0.2 
0.1 

2.2 
2.1 
2.2 
2.2 

0.9 
1.7 
0.8 
1.1 

2.2 
3.7 
3.8 
3.2 

2405 
2406 
2429 

M.  R.-135-55 

M.  R.-135-55 

M.  R.-135-55 

Average 

64.1 
66.9 
65.1 
65.4 

0.9 
0.9 
1.0 
0.9 

0.2 
0.2 
0.1 
0.2 

4.1 
4.3 
4.2 
4.2 

10.5 
10.8 
11.4 
10.9 

1.9 
3.5 
1.0 
2.1 

0.3 
0.1 
0.1 
0.2 

0.7 
0.2 
0.3 
0.4 

9.1 
7.9 
8.2 
8.4 

2.1 
2.2 
2.6 
2.3 

6.1 
3.0 
6.0 
5.0 

2408 
2409 
2410 
2426 

Nut-100-33 
Nut-100-33 
Nut-100-33 
Nut-100-33 
Average 

73.1 
75.0 
73.1 
73.3 
73.6 

0.9 
1.0 
0.9 
0.8 
0.9 

0.2 
0.2 
0.2 
0.1 
0.2 

4.2 
4.2 
4.2 
4.2 
4.2 

12.5 
12.0 
11.5 
11.3 
11.8 

1.7 
1.8 
1.4 
1.6 
1.6 

0.3 
0.2 
0.2 
0.3 
0.3 

0.4 
0.6 
0.4 
0.4 
0.5 

1.2 
1.4 
1.5 
2.1 
1.6 

0.9 
1.3 
1.3 
0.8 
1.1 

4.6 
2.3 
5.3 
5.1 
4.3 

2412 
2413 
2414 

Nut-135-56 
Nut-135-55 
Nut-135-55 
Average 

67.7 
67.7 
67.2 
67.5 

1.0 
1.0 
1.0 
1.0 

0.1 
0.1 
0.2 
0.1 

4.0 
3.9 
4.2 
4.0 

10.1 
11.1 
11.6 
10.9 

4.8 
2.0 
2.2 
3.0 

0.6 
0.9 
0.5 
0.7 

1.9 
2.0 
0.4 
1.4 

5.3 
5.2 
6.0 
5.2 

1.6 
0.9 
1.8 
1.4 

2.9 
6.2 
5.9 
4.7 

2415 
2416 
2423 

Egg-100-33 
Egg-100-33 
Egg-100-33 
Average 

74.7 
75.1 
75.3 
75.0 

0.9 
1.0 
1.0 
1.0 

0.3 
0.3 
0.2 
0.3 

4.2 
4.3 
4.3 
4.3 

12.6 
13.1 
11.9 
12.5 

0.9 
0.6 
0.7 
0.7 

0.1 
0.0 
0.0 
0.0 

0.4 
0.0 
0.1 
0.2 

1.6 
1.5 
1.4 
1.5 

1.5 
1.6 
1.5 
1.5 

2.9 
2.5 
3.6 
3.0 

2420 
2422 
2424 

Egg-135-55 
Egg-135-55 
Egg-135-55 
Average 

67.5 
65.9 
66.6 
66.7 

1.0 
1.0 
1.0 
1.0 

0.2 
0.2 
0.2 
0.2 

4.3 
4.3 
4.4 
4,3 

10.4 
11.1 
11.0 
10.8 

1.5 
1.3 
1.4 
1.4 

0.1 
0.4 
0.2 
0.2 

0.3 
0.4 
0.4 
0.4 

6.5 
6.2 
6.7 
6.5 

2.9 
1.8 
2.7 
2.5 

6.3 
7.4 
5.4 
6.0 

2417 
2418 
2419 

Lump  -100-33 

Lump  -100-33 

Lump  -100-33 

Average 

75.7 
73.6 
74.2 
74.5 

1.0 

1.1 
1.1 
1.1 

0.2 
0.2 
0.2 
0.2 

4.1 
4.1 
4.2 
4.1 

12.8 
12.6 
12.2 
12.5 

0.5 
0.4 
0.7 
0.5 

0.0 
0.0 
0.1 
0.0 

0.1 
0.0 
0.1 
0.1 

1.4 
1.2 
1.4 
1.3 

2.2 
2.3 
2.6 
2.4 

2.0 
4.6 
3,2 
3.3 

2425 
2427 
2428 
2442 

Lump -135-55 
Lump -135-55 
Lump -135-56 
Lump -135-55 
Average 

61.5 
58.9 
62.1 
63.2 
61.9 

1.0 
1.0 
1.0 
1.0 
1.0 

0.1 
0.1 
0.1 
0.1 
0.1 

4.1 
4.2 
4.2 
4.3 
4.2 

10.9 
9.5 
10.8 
11.0 
10.6 

2.2 
4.5 
2.6 
1.1 
2.6 

0.5 
0.1 
0.4 
0.1 
0.3 

1.1 

0.2 
0.6 
0.3 
0.6 

6.6 
7.1 
6.2 
6.9 
6.7 

0.8 
4.7 
2.6 
3.3 
2.9 

11.2 
9.7 
9.4 
6.7 
S.3 

2430 
2434 
2435 

2in.S.-100-33 

2in.S.-100-33 

2in.S.-100-33 

Average 

70.6 
70.2 
70.8 
70.5 

1.1 
1.1 

1.0 

1.1 

0.1 
0.1 
0.1 
0.1 

4.3 
4.4 
4.4 
4.4 

10.8 
11.3 
11.1 
11.1 

1.2 
0.6 
1.1 
1.0 

0.2 
0.0 
0.0 
0.1 

0.5 
0.2 
0.0 
0.2 

6.7 
7.3 
7.4 
7.1 

1.2 
1.6 
1.0 
1.3 

3.3 
3.2 
3.1 
3.2 

2436 
2437 

2in.S.-135-55 

2in.S.-135-55 

Average 

56.3 
57.4 
56.9 

1.1 
1.1 
1.1 

0.1 
0.1 
0.1 

4.5 
4.5 
4.5 

11.7 
10.0 
10.9 

1.7 
1.9 
1.8 

0.3 
0.4 
0.4 

0.8 
0.5 
0.7 

12.1 
14.3 
13.2 

1.9 
1.7 
1.8 

9.6 
8.1 
8.8 

2431 
2432 
2433 

Uin.S.-100.33 

liin.S.-100-33 

liin.S.-100-33 

Average 

62.8 
66.1 
64.2 
64.4 

0.9 
1.0 
0.9 
0.9 

0.2 
0.2 
0.2 
0.2 

4.3 
4.3 
4.3 
4.3 

9.8 
10.2 
10.7 
10.2 

1.2 
0.8 
0.9 
1.0 

0.0 
0.1 
0.2 
0.1 

0.0 
0.1 
0.2 
0.1 

11.9 
11.6 
10.0 
11.2 

1.7 
1.7 
1.8 
1.7 

7.2 
3.9 
6.6 
5.9 

2440 
2441 

Uin.S.-135-55 

liin.S.-135-55 

Average 

52.3 
56.6 
54.5 

1.1 
1.3 
1.2 

0.1 
0.1 
0.1 

3.9 
4.3 
4.1 

9.4 
9.7 
9.6 

3.7 
2.1 
2.9 

0.9 
0.5 
0.7 

3.7 
1.2 
2.5 

15.3 
16.0 
15.7 

1.8 
1.3 
1.6 

7.8 
6.9 
7.4 
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Fig.  29.     Graphical  Log  for  Medium  Eate  Test  No.  2416 
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APPENDIX  IV 

Cylinder  Perfoemance 
The  main  purpose  of  the  tests  entailed  the  definition  of  the  boiler 
performance  at  only  two  rates  of  evaporation.  This  necessitated  tests 
under  only  two  conditions  of  speed  and  cut-off,  which  presented  but 
little  opportunity  to  gather  data  concerning  the  performance  of  the 
cylinders.  Indicator  cards  were  taken  during  all  tests,  under  these 
conditions;  but  it  proved  impracticable  to  hold  the  locomotive  for 
the  determination  of  cylinder  performance  at  other  speeds  and  cut- 
offs, as  had  been  originally  intended.  The  available  facts  concerning 
cylinder  performance  are  presented  in  detail  for  each  of  the  tests 
in  Tables  17,  21  and  22  of  Appendix  III,  and  their  average  values 
at  both  combinations  of  speed  and  cut-off  are  stated  in  the  following 
sections.  Representative  indicator  cards  are  reproduced  in  Fig.  31, 
and  the  data  relating  to  them  appear  in  Table  27. 

32,  Medium  Rate  Tests. — All  medium  rate  tests  were  run  with 
the  reverse-lever  in  the  second  notch  from  the  center  of  the  quadrant, 
giving  a  cut-off  of  about  33  per  cent.  The  speed  was  maintained 
as  nearly  as  possible  at  100  revolutions  per  minute,  which  is  equiva- 
lent to  19.0  miles  per  hour  on  the  road. 

The  average  indicated  horse  power  was  1305.  It  varied  from 
1224  to  1365. 

The  average  drawbar  pull  was  22640  pounds.  The  average  indi- 
cated horse  power  consumed  in  machine  friction  was  160. 

The  steam  consumed  per  indicated  horse  power  per  hour  varied 
from  a  minimum  of  17.73  pounds  to  a  maximum  of  18.74  pounds; 
and  the  average  for  all  medium  rate  tests  was  18.18  pounds. 

33.  High  Rate  Tests. — All  high  rate  tests  were  run  with  the 
reverse-lever  in  the  sixth  notch  from  the  center,  giving  a  cut-off  of 
about  55  per  cent.  The  speed  was  maintained  as  nearly  as  possible 
at  135  revolutions  per  minute,  which  is  equivalent  to  25.7  miles  per 
hour. 

The  average  indicated  horse  power  was  2196.  It  varied  from  2126 
to  2243. 

The  average  drawbar  pull  was  28826  pounds.  The  average  indi- 
cated horse  power  consumed  in  machine  friction  was  223. 

The  steam  consumed  per  indicated  horse  power  per  hour  varied 
from  a  minimum  of  19.00  pounds  to  a  maximum  of  20.24  pounds; 
the  average  for  all  high  rate  tests  was  19.58  pounds. 
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34.  Variations  in  Power. — Despite  the  fact  that  both  the  reverse- 
lever  position  and  the  speed  were  maintained  constant  during  all 
medium  rate  and  during  all  high  rate  tests,  there  was  during  the 
progress  of  the  work  considerable  variation  in  indicated  horse  power  in 
both  groups.  In  general  the  power  increased  as  time  went  on.  An 
almost  identical  variation  occurs  in  the  areas  of  the  indicator  cards. 
Neither  the  variations  in  water  rate  nor  in  superheat  offer  an  adequate 
explanation  for  these  facts.  It  is  assumed  that  they  are  due  chiefly 
to  changes  in  steam  distribution  brought  about  by  wear  in  the  valve 
gear. 


Fig.  31,    Eepresentative  Indicator  Diagrams  for  Both  the  Medium 
AND  the  High  Eate  Tests 


Table  27 
Information  Concerning  the  Indicator  Diagrams  Shown  in  Fig.  37 


Laboratory 
Designation 

Diagram 

No. 

Right  or 
Left  Side 

Head  or 
Crank  End 

Average 

Cut-off 

for 

Test 

Per  Cent 

Average  Speed  for  Test 

Test 
Num- 
ber 

Miles  per 
Hour 

Revolutions 
per  Minute 

2416 
2416 
2416 
2416 

Egg-100-33 
Egg-100-33 
Egg-100-33 
Egg-100-33 

1 
2 
3 
4 

R 
R 
L 
L 

H 
C 
H 
C 

31.0 
33.8 
36.0 
32.3 

18.94 
18.94 
18.94 
18.94 

99.5 
99.5 
99.5 
99.5 

2405 
2405 
2405 
2405 

M.  R.-135-55 
M.  R.-135-55 
M.  R.-135-55 
M.  R.-135-55 

5 
6 

7 
8 

R 
R 
L 
L 

H 
C 
H 
C 

49.9 
58.8 
55.0 
53.4 

25.47 
25.47 
25.47 
25.47 

133.8 
133.8 
133.8 
133.8 
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APPENDIX  V 

Comparison  of  Long  and  Short  Tests 

In  connection  with  this  series  of  tests,  the  question  arose  as  to  the 
desirability  or  necessity  of  running  tests  of  such  a  length  that  the 
amount  of  coal  burned  would  be  about  the  same  as  a  freight  locomo- 
tive would  burn  in  making  a  trip  over  an  ordinary  railroad  division. 
This  included  questions  such  as  that  concerning  the  relative  reliability 
of  short  tests  burning  from  4  to  6  tons  of  coal,  and  of  longer  tests 
burning  from  10  to  12  tons ;  and  that  of  the  relative  performance 
during  the  first,  middle  and  last  parts  of  a  test  burning  10  or  12  tons 
of  coal. 

In  order  to  determine  to  some  extent  the  difference  in  boiler  per- 
formance which  might  occur  during  short  and  long  tests  and  during 
different  parts  of  a  test,  the  observations  were  so  taken  that  the  exact 
amount  of  water  evaporated  by  the  boiler  could  be  determined  for 
intervals  corresponding  to  the  firing  of  each  2000  pounds  of  coal  dur- 
ing the  medium  rate  tests,  and  corresponding  to  the  firing  of  each 
4000  pounds  of  coal  during  the  high  rate  tests. 

For  the  purpose  of  making  comparisons,  six  tests — three  at  the 
medium  rate  and  three  at  the  high  rate — ^have  been  selected  and 
divided  into  shorter  tests.  From  8%  to  lOi^  tons  of  coal  were  burned 
during  each  of  these  six  tests.  The  test  data  for  each  entire  test  were 
divided  into  three  parts,  resulting  in  data  for  eighteen  comparatively 
short  tests  together  with  the  data  for  the  six  original  tests.  With  the 
data  and  results  of  the  24  tests  thus  obtained  it  is  possible  to  make 
the  following  comparisons:  First,  between  long  and  short  tests; 
second,  between  the  first,  middle  and  last  portions  of  a  given  test; 
and  third,  between  the  different  portions  and  the  entire  test. 

Table  28  presents  the  significant  data  and  results  for  the  24  tests. 
Six  groups  of  four  tests  each  appear  in  the  table.  In  each  group  sec- 
tions a,  h  and  c  present,  respectively  the  first,  middle,  and  last  portion 
of  the  entire  test,  developed  as  separate  and  distinct  units.  Immedi- 
ately following  the  data  for  these  three  portions  appear  the  corre- 
sponding results  for  the  entire  test. 

The  length  of  the  different  tests  is  shown  in  Columns  3,  4,  5  and  6 
of  Table  28.  The  entire  medium  rate  tests  were  approximately  6 
hours  long  and  the  entire  high  rate  tests  3  hours  long.     The  divided 
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tests  varied  in  length  from  about  one-half  hour  to  two  and  one-half 
hours.  From  224  to  271  pounds  of  coal  were  burned  per  square  foot 
of  grate  during  each  entire  test  while  for  the  divided  tests  the  corre- 
sponding amounts  vary  from  52  to  115  pounds  of  coal  per  square  foot 
of  grate.  The  equivalent  evaporation  per  square  foot  of  heating  sur- 
face varied  for  the  entire  tests  from  33  to  40  pounds  and  for  the 
divided  tests  from  6  to  16  pounds.  At  the  University  of  Illinois  loco- 
motive laboratory  about  150  pounds  of  coal  burned  per  square  foot 
of  grate,  or  from  15  to  20  pounds  of  equivalent  evaporation  per  square 
foot  of  heating  surface,  have  been  considered  as  sufficient  to  avoid  any 
serious  errors  in  test  results  arising  from  inaccuracies  in  coal  and 
water  measurements. 

Table  28 

Test  Conditions  and  Principal  Results  for  Six  Tests,  which  have 

BEEN  Divided  into  Three  Tests  Each 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

Length  of  Test 

Pressure 

Temperature 

lb.  per  sq.  in. 

Degrees  F. 

Dry 

Equiv- 

Coal 

alent 

Test 

of 

Burned 

Evapo- 

Speed 

Number 

per 

ration 

m 

Rate 

Min- 

Sq. Ft. 

per 

Miles 

AND 

utes 

Hours 

of 

Sq.  Ft. 

per 

Boiler 

Branch- 

Front- 

Fire- 

Size 

Test 

G.-ate 

During 

the 

Test 

lb. 

ofH.S. 

During 

the 

Test 

lb. 

Hour 

Gauge 

pipe 
Gauge 

end 

pipe 

box 

Code  Ite 

m  1^~ 

345 

353 

380 

383 

367 

370 

374 

2401 

a 

114 

1.90 

79.2 

12.0 

18.9 

190.0 

172 

539 

566 

1774 

Medium 

b 

151 

2.52 

105.6 

16.4 

19.0 

190.0 

172 

533 

564 

1835 

Mine 

c 

112 

1.87 

79,2 

11.3 

18.8 

190.3 

172 

532 

566 

1907 

Run 

Entire 

377 

6.28 

264.1 

39.7 

18.9 

190.0 

172 

535 

566 

1835 

2402 

a 

107 

1.78 

79.0 

11.7 

19.1 

190.4 

176 

537 

565 

1772 

Medium 

b 

115 

1.92 

79.0 

12.4 

18.9 

190.1 

172 

542 

563 

1847 

Mine 

c 

90 

1.50 

65.9 

9.6 

18.9 

190.1 

173 

537 

565 

1825 

Run 

Entire 

312 

5.20 

223.9 

33.7 

19.0 

190.2 

174 

539 

564 

1812 

2416 

a 

106 

1.77 

78.1 

12.0 

19.0 

189.3 

180 

541 

574 

1852 

Medium 

b 

141 

2.35 

104.1 

15.7 

18.8 

189.5 

180 

536 

572 

1759 

3"  X  6" 

c 

103 

1.72 

76.9 

11.7 

19.0 

189.5 

180 

544 

577 

1794 

Egg 

Entire 

350 

5.83 

259.1 

39.4 

18.9 

189.5 

180 

540 

574 

1801 

2405 

a 

69 

1.15 

105.2 

14.0 

25.1 

189.1 

168 

628 

628 

2284 

High 

b 

31 

0.52 

52.6 

6.4 

25.2 

188.7 

169 

627 

628 

2238 

Mine 

c 

63 

1.05 

105.2 

12.9 

26.0 

185.9 

168 

625 

■    628 

2279 

Run 

Entire 

163 

.2.72 

262.9 

33.3 

25.5 

187.8 

168 

627 

628 

2271 

2406 

a 

72 

1.20 

105.3 

14.7 

25.6 

187.8 

167 

631 

629 

2257 

High 

b 

34 

0.57 

52.6 

7.0 

25.7 

188.5 

169 

632 

630 

2320 

Mine 

c 

55 

0.92 

87.2 

11.0 

25.7 

187.1 

168 

630 

634 

2467 

Run 

Entire 

161 

2.68 

245.1 

32.7 

25.6 

187.8 

167 

631 

631 

2334 

2413 

a 

72 

1.20 

104.3 

14.8 

25.7 

187.3 

168 

616 

628 

2227 

High 

b 

34 

0.57 

52.2 

7.3 

25.7 

186.5 

168 

615 

632 

2271 

2"x3"' 

c 

74 

1.23 

114.9 

15.2 

25.7 

187.3 

168 

602 

636 

2305 

Nut 

Entire 

180 

3.00 

271.3 

37.3 

25.7 

187.1 

168 

611 

632 

2267 
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Table  28  (Continued) 

Test  Conditions  and  Principal  Results  for  Six  Tests,  which  have 

BEEN  Divided  into  Three  Tests  Each 


1 

2 

13           14           15 

16 

17 

18      1      19            20 

21      1      22 

Section 

of 

Test 

or 

Entire 

Test 

Draft 
in.  of  Water 

Draw- 
bar 
Pull 
lb. 

De- 
grees 

of 
Super- 
heat 

Coal  as  Fired 
lb. 

Dry  Coal 
lb. 

Test 

Number 

Rate 

AND 

Size 

Front- 
end 
Front 

of 
Dia- 
phragm 

Fire- 
box 

Ash- 
pan 

Total 

Per 
Hour 

Per 

Hour 

per 

Sq.  ft. 

of 
Grate 
Surface 

Per 
Hour 

Per 
Hour 

per 
Sq.  ft. 

of 
Grate 
Surface 

Code  Item  J^^ 

394 

396 

397 

487 

409 

418 

626 

627 

2401 

Medium 

Mine 

Run 

a 

b 

c 

Entire 

2.7 
2.9 
2.8 
2.8 

1.3 
1.6 
1.6 
1.5 

0.2 
0.2 
0.2 
0.2 

21463 
21833 
21864 
21727 

190 
188 
190 
190 

6000 

8000 

6000 

20000 

3158 
3178 
3214 
3183 

45.2 
45.5 
46.1 
45.6 

2911 
2929 
2962 
2934 

41.7 
42.0 
42.4 
42.0 

2402 

Medium 

Mine 

Run 

a 

b 

c 

Entire 

2.9 
3.0 
3.0 
3.0 

1.4 
1.7 
1.7 
1.6 

0.2 
0.2 
0.2 
0.2 

21873 
21885 
21684 
21822 

187 
187 
189 
187 

6000 

6000 

5000 

17000 

3365 
3130 
3333 
3269 

48.2 
44.8 
47.8 
46.8 

3094 
2877 
3065 
3005 

44.3 
41.2 
43.9 
43.1 

2416 

Medium 

3'x6" 

Egg 

a 

b 

c 

Entire 

3.4 
3.6 
3.7 
3.6 

1.5 
1.8 
1.9 
1.7 

0.2 
0.2 
0.2 
0.2 

22782 
23262 
23231 
23115 

195 
193 
198 
195 

6000 

8000 

5915 

19915 

3396 
3404 
3445 
3414 

48.7 
48.8 
49.4 
48.9 

3084 
3092 
3129 
3101 

44.2 
44.3 
44.8 
44.4 

2405 
High 
Mine 
Run 

a 

b 

c 

Entire 

8.2 
8.5 
8.6 
8.4 

4.1 
4.3 
4.4 
4.2 

0.4 
0.4 
0.4 
0.4 

28879 
28708 
28687 
28771 

254 
253 
254 
254 

8000 

4000 

8000 

20000 

6957 
7737 
7619 
7361 

99.7 
110.9 
109.2 
105.5 

6382 
7099 
6990 
6753 

91.4 
101.7 
100.2 

96.8 

2406 
High 
Mme 
Rim 

a 

b 

c 

Entire 

8.6 
8.8 
8.7 
8.6 

4.2 
4.5 
4.1 
4.3 

0.4 
0.4 
0.4 
0.4 

28600 
29183 
28642 
28718 

255 
255 
260 
257 

8000 

4000 

6630 

18630 

6667 
7055 
7230 
6944 

95.5 
101.1 
103.6 

99.5 

6122 
6480 
6640 
6377 

87.7 
92.8 
95.1 
91.4 

2413 

High 

2"  X  3" 

Nut 

a 

b 

c 

Entire 

8.9 
9.2 
9.6 
9.2 

4.0 
4.4 
4.7 
4.4 

0.5 
0.5 
0.5 
0.5 

28791 
29407 
29294 
29100 

253 
257 
261 
258 

8000 

4000 

8811 

20811 

6667 
7055 
7146 
6937 

95.5 
101.1 
102.4 

99.4 

6067 
6420 
6503 
6313 

86.9 
92.0 
93.2 
90.4 

Examination  of  the  data  shows  that  test  conditions  with  regard  to 
speed,  pressures,  temperatures,  drafts,  drawbar  pull,  and  quality  of 
steam  wer«  very  uniform  as  between  the  first,  middle,  and  final  sections 
of  each  test,  with  the  single  exception  of  fire-box  temperature.  In 
general  the  temperature  in  the  fire-box  increased  somewhat  as  the  test 
proceeded. 

Columns  22  and  29  show,  respectively,  the  rate  of  combustion 
expressed  in  dry  coal  per  square  foot  of  grate  per  hour,  and  the  rate 
of  evaporation  expressed  in  equivalent  evaporation  per  square  foot  of 
heating  surface  per  hour.  During  the  medium  rate  tests  these  rates 
were  quite  uniform  through  the  3  sections  of  each  entire  test.  During 
the  high  rate  tests  the  rate  of  combustion  increased  as  each  test  pro- 
ceeded, the  greater  part  of  this  increase  occurring  during  the  first 
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Tablk  28  (Concluded) 

Test  Conditions  and  Principal  Results  for  Six  Tests,  which  have 

BEEN  Divided  into  Three  Tests  Each 


1 

2 

23 

24      1      25      1      26           27 

28      1      29      I      30     I      31 

32 

Section 

of 

Test 

or 

Entire 

Test 

QuaUty 

of 
Steam 

in 
Dome 

Superheated  Steam 
lb. 

Equivalent 

Evaporation 

lb. 

B.t.u. 

Ab- 
sorbed 

by 
Boiler 
per  lb. 

of 
Coal 

as 
Fired 

NuMBEB 

Rate 

AND 

Size 

Per 
Hour 

Per 
Sq.  ft. 

of 

Heating 

Surface 

per 

Hour 

Per 
Pound 

of 
Coal 

as 
Fired 

Per 

Pound 

of 

Dry 
Coal 

Per 
Hour 

Per 

Sq.  ft. 

of 

Heating 

Surface 

per 

Hour 

Per 

Pound 

of 

Dry 

Coal 

Boiler 
Effi- 
ciency 
Per 

Cent 

Code  Item  1^" 

407 

645 

648 

658 

666 

2401 

Medium 
Mine 
Run 

a 
b 
c 
Entire 

J. 9773 
0.9798 
0.9802 
0.9791 

22405 
22973 
21390 
22328 

4.81 
4.93 
4.59 
4.79 

7.09 
7.23 
6.66 
7.01 

7.70 
7.85 
7.23 
7.61 

29507 
30278 
28213 
29451 

6.33 
6.50 
6.05 
6.32 

10.14 

10.34 

9.53 

10.04 

9076 
9260 
8532 
8988 

75.68 
77.22 
71.14 
74.95 

2402 

Medium 

Mine 

Run 

a 

b 

c 

Entire 

0.9789 
0.9803 
0.9807 
0.9801 

23217 
22961 
22710 
22970 

4.98 
4.92 
4.87 
4.93 

6.90 
7.33 
6.82 
7.02 

7.51 
7.98 
7.41 
7.64 

30440 
30217 
29886 
30183 

6.53 
6.48 
6.41 
6.48 

9.84 
10.50 

9.75 
10.04 

8794 
9377 
8716 
8969 

73.99 
78.90 
73.34 
75.46 

2416 

Medium 

3"  X  6" 

Egg 

a 
b 
c 
Entire 

0.9888 
0.9883 
0.9886 
0.9885 

24037 
23557 
23952 
23788 

5.16 
5.05 
5.14 
5.11 

7.08 
6.92 
6.95 
6.97 

7.80 
7.62 
7.65 
7.67 

31729 
31143 
31736 
31448 

6.81 
6.68 
6.81 
6.75 

10.29 
10.07 
10.14 
10.14 

9076 
8891 
8949 
8949 

76.15 
74.60 
75.09 
75.09 

2405 
High 
Mine 
Run 

a 

b 

c 

Entire 

0.9612 
0.9622 
0.9660 
0.9628 

41962 
42155 
42176 
42176 

9.01 
9.09 
9.05 
9.05 

6.03 
5.48 
5.54 
5.73 

6.58 
5.96 
6.03 
6.24 

56649 
57306 
57107 
57022 

12.16 
12.30 
12.25 
12.24 

8.88 
8.07 
8.17 
8.44 

7910 
7200 
7288 
7531 

67.30 
61.27 
62.01 
64.08 

2406 
High 
Mine 
Run 

a 

b 

c 

Entire 

0.9579 
0.9607 
0.9549 
0.9574 

42309 
42321 
41200 
41946 

9.08 
9.08 
8.84 
9.00 

6.35 
6.00 
5.70 
6.04 

6.91 
6.53 
6.20 
6.58 

57201 
57345 
55909 
56795 

12.27 
12.31 
12.00 
12.19 

9.34 
8.85 
8.42 
8.91 

8337 
7900 
7498 
7949 

70.20 

m.52 

63.14 
66.93 

2413 
High 
2"  X  3" 
Nut 

a 
b 
c 
Entire 

0.9449 
0.9478 
0.9489 
0.9470 

42374 
44272 
42381 
42720 

9.09 
9.50 
9.09 
9.17 

6.36 
6.28 
5.93 
6.16 

6.98 
6.90 
6.52 
6.77 

57332 
60077 
57553 
57929 

12.30 
12.89 
12.35 
12.43 

9.45 
9.36 
8.85 
9.18 

8357 
8279 
7822 
8114 

69.70 
69.05 
65.24 
67.67 

section.  During  the  high  rate  tests  the  rate  of  evaporation  increased 
with  the  increasing  rate  of  combustion  during  the  first  part  of  the 
test,  but  decreased  during  the  latter  part.  This  indication  of  some- 
vsrhat  poorer  performance  during  the  latter  part  of  a  long  test  is  shown 
more  exactly  by  the  values  relating  to  efficiency. 

Columns  30,  31  and  32  show  the  efficiency  of  the  locomotive  boiler 
as  a  heat  transferring  device.  For  the  medium  rate  tests  the  results 
indicate  that  the  efficiency  during  the  first  and  middle  sections  of 
the  tests  was  higher  than  during  the  last  section.  For  two  out  of 
three  of  the  medium  rate  tests  the  middle  section  showed  a  materially 
higher  efficiency  than  either  the  first  or  last  sections.  For  the  high 
rate  tests  efficiency  decreased  in  general  from  the  first  to  the  last  sec- 
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tion  of  each  test,  showing  the  best  performance  during  the  first  part 
of  the  test  and  poorer  performance  as  the  test  proceeded. 

The  differences  in  performance  which  have  been  pointed  out  as 
existing  between  different  parts  of  a  long  test  are  in  general  small. 
Where  test  conditions  are  not  "unusual  and  are  under  control,  as  is  the 
case  in  a  testing  laboratory,  and  where  it  is  possible  to  maintain  uni- 
formly good  fire-box  conditions,  short  tests  should  give  almost  as  relia- 
ble and  almost  the  same  results  regarding  evaporative  performance 
and  efficiency  as  much  longer  tests. 

Boiler  efficiency  in  general  decreases  as  a  test  proceeds,  so  that, 
in  so  far  as  differences  in  efficiency  exist,  the  average  result  for  a 
long  test  would  be  lower  than  for  a  short  test  corresponding  to  the 
first  part  of  the  long  test,  and  higher  than  for  a  short  test  corre- 
sponding to  the  last  part  of  the  long  test.  Boiler  efficiency  is  more 
apt  to  be  uniform  throughout  long  tests  at  medium  rates  of  combustion 
than  at  high  rates  of  combustion. 

The  coal  used  during  these  tests  gave  little  trouble  in  the  firebox, 
a  very  small  amount  of  clinkers  being  formed  and  the  ash  being  readily 
removed.  With  coal  which  clinkers  badly  or  which  produces  excessive 
honeycombing,  the  variations  in  performance  between  different  parts 
of  a  long  test  might  be  much  greater  than  those  here  shown. 
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I.    Introduction 

1.  Purpose  of  Investigation. — The  object  of  this  investigation 
is  to  determine  the  coefficients  of  heat  transmission  of  standard  build- 
ing materials  for  exterior  building  walls  under  conditions  similar 
to  those  commonly  found  in  practice.  In  applying  these  coefficients 
to  actual  problems  it  is  necessary  to  take  account  of  the  temperature 
of  the  air  inside  and  outside  the  building;  therefore  the  data  must 
be  determined  under  similar  or  comparable  conditions.  Since  it  is 
impossible  to  test  all  types  and  combinations  of  exterior  wall  con- 
struction, some  method  must  be  devised  for  applying  the  data  ob- 
tained from  the  tests  of  a  relatively  small  number  of  simple  walls. 
This  method  should  permit,  by  a  simple  calculation,  the  determination 
of  the  coefficient  of  transmission  in  the  case  of  the  various  compounds 
and  special  walls.  It  is  necessary,  therefore,  only  to  apply  the  sim- 
ple principles  underlying  the  transfer  of  heat  to,  through,  and  from 
a  building  wall,  and  to  determine  the  basic  coefficients  required  in 
making  the  calculations  of  the  actual  transmission  coefficient.  In 
order  to  explain  this  procedure  for  the  general  case  it  is  necessary 
to  analyze  the  process  by  which  heat  transmission  through  a  wall 
takes  place. 

2.  Acknowledgments. — The  writers  acknowledge  their  indebt- 
edness to  Professor  L.  A.  Harding,  formerly  in  charge  of  the  work 
in  Experimental  Mechanical  Engineering  at  the  University  of  Illi- 
nois, and  to  Dean  C.  R.  Richards,  Dean  of  the  College  of  Engineering 
and  formerly  head  of  the  Department  of  Mechanical  Engineering  at 
the  University  of  Illinois.  This  investigation  was  begun  under  Pro- 
fessor Harding's  supervision,  and  a  large  part  of  the  test  data  was 
secured  before  his  resignation.  Dean  Richards  contributed  valuable 
suggestions  during  the  progress  of  the  tests. 


*The  results  here  reported  do  not  constitute  results  of  a  complete  series  of  experi- 
ments. It  is  the  present  purpose  to  continue  the  study  of  heat  transmission  of  building 
materials  and  to  release  results  for  publication   from  time  to  time  as  the  work  proceeds. 
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II.     Principles  of  Heat  Transmission 

3.  Conduction. — Heat  passes  through  a  wall  by  conduction  pro- 
vided the  temperature  on  one  side  of  the  wall  is  higher  than  that  on 
the  other.  The  amount  of  heat  (H)  passing  through  the  wall  de- 
pends upon  tlie  following  factors : 

(1)  The  coefficient  of  conductivity  (C)  which  varies  with  the 
material  of  the  wall.  This  coeificient  is  practically  constant*  for 
any  given  wall  for  the  ranges  of  surface  temperatures  found  in  heat- 
ing buildings;  it  is  not  constant,  however,  at  high  temperatures  if 
there  is  much  variation  in  the  mean  temperature  of  the  wall.f 

(2)  The  thickness  of  the  wall  in  inches  (x). 

(3)  The  difference  in  temperature  in  degrees  P.  between  the 
two  surfaces   {t^  —  t2). 

(4)  The  time  in  hours  (D). 

(5)  The  mean  area  of  the  cross  section  in  square  feet  through 
which  the  heat  passes  (A). 

The  nature  of  the  two  surfaces  is  of  no  consequence  provided 
the  faces  are  parallel.  The  amount  of  heat  transferred  is  also  in- 
dependent of  the  actual  temperatures  of  the  two  surfaces  but  it  de- 
pends upon  the  difference  in  temperatures  between  the  two  surfaces; 
thus  the  heat  transmitted  by  conduction  is,  in  B.  t.  u., 

'Hc=^{h-i,)    DA (1) 

It  is  at  once  apparent  that  all  these  factors  except  the  surface  tem- 
peratures are  easily  ascertainable,  and  it  should  be  noted  that  the 
inside  and  outside  air  temperatures  are  of  no  value  in  determining 
the  amount  of  heat  transmitted  by  conduction. 

Heat  reaches  the  surface  of  a  wall  both  by  radiation  and  by  con- 
vection provided  the  objects  and  the  air  are  at  a  higher  temperature 
than  the  surface  of  the  wall.  By  a  reverse  process  %  of  radiation  and 
convection,  the  heat  which  has  been  received  by  the  inner  surface 
of  a  wall  and  transmitted  through  it  by  conduction  may  be  given  off 


*Tests  by  Grober  and  Niisselt  in  "Mechanical  Refrigeration,"  Macintire,  J.  H.,  p. 
155,    1914. 

tClement,  J.  K.,  and  Eg3%  W.  L.,  "The  Thermal  Conductivity  of  Fire-Clay  at  High 
Temperatures."      Univ.    of   111.   Eng.   Exp.    Sta.,    Bui.    36,    1909. 

tPreston,   Thomas,   "The  Theory  of  Heat,"   1904. 
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by  the  outer  surface.  In  refrigeration,  the  direction  of  flow  is  re- 
versed, but  the  coefficient  is  the  same  for  ordinary  ranges  of  tem- 
perature. The  air  and  objects  on  the  cooler  side  of  the  wall  must, 
of  course,  remain  at  a  lower  temperature  than  the  surface  of  the 
wall. 

4.  Radiation. — Newton  seems  to  have  been  the  first  to  consider 
the  "law  of  cooling"  of  a  body  by  radiation,  and,  as  stated  by  Pres- 
ton, "he  supposed  that  the  rate  of  cooling  was  proportional  to  the 
excess  of  the  temperature  of  the  body  above  that  of  the  medium  in 
which  it  was  immersed,."  The  same  authority  expresses  the  heat 
lost  by  radiation  in  a  unit  of  time  as  the  difference  between  the  total 
heat  given  off  by  radiation  from  the  body  and  the  total  heat  gained 
by  radiation  io  the  body  or{  f  t  —  f  t.^^),  in  which 

ft  =  the  total  heat  loss  per  second  by  radiation  when  the 
the  body  is  at  the  temperature  (t),  and 

ft^  =  the   total   heat    received    per    second    by   radiation 
when  the  surroundings  are  at  the  temperature  (t^). 
This  is  equivalent  to  assuming  that  for  the  absolute  scale  of  tem- 
perature the  function    Jt  =  Rt  —  B  so  that    ft  —  fti  =  R  {t  —  t^) 
and  the  heat  lost  by  radiation  is 

Hj,=  R  {t  —  t^)  D  A  in  B.  t.  u.,  .  .  .  (2) 
in  which  R  is  the  coefficient  of  radiation  for  the  surface  of  the  ma- 
terial under  consideration,  t  and  ^^  are  Fahrenheit  temperature  read- 
ings, D  is  the  time  in  hours,  and  A  is  the  area  in  square  feet.  Preston 
says,  "This  formula  has  been  found  to  represent  the  facts  fairly 
well  for  small  differences  of  temperature.  For  differences  exceeding 
40  or  50  degrees  C.  this  law  was  found  to  deviate  seriously  from  the 
truth."* 

Where  the  differences  in  temperature  become  large  and  when 
"black  bodies,"  which  are  perfect  radiators  and  perfect  absorbers 
of  heat,  are  used,  the  total  energy  transferred  by  radiation  has  been 
shown  by  Stefan t  and  Boltzmann$  to  depend :  first,  upon  a  factor 
called  coefficient  of  radiation  (R),  and  secondly,  upon  the  difference 


*Preston,    Op.    Cit. 

tJoseuh  Stefan,  physicist,  was  born  in  Austria-Hungary  in  1835  and  died  in  1893. 
He  was  Professor  of  Higher  Mathematics  and  Physics  at  the  University  of  Vienna,  and 
carried  on  extensive  investigations  on  the  transmisson  of  light,  heat  and  sound,  and  the 
diffusion  of  gases. 

$Ludwig  Boltzmann,  physicist,  was  born  in  Vienna,  Austria,  in  1844  and  died  in 
1906.  He  was  Professor  of  Experimental  and  Theoretical  Physics  at  the  Universities  of 
G-ratz  and  Vienna,  and  made  many  valuable  researches  in  the  field  of  thermodynamics. 
He  published  a  great  many  books  and  papers  on  various  physical  subjects  and  problems, 
including  "Der  Zweite  Hauptsatz  der  Mechanischen  Warmtheorie." 
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between  the  fourth  powers  of  the  absolute  temperatures  of  the  sur- 
faces between  which  the  transfer  takes  place.  For  English  units, 
therefore,  the  heat  transmitted  by  radiation  is,  in  B.  t.  u., 

Hj,=  R  (T^'^  —  T  2')  D  A (2a) 

in  which,  as  previously,  D  is  the  time  in  hours,  and  A  is  the  area  of 
the  surface  in  square  feet,  T^  and  T^  are  degrees  F.  on  the  absolute 
scale  and  in  the  case  of  sooted  surfaces  with  the  cooler  entirely  sur- 
rounding the  warmer  surface,  which  must  not  "see"  anything  but 
the  cooler  surface,  jR  =  1.6  X  10~^.  The  experimental  determination  of 
values  of  B  for  either  small  or  great  temperature  differences  for  com- 
mercial building  materials  would  require  rather  elaborate  equipment. 
It  is  evident,  from  equation  (2a)  that  for  large  temperature 
differences,  a  most  rapid  increase  in  radiation  will  occur:  first,  with 
an  increase  in  the  temperature  of  the  warmer  body;  and  secondly, 
if,  for  the  same  temperature  differences,  both  temperatures  T^  and 
T2  are  increased.*  It  should  be  noted  that  the  energy  transferred 
by  radiation  must  first  be  transformed  at  the  surface  of  the  warmer 
body  from  the  form  of  sensible  heat  or  kinetic  energy  into  radiant 
energy,  so  that  it  may  pass,  like  light,!  through  space  to  the  surface 
of  the  cooler  body,  and  there  be  retransformed  into  heat  energy.$ 

5.  Convection. — The  amount  of  heat  transferred  by  convec- 
tion, or  air  movement,  over  the  surface  of  a  body  has  been  shown  by 
Peclet^  to  depend  upon: 

(1)  A  factor,  coefficient  of  convection  (iV),  which  varies  with 
the  form  and  arrangement  of  the  surface. 

(2)  Some  power  of  the  velocity  of  flow  across  the  surface  in 

i_ 
feet  per  second  Y" . 

(3)  The  difference  in  temperature  between  the  surface  and 
the  surrounding  air  {t-^  -    t^)  in  degrees  F. 

The  heat  transferred  by  convection  is  independent  of  the  nature  of 
the  surface,  and  the  absolute  temperature  of  the  surface  and  the  sur- 
rounding air;  consequently  for  English  units,  the  heat  transferred 
from  or  to  a  wall  by  convection  is,  in  B.  t.  u., 

n^=  N  V^  {i^  —  i^)  B  A (3) 


*Burgess,    G.    K.,    and    Le    Chatelier,    H.,    "The    Measurement    of   High    Temperatures." 
p.   247,    1912. 

f'Heat   Transmission,"    Engineering,    Vol.    100,    p.    499,    November    12,    1915. 
JBolton,  R.  P.,   "The  Establishment  of  a  Standard  for  Transmission  Losses  from  Build- 
ings of  All  Constructions,"  Journal  A.  S.  H.  and  V.  E.,  Vol.  21,  p.  30,  July,  1915. 
r'Traite  de  la   Chaleur."     Vol.   I,   Livre  VI,    1860. 


A  STUDY  OF  THE  HEAT  TRANSMISSION   OF  BUILDING  MATERIALS 


11 


in  which  D  is  the  time  in  hours  and  A  is  the  area  of  the  surface  in 
square  feet.  The  values  of  N  and  n  must  be  determined  experiment- 
ally. Elaborate  testing  equipment  is  required  for  the  determination 
of  these  values. 

6.  Heat  Transmission  to,  through,  and  from  a  Simple  Wall. — 
In  view  of  the  foregoing  analysis,  it  will  be  apparent  from  the  dia- 
gram, Fig.  1,  that  the  temperature  gradient  through  a  wall,  which 


Fig.  1.     Temperature  Gradient  Through  a  Wall 


separates  air  at  a  higher  temperature  (^)  from  air  at  a  lower  tempera- 
ture {to),  can  be  represented  by  the  line  t,  t^,  t^,  t^,  provided  it  is  rec-' 
ognized  that  the  surface  temperature  of  the  wall  and  the  air  in  contact 
with  it  are  not  the  same.  This  difference  in  temperature  occurs  within 
a  thin  layer  or  film  of  air  very  close  to  the  surface.  That  the  wall 
surface  must  be  at  a  lower  or  at  a  higher  temperature  than  the  sur- 
rounding air  and  the  objects  is  evident;  otherwise  there  would  be  no 
"flow"  or  transfer  of  heat  to  or  from  the  wall. 

It  has  also  been  suggested  by  Dalby*  that  there  is  probably  a 
further  drop  of  temperature  head,  represented  by  the  distance  be- 
tween t^  and  ta,  which  is  required  to  force  the  flow  across  the  surface 
where  the  gas  film  is  in  contact  with  the  wall,  corresponding  to  a  po- 


*"Heat   Transmission,"    Inst.  M.   E.    (British),   p.   921,    October,    1909. 
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tential  difference  at  a  joint  in  an  electric  circuit.  This  is  usually 
referred  to  as  contact  resistance.*  Contact  resistance  cannot  be 
measured  by  thickness,  but  requires  an  appreciable  amount  of  po- 
tential difference,  whether  the  potential  difference  be  in  volts  or 
degrees,  and  whether  the  current  flow  be  in  amperes  or  thermal 
units. 

If  the  air  and  surface  temperatures  are  known,  it  is  possible, 
for  small  temperature  differences,  to  express  the  amount  of  heat 
entering  the  wall  per  square  foot  per  hour  in  terms  of  equations 
(2)  and  (3),  in  which  D  and  A  become  unity,  as: 

Hn+H^  =  R[{t^^m)-{h+m^)]-\-NXv'^{t-U)  .  .  (4) 
For  walls  of  fixed  height,  possibly  from  nine  to  ten  feet,  standing  in 

still  air  so  that  only  natural  or  gravity  convection  currents  exist, 
1 

the  factor  (  V"  \ ,  moreover,  becomes  a  constant  and  can  be  included 
in  N  making  it  N-^,  so  that  the  combined  or  total  heat  transfer  at  the 
surface  of  the  wall  can  be  expressed  as : 

H^+^=R  {t  —  t,)  +iV,  (^  -  t,), 

=  (B  -^  N,)    {t  -    t,) (5) 

or,  letting  K^  =  {R  +  N^), 

En  +  N=  K,    {t    -   t,)^     .      .      .      .      (6) 
The  heat  passing  through  the  wall  per  square  foot  per  hour  can 
be  expressed  by  equation  (1)  as: 

He  =  I  ih  -  h), (7) 

if  the  two  wall  surface  temperatures  are  known. 

The  heat  leaving  the  wall  for  the  limited  range  of  temperatures 
found  in  practice  can  be  exj)ressed,  furthermore,  by  equations 
(2)  and  (3)  simplified  to  read  as  follows: 

Hr  +  N  =  K2  (^2 — ^0)?  •  •  •  (8) 
in  which  {B  -{-  No)  =  Kz  ^^e  new  coefficients  determined  under  out- 
side conditions  of  temperature  and  average  wind  movement. 

Finally,  if  the  overall  transmission  coefficient  from  air  inside 
to  air  outside  is  U,  in  B.  t.  u.  per  square  foot  per  hour,  the  heat  trans- 
mitted is 

Hu=  V  (t  —  t,).      ......      (9) 

Since  the  heat  H  transmitted  in  B.  t.  u.  per  square  foot  per  hour 
is  the  same  in  each  of  the  above  cases. 


*Kefrigerating   World,    p.    29,    September,    1914. 

tHarding  and  Willard,   "Mechanical  Equipment  of  Buildings."      Vol.  I,  p.  55,   1916. 
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H  =  K,   {t   -  t,) 

=  I  (^1  -  h) 

.      =  K2  (t.  -  to) 

=  u  {t  -  t,) 

K,  '^  C  '^  K.  H       ^         II  "^  II        '^       R 

Rut  l-L^L±o. 

hence  ^  =  ^^  +  ^^+-^ 

i 

and  TJ 


In  tlie  case  of  compound  walls  (See  Fig.  2  A,  B,  and  C)  with 
no  air  spaces  and  with  a  variety  of  materials  of  different  conductiv- 
ities, Ci,  Cg,  C3 ,  etc.,  and  of  various  thicknesses,  X^,  Xg,  X3,  etc.,  the 
equation  assumes  the  form, 

p= i 

If  the  compound  wall  contains  air  spaces,  (See  Fig.  2  D)  the 
value  of 

v= -^ 

in  M^hicli  the  proper  surface  coefficients  for  each  material  and  for 
each  surface  must  be  used.  All  coefficients  will  be  taken  for  "still 
air"  conditions,  except  that  for  the  outside  wall  the  surface  co- 
efficient must  be  increased,  as  indicated  under  "Applications"  (Fig. 
2  D),  to  correspond  with  the  average  wind  movement. 

It  must,  therefore,  be  apparent  that,  if  values  of  the  combined 
surface  coefficients  (/fj  and  (If,)  and  of  the  coefficient  of  conduc- 
tivity (C)  can  be  determined  experimentally  by  measuring  the  heat 
transmitted  through  typical  wall  materials,  the  very  practical  and 
useful  coefficient  of  transmission  {JJ)  can  be  readily  calculated  by 
equation  (10)  for  a  wall  of  any  given  thickness  («).  As  will  be 
shown  later  under  methods  of  testing,  it  is  a  fairly  simple  matter 
to  determine  the  surface  coefficients  of  walls  standing  in  still  air  and 
the  coefficients  of  conductivity  at  the  same  time  that  the  actual  de- 
termination of  the  coefficient  of  transmission  {TJ)  is  being  made. 
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Fig.  2.     Application  of  Test  Data  to  Simple  and  Compound  Walls, 
Examples  in  the  Calculation  op  U 
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III.    Methods  of  Testing  for  Heat  Transmission  of  Building 

Materials 

7.  General  Conditions. — There  are  two  general  eases  to  be  con- 
sidered in  determining  the  value  of  the  coefficient  (U)  for  walls: 
first,  the  case  of  walls  standing  in  perfectly  still  air,  except  for  the 
vertical  convection  currents  set  up  by  the  wall  itself,  and  secondly, 
that  of  walls  standing  in  moving  air  where  the  velocities  cover  the 
range  found  in  atmospheric  air  during  the  average  heating  season. 
Both  cases  have  been  investigated  in  these  tests  so  that  the  data  re- 
ported are  divided  into  two  parts,  one  for  "still  air  tests"  and  the 
other  for  "moving  air  tests." 

8.  Investigations. — Heat  transmission  tests  previously  made 
have  in  many  cases  been  confined  to  small  specimens  so  that  the  data 
secured  have  proved  unsatisfactory  when  applied  to  walls  of  prac- 
tical proportions..  All  investigators  in  this  field  have  profited  by 
the  pioneer  experimental  work  of  the  French  physicist,  Peclet.*  His 
work  was  followed  by  investigations  (which  included  the  work  of 
Kietschelt  and  Grashof|),  conducted  under  the  auspices  of  the  Ger- 
man and  Austrian  governments.  The  results  of  this  work  have  been 
translated  in  part  by  J.  H.  Kinealy^  and  still  form  the  basis  for  many 
transmission  coefficients  in  use  to-day. 

The  most  prominent  American  investigator  has  been  Prof.  C.  L. 
Norton§   of  the  Massachusetts   Institute  of   Technology.     The  best 


*  Jean  Claude  Eugene  Peclet  was  born  at  Besangon,  Prance,  in  1793  and  died  in 
Paris  in  1857.  He  was  Professor  of  Industrial  Physics  at  the  Central  School  of  Arts 
and  Manufacturers  in  Paris.  Among  his  most  important  works  is  his  "Traite  de  la  Cha- 
leur  et  de  son  Application  aux  Arts  et  aux  Manufactures, "  published  in  two  volumes  in 
1829,  a  second  edition  being  issued  in  1843  and  translated  into  German. 

t  Herman  Iman  Rietschel  was  born  at  Dresden,  Germany,  in  1847.  He  was  a  pro- 
fessor in  the  Konigliche  Technische  Hochschule,  Berlin.  He  wrote  "Leitfaden  zum  Be- 
rechnen  und  Entwerfen  von  Luftungs — ^und  Heitzungs-Anlagen.  Bin  Hand  und  Lehr- 
buch  fiir  Ingenieure  und  Architecken, "  which  was  published  in  1894  (second  edition).  He 
also  wrote  "Theorie  und  Praxis  der  Bestimmung  der  Rohrweiten  von  Warmwasserheiz- 
ungen, "  published  in   1897. 

t  Franz  Grashof  was  born  at  Diisseldorf,  Germany,  in  1826  and  died  in  1893.  He 
was  one  of  the  founders  of  the  Verein  Deutscher  Ingenieure  and  was  president  of  this  so- 
ciety for  thirty-flve  years.  He  was  Professor  of  Applied  Mechanics  and  Director  of  the 
Department  of  Machine  Construction  in  the  Polytechnical  High  School,  Karlsruhe.  His 
writings  are  very  numerous  and  include  the  "Resultate  der  Mechanischen  Warmetheorie, " 
published   in   1870. 

H  John  Henry  Kinealy  was  born  at  Hannibal,  Missouri,  in  1864.  Among  his  other 
works  is  the  translation  of  the  Prussian  tables  for  heat  transmission.  This  translation  was 
published  in  1899  and  is  known  as  "Formulas  and  Tables  for  Heating." 

§  Charles  Ladd  Norton  was  born  at  Springfield,  Massachusetts,  in  1870.  He  is  Pro- 
fessor of  Heat  Measurements  in  the  Massachusetts  Institute  of  Technology.  His  investiga- 
tions have  included  the  transmission  of  heat  through  various  building  materials  as  well 
as  the  thermal  conductivity  of  earthy  materials  and  cold  storage  insulation. 
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equipped  thermal-transmission  testing  plant  in  this  country  has  been 
erected  by  the  Armstrong  Cork  Company,  at  Beaver  Falls,  Penn- 
sylvania. A  similar  plant  is  located  at  the  Pennsylvania  State  Col- 
lege at  State  College,  Pennsylvania.  In  the  tests  run  at  the  former 
plant  little  attention  has  been  given  to  surface  temperatures,  since  only 
actual  or  overall  transmission  air  to  air  coefficients  were  desired.  In 
the  plant  at  Pennsylvania  State  College  both  air  and  surface  tem- 
peratures are  measured  by  means  of  platinum  resistance  pyrometers, 
and  the  Engineering  Experiment  Station  at  State  College  has  been 
studying  the  effect  produced  on  the  heat  transmission  by  varying  the 
relative  humidity  and  velocity  of  the  air  passing  over  the  outside 
surface  of  a  building  wall. 

The  Worcester  Polytechnic  Institute*  has  recently  conducted  a 
series  of  tests  on  the  heat  transmission  of  various  types  of  ice  house 
construction.  Prof.  J.  R.  Allen,  t  University  of  Michigan,  has  re- 
cently reported  the  results  of  tests  on  transmission  coefficients  for 
glass  made  under  a  variety  of  conditions. 

The  latest  heat  transmission  tests  of  importance  are  those  of 
L.  B.  McMillan  made  at  the  University  of  Wisconsin.!  Steam  pipe 
coverings  were  investigated  to  determine  their  heat  insulating  prop- 
erties. For  determining  the  temperature  of  the  air  in  the  test  room, 
high  grade  mercury  thermometers  were  used,  and  after  considerable 
experimenting  it  was  decided  to  use  constantan-copper  thermocouples 
for  the  pipe  temperatures.  In  this  connection  the  potentiometer 
method  of  measuring  the  electro  motive  force  of  the  couples  was  used. 
To  imbed  the  thermocouple  junction  in  the  pipe,  a  chip  was  raised  on 
the  surface  of  the  pipe,  the  thermocouple  junction  was  held  under- 
neath, and  the  chip  was  forced  down;  thus  the  couple  was  held  in 
contact  with  the  metal  pipe. 

Similar  work  is  also  in  progress  at  the  Mellon  Institute. 


*Refrigeratiiig  World,  June,  1915. 

f'Heat    Transmission    Through    Building    Materials,"    Journal    A.    S.    H.    and    V.    E. 
Vol.    22,    p.    1,    July,    1916. 

JJournal,   Am.  Soc.   of  M.  E.,   January,    1916. 
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IV.     Testing  Methods  and  Equipment 

9.  Methods. — The  equipment  or  apparatus  for  making  heat 
transmission  tests  in  building  materials  varies  according  to  the  meth- 
od of  testing  and  the  data  desired.  Some  excellent  laboratory  plants 
have  been  designed  for  making  heat  transmission  tests,  and  some  of 
the  most  elaborate  of  these  have  been  used  abroad.*  The  methods 
most  commonly  employed  in  this  country  may  be  classified,  according 
to  principle  at  least,  as  follows : 

(1)  Ice  Box  method. 

(2)  Oil  Box  method. 

(3)  Cold  Air  Box  method. 

(4)  Hot  Air  Box  method. 

(5)  Flat  or  Hot  Plate  method. 


rr7777777777777 


Fig.  3.     The  Ice  Box  Method  of  Testing  Heat  Transmission 


10.  The  Ice  Box  Method. — This  method,  illustrated  by  Fig.  3, 
is  the  simplest  one  employed  in  making  heat  transmission  tests.  Ice  is 
placed  inside  a  metal  box,  or  cube,  and  the  material  to  be  tested 
is  placed  outside.  If  the  rate  at  which  the  ice  melts,  the  temperature 
of  the  melting  ice,  and  the  outside  air  temperature  are  known,  the 
heat  transmission  is  readily  obtainable. 

This  method  may  prove  unsatisfactory  in  the  following  respects : 


*  Ohmes,   Arthur  K.,    "A  Notable  Institution  for  the   Advancement  of  the   Heating  and 
Ventilating  Art,"    Journal  A.    S.   H.    and   V.    E.,    Vol.    22,    January,    1916. 
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(a)  The  melting  of  ice  in  pockets  and  its  retention  in  the  box 
after  melting  cause  low  results. 

(b)  Frequent  additions  of  ice  must  be  made  to  keep  the  box 
as  full  as  possible. 

(c)  The  inside  temperature  reading  is  not  the  true  inside  tem- 


FiG.  4.     The  Oil  Box  Method  of  Testing  Heat  Transmission 


perature  because  of  the  temperature  gradient  through  the  walls  of 
the  metal  box,  which  results  in  low  coefficients, 

(d)  The  range  of  temperature  drop,  through  which  the  ma- 
terial is  to  be  tested,  is  fixed  unless  some  means  are  employed  for 
regulating  the  outside  air  temperature. 


nzzx:^}...^ 


Fig.  5.     The  Cold  Air  Box  Method  of  Testing  Heat  Transmission 
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11.  The  Oil  Box  Method. — In  this  method,  illustrated  by  Fig. 
4,  a  metal  box  is  covered  with  the  material  to  be  tested.  Oil  is  placed 
inside  the  box  and  is  kept  at  the  desired  temperature  by  means  of  an 
electrical  heater  immersed  in  the  oil.  A  stirring  device  keeps  the  oil 
at  uniform  temperature.  The  amount  of  heat  transmitted  through  the 
material  under  test  is  determined  from  the  electrical  input. 


Fig.  6.     The  Hot  Air  Box  Method  of  Testing  Heat-  Transmission 


In  this  method  the  range  of  temperature  through  which  the  tests 
may  be  run  is  mvich  larger  than  in  the  ice  box  method,  and  it  is  not 
necessary  to  add  to  the  material  in  the  metal  box.  In  other  respects, 
however,  this  method  presents  the  same  disadvantages  as  the  ice  box 
method. 

12.  The  Cold  Air  Box  Method. — In  this  method,  illustrated  by 
Fig.  5,  a  box  of  cracked  ice,  hung  near  the  top  on  the  center  line  of 
the  testing  box,  is  substituted  for  the  electrical  heating  element.  The 
melting  of  the  ice  maintains  the  temperature  of  the  air  in  the  box  at 
a  lower  degree  than  the  air  outside.  The  suspension  of  the  ice  box 
near  the  top  of  the  test  box  supposedly  causes  natural  circulation 
to  maintain  the  inside  air  temperature  nearly  uniform.  The  heat 
transmitted  is  determined  by  weighing  the  amount  of  ice  melted. 
Since  it  is  not  possible  to  control  satisfactorily  the  temperature  in- 
side the  box,  this  method  is  generally  inferior  to  the  hot  air  box 
method. 

13.  The  Hot  Air  Box  Method. — The  test  box  for  the  hot  air  box 
method  (Fig.  6)  is  made  entirely  of  the  material  to  be  tested,  unless 
the  material  is  such  that  a  skeleton  frame  work  is  necessary  to  provide 
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strength  for  the  structure.  The  heat  is  supplied  by  electrical  means, 
a  resistance  coil  or  a  bank  of  lamps  being  used.  A  fan  is  usuallj^ 
employed  inside  the  test  box  to  circulate  the  air  and  maintain  a  uni- 
form air  temperature  throughout  the  interior  of  the  box.  The 
amount  of  heat  transmitted  through  the  material  is  determined  from 
the  combined  electrical  input  to  the  heater  and  to  the  fan  motor. 

This  method,  or  a  modification  of  it,  is  considered,  according  to 
Prof.  C.  L.  Norton,  the  best  to  employ  in  testing  materials  for  heat 
transmission.  The  use  of  the  fan,  however,  is  objectionable  if  a 
determination  of  the  inside  coefficient  (JTi)  is  to  be  made,  since  the 
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Fig.  7.     The  Hot  Plate  Method  of  Testing  Heat  Transmission 


velocity  of  the  air  over  the  inside  surface  tends  to  increase  the  value 
of  K^.  In  test  specimens  of  large  dimensions  the  fan  is  necessary  if 
the  interior  air  is  to  be  maintained  at  a  uniform  temperature  through- 
out. 

14.  The  Flat  or  Hot  Plate  Method. — In  this  method  (Fig.  7), 
the  heating  element  consists  of  an  electric  grid,  which  is  made  of 
resistance  wire  placed  between  asbestos  sheets.  The  material  to  be 
tested  is  placed  on  both  sides  of  the  grid  and  in  contact  with  it.  Out- 
side the  test  material  are  placed  two  hollow  flat  plates,  which  are 
kept  at  constant  temperature  by  means  of  water  circulation  through 
the  plates.  All  the  heat,  except  that  lost  from  the  edges  in  some 
plates,  goes  through  the  test  material  into  the  water-cooled  outside 
plates.  In  some  hot  plates  no  water-cooled  outside  .plates  are  used, 
the  edges  being  covered  with  the  test  material;  thus  the  heat  passes 
through  only  the  test  material.     The  heat  lost  is  measured  by  the 
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electrical  input,  and  the  temperature  difference  between  the  inside 
and  outside  surfaces  is  usually  determined  by  electrical  means.  Given 
the  dimensions  of  the  plate,  the  conductivity  of  the  specimen  may  be 
readily  determined. 

The  amount  of  the  heat  loss  from  the  edges,  in  the  one  case,  is 
unknown.  According  to  one  authority,  this  loss  is  not  only  consider- 
able but  varies  in  amount,  the  variation  depending  upon  the  nature 
and  the  thickness  of  the  material  being  tested.  A  correction,  the  ac- 
curacy of  which  is  rather  uncertain,  for  this  edge  loss  must  be  made. 
When  the  water-cooled  plates  are  used,  only  the  conductivity  can 
be  determined;  without  them  the  outside  surface  coefficient  may  also 
be  obtained.  In  neither  case  can  the  transmission  coefficient  (air 
to  air)  be  obtained. 

15.  The  Determination  of  the  Heat  Transmission  Coefficient 
under  the  Foregoing  Methods. — In  any  of  the  box  methods  of  test- 
ing, the  determination  of  the  heat  transmission  coefficient  (Z7)  is  a 
comparatively  simple  matter,  but  in  order  to  obtain  any  of  the  other 
coefficients  an  accurate  determination  of  surface  temperatures  must 
be  made.  Various  means  of  temperature  measurement  have  been 
employed  for  this  purpose.  Oil  wells  for  mercury  thermometers  have 
been  sunk  in  the  surface  of  the  material,  the  center  line  of  the  oil 
well  lying  in  the  plane  of  the  material  being  tested.  Mercury  ther- 
mometers have  been  fully  imbedded  in  the  material,  half-way  im- 
bedded, or  fastened  on  the  surface  in  attempts  to  determine  the  true 
surface  temperature.  Experiments  show  that  the  accuracy  with 
which  mercury  thermometer  determinations  of  surface  temperatures 
can  be  made  depends  almost  entirely  upon  the  dimensions  and  the 
nature  of  the  test  specimen;  the  temperature  gradient  through  the 
material  being  the  governing  factor.  If  the  material  being  tested  is 
thick  with  a  correspondingly  small  temperature  drop  per  inch  through 
the  material,  the  displacement  of  the  center  line  of  the  thermometer 
with  regard  to  the  surface  of  the  material  is  much  less  important 
than  with  a  comparatively  thin  test  specimen  and  its  correspond- 
ingly steeper  temperature  gradient. 

Dalby  further  complicates  the  matter  by  his  suggestion,  previ- 
ously mentioned,  that  there  is  probably  a  further  drop  of  tempera- 
ture head  occurring  just  at  the  surface  of  the  material  which  is 
required  to  force  the  flow  of  heat  across  the  surface.  The  tempera- 
ture head  required  to  cause  the  flow  of  heat  through  the  material,' 
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however,  is  the  difference  between  the  temperatures  at  each  end  of 
the  temperature  gradient  through  the  material  itself. 

The  temperature  gradient  through  the  material  is  usually  as- 
sumed to  be  a  straight  line.  This  assumption  suggests  the  possibility 
of  determining  the  surface  temperatures  at  two  different  points  along 
this  gradient  and  then  solving  graphically  or  analytically  for  the 
surface  temperatures,  but  most  building  materials  are  not  homoge- 
neous enough  to  warrant  the  straight  line  assumption.  The  density 
of  the  material  must  be  considered  in  determining  the  homogeneous- 
ness  of  the  material. 

Attempts  to  determine  surface  temperatures  by  means  of  plat- 
inum discs  held  against  the  surface  of  the  material  have  been  made 
at  the  Engineering  Experiment  Station  of  Pennsylvania  State  Col- 
lege. 
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V.     Description  of  Specimens,   Testing  Apparatus,  and  Method 
OF  Conducting  Tests 

16.  The  Testing  Plant. — Since  practically  full  size  specimens 
were  to  be  used  in  determining  the  heat  transmission  of  all  the  walls 
investigated  and  in  ascertaining  the  values  of  the  surface  and  con- 
ductivity coefficients,  the  hot  air  box  method  of  testing  was  chosen. 
The  box  was  built  of  the  material  to  be  tested  except  where  means  of 
support  were  needed.  In  order  to  get  convection  conditions  similar 
to  those  in  actual  practice,  the  boxes  were  built  about  the  height  of 
a  room  and  were  supported  on  small  piers;  thus  air  was  allowed  to 
circulate  around  practically  all  parts  of  the  box. 

The  heating  element  was  composed  of  "Yankee  Silver"  resis- 
tance wire,*  helically  wound  with  increasing  pitch  from  bottom  to 
top  upon  a  wooden  frame  support  placed  inside  the  box.  With  this 
method  of  heating  it  was  found  after  considerable  experimenting 
that  the  same  variation  in  air  temperature  was  maintained  as  is 
found  in  the  average  room,  that  is,  the  air  was  warmer  near  the  ceil- 
ing than  at  the  floor  line. 

A  voltmeter  across  the  terminals  of  the  resistance  heating  coil, 
an  ammeter  in  the  line,  and  a  water  resistance  box,  or  rheostat,  to 
control  the  current  constituted  the  apparatus  necessary  to  control 
and  determine  the  heat  input  into  the  box.  All  electrical  instru- 
ments were  accurately  calibrated  against  standard  meters  of  the  Elec- 
trical Engineering  Department.  . 

Air  and  surface  temperatures  were  measured  with  mercury  ther- 
mometers and  thermocouples  or  with  thermocouples  alone.  All  mer- 
cury thermometers  were  carefully  calibrated  against  a  standard  Cen- 
tigrade thermometer  of  known  accuracy. 

A  diagrammatic  sketch  of  the  apparatus  used  for  determining 
the  various  coefficients  is  presented  as  Fig.  8.  Only  one  thermo- 
couple circuit  is  shown  in  the  diagram. 

For  the  moving  air  tests,  in  addition  to  the  apparatus  illustrated 
by  Fig.  8,  a  hood  shown  in  Pig.  9  was  placed  over  the  column.  This 
hood,  placed  so  that  the  column  was  centrally  located  inside,  was 
connected  to  a  No.  4  Sirocco  multivane  fan  by  means  of  a  24-inch 
duct  about  thirty  feet  long.     A  variable  speed  direct-current  motor, 


*  The  wire  used  for  the  resistance  coil  is  known  as  a  "Yankee  Silver"  No.  16  B.  and  S. 
gage,  a  patented  aUoy  manufactured  by  Driver-Harris  Company,  Harrison,  New  Jersey. 
The  resistance  per  mil  foot  is  200  ohms  at  75  degrees  F.  The  temperature  coefficient  is 
0.000086  per  degree.     The  specific  gravity  is  8.6.     The  weight  per  cubic  inch  is  0.31  pounds. 
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belt-connected  to  the  Sirocco  fan,  fiirnislied  the  means  for  varying 
the  velocities  of  air  flow  over  the  surface  of  the  column  being  tested. 
By  means  of  dampers  in  the  hood  the  velocity  of  the  air  was  kept 
uniform  over  the  four  sides. 

A  Pitot  tube  and  a  piezometer  ring  were  used  to  determine  the 
quantity  of  air  discharged  by  the  fan;  consequently  the  velocity  of 
the  air  over  the  surface  of  the  test  column  was  readily  calculated. 

Photographic  views  of  the  test  apparatus  are  presented  in  Figs. 
10,  11,  and  12. 

17.  Calibration  of  Thermocouples. — The  thermocouple  has  been 
found  to  be  better  suited  to  the  determination  of  surface  temperatures 
than  the  thermometer.  The  junction,  when  embedded  just  in  the 
surface  of  the  material,  indicates  the  surface  temperature  as  nearly 
as  it  is  possible,  at  the  present  time,  to  make  such  measurements. 
The  accuracy  of  the  temperatures  determined  in  this  manner  is  also 
dependent  upon  the  temperature  gradient  through  the  material,  but 
owing  to  the  difference  in  dimensions  between  a  thermocouple  junction 
and  the  thickness  of  the  material  to  be  tested,  this  factor  is  not  sig- 
nificant. 

The  thermocouples  used  in  these  tests  were  made  of  copper  and 
a  nickel  alloy  of  copper  called  constantan.  No.  25  B.  and  S.  gage, 
double  silk  covered  wire  being  used.  The  junctions  were  made  by 
fusing  the  ends  of  the  two  different  wires  together  in  the  flame  of 
a  blast  lamp.  Each  junction  was  placed  in  a  glass  tube  closed  at  one 
end  and  filled  with  oil,  and  the  two  wires  were  insulated  from  each 
other  by  a  small  glass  tube  slipped  around  one  of  the  wires. 

Calibrations  were  made  with  a  cold  junction  temperature  of  70 
degrees  P.,  the  hot  junction  temperature  being  controlled  by  means 
of  a  hot-water  bath.  In  series  wdth  each  couple,  by  means  of  switches, 
were  placed  a  resistance  and  a  Leeds  and  Northrup  Type  H  D  'Arson- 
val  galvanometer  for  indicating  by  angular  deflections  the  current 
generated  and  therefore  the  temperature  in  each  thermocouple  circuit. 
The  deflection  method  of  measuring  the  temperature  difference  be- 
tween the  cold  and  hot  junctions  was  used.  In  order  to  make  this 
method  as  accurate  as  possible,  all  calibrations  were  made  with  the 
galvanometer  balanced  and  set  in  position  on  a  concrete  pier;  in  this 
position  it  remained  without  any  change  through  the  set  of  tests  on 
any  specimen  with  which  a  given  set  of  thermocouples  was  connected. 
The  deflection  method  is  considered  entirely  reliable,  if  proper  care 


Fig.  10.     ViEAV  of  Test  Columns  Showing  Brick  Column 
IN  Place  and  Other  Columns  as  Made  Eeady  for  Testing 


Fig.  11.     View  of  Air  Washer  and  Fan  with  Columns  in  Background 


Fig.  12.     View  Showing  Air  Duct  and  Box  Shield  Around  Column  for  air 

Velocity  Tests 

This  view  also  shows  the  rheostat  and  the  electrical  instruments  for  controlling  and 
measuring  the  heating  current  supplied  to  the  column  in  the  right  foreground.  The  con- 
crete pier  and  leads  to  thermocouples  are  shown  at  the  left.  Note — Small  galvanometer 
shown  on  pier  was  not  used  during  the  tests  reported. 
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is  taken,  and  has  been  used  by  other  investigators  in  this  field.  The 
Babcock  and  Wilcox  Company  have  recently  applied  this  method  in 
a  series  of  tests  run  at  Bayonne,  N.  J.,  on  the  rate  of  heat  transfer 
through  boiler  tubes. 

In  calibrating  thermocouples  it  is  customary  to  hold  the  tem- 
perature, of  the  cold  junction  constant  at  a  predetermined  point,  to 
vary  the  hot  junction  temperature,  and  to  note  the  deflection  of  the 
galvanometer.  Owing  to  the  slight  inconvenience  of  keeping  the  cold 
junction  at  the  temperature  at  which  it  was  calibrated,  some  experi- 
menters prefer  to  run  a  series  of  calibrations  with  the  temperature  of 
the  cold  junction  varying  over  the  range  expected  during  the  test. 

Another  method  of  procedure  is  to  calibrate,  as  in  the  first  case, 
by  holding  the  cold  junction  at  a  certain  temperature  and  then,  with 
a  fixed  hot  junction  temperature,  the  cold  junction  temperature  is 
changed  to  a  point  above  and  to  a  point  below  the  original  temperature 
during  the  calibration.  The  three  readings  or  deflections  are  plotted, 
the  equation  of  the  curve  determined,  and  the  correction  for  the  cold 
junction  temperature  is  readily  made. 

The  first  method  was  followed  during  these  experiments.  A  typi- 
cal set  of  thermocouple  calibration  curves  is  presented  in  Fig.  13.  It 
will  be  noted  that  the  curve  A,  of  the  lower  temperature  differences), 
is  obtained  with  300  ohms  external  resistance  in  the  circuit  while 
1,300  ohms  were  used  to  obtain  the  curve  of  higher  temperature  dif- 
ferences. This  method  gives  a  larger  deflection  for  the  lower  tem- 
peratures than  would  otherwise  be  obtained  with  a  single  fixed 
resistance  in  the  circuit,  yet  the  deflection,  corresponding  to  the 
highest  temperature  to  be  measured,  remains  within  the  range  of 
the  galvanometer. 

After  calibration,  the  so-called  hot  junctions  were  removed  from 
the  glass  containers  and  fastened  in  position  on  the  surface  of  the 
material  to  be  tested  or  in  the  air  about  one  inch  from  the  surface. 
All  thermocouples  and  mercury  thermometers  used  for  determining 
air  temperatures  were  shielded  against  direct  radiation  by  means  of 
paper  shields. 

Thermocouples  for  determining  surface  temperatures  were  at- 
tached to  the  surfaces  in  the  manner  described  in  the  following :  For 
wood,  a  thin  shaving  was  glued  over  the  junction,  the  junction  being 
somewhat  imbedded  in  the  surface  of  the  material  before  the  appli- 
cation of  the  thin  shaving;  for  the  materials  composed  of  asbestos, 
the  junction  was  covered  by  a  thin  sheet  of  asbestos  or  held  against  the 
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Fig.  13.     Typical  Thermocouple  Calibration  Curves 
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surface  with  a  mixture  of  powdered  asbestos  and  water;  for  the 
vitreous  materials,  the  junction  was  fastened  to  the  surface  with  a 
thin  layer  of  plaster  of  Paris, 

In  determining  surface  temperatures  with  mercury  thermometers, 
it  was  found  that  if  the  thermometer  was  imbedded  in  a  trench  just 
deep  enough  to  permit  the  thermometer  to  lie  entirely  below  the  sur- 
face of  the  material,  the  temperature  recorded  was  higher  than  that 
given  by  the  thermocouple,  the  difference  being  dependent  upon  the 
thickness  of  the  material.  If  the  thermometer  were  placed  against 
the  surface,  all  the  thermometer  being  out  of  the  surface,  yet  cov- 
ered, and  stuck  to  the  surface,  as  previously  described,  it  was  found 
that  the  temperature  recorded  was  somewhat  lower  than  that  recorded 
by  the  thermocouple.  With  comparatively  thick  materials  the  tem- 
peratures indicated  by  the  thermometers  and  the  thermocouples  were 
practically  the  same  when  the  thermometers  were  so  imbedded  that 
their  axes  lay  in  the  plane  of  the  surface  of  the  material, 

18.  The  Method  of  Conducting  Tests. — The  temperature  of  the 
air  inside  the  test  column  was  brought  to  the  desired  point  by  allow- 
ing a  relatively  large  current  to  flow  through  the  heating  coil.  As  the 
rising  air  temperature  approached  the  desired  point,  the  current  was 
decreased  until  the  right  amount  was  flowing  to  maintain  the  required 
temperature.  In  all  cases  sufficient  time,  ranging  from  twenty-four 
to  seventy-two  hours,  according  to  the  material  and  its  thickness, 
was  then  allowed  to  elapse  in  order  to  insure  constant  heat  flow. 
Readings  of  thermometers,  thermocouples,  and  electrical  instruments 
were  then  taken  at  intervals  of  thirty  minutes.  From  five  to  seven 
readings  were  taken  during  each  test,  local  conditions  determining  the 
duration  of  the  tests.  Usually  three  or  four  tests  were  run  on  each 
material,  various  air  temperature  differences  being  maintained  for 
each  test.  In  most  cases  both  mercury  thermometers  and  thermo- 
couples were  installed  for  each  test.  This  installation  made  it  possible 
to  run  both  tests  at  the  same  time,  and  provided  the  data  for  a  direct 
comparison. 

The  moving  air  tests  were  conducted  in  a  manner  similar  to 
that  described  in  the  preceding  paragraph,  and  in  addition  a  tra- 
verse of  the  air  duct  was  made  during  each  test,  the  fan  speed  was 
recorded,  and  the  exit  velocity  of  the  air  over  the  four  sides  of  the 
column  was  checked  with  an  anemometer  at  the  regular  30-minute 
intervals.  The  relative  humidity  of  the  air  was  also  determined  for 
each  test. 
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In  the  combined  moving  air  and  humidity  tests,  the  humidity  of 
the  air  as  it  left  the  air  washer  was  also  recorded.  The  air  washer 
made  it  possible  to  supply  air  at  practically  one  hundred  per  cent  rela- 
tive humidity  for  the  combined  moving  air  and  humidity  tests. 

19.  Calculations  for  Finding  Coefficieyits. — The  readings,  taken 
during  a  test,  for  each  thermometer,  thermocouple,  or  electrical  meter 
were  averaged  and  then  corrected  according  to  the  calibration  curves. 
The  corrected  averages  for  any  one  section,  such  as  the  outside  surface 
temperatures,  were  then  averaged,  the  result  being  the  outside  sur- 
face temperature  in  the  case  mentioned.  From  these  final  temper- 
atures the  various  drops,  air  to  air,  wall  to  wall,  air  to  wall,  and  wall 
to  air,  were  determined. 

The  heat  transmitted  was  determined  from  the  electrical  input 
by  means  of  the  following  relation : 

Volts  X  Amperes  X  3.412  ^  B.  t.  u.  loss  per  hour. 
Since  the  heat  input  was  known,  the  various  coefficients  were 
determined  from  the  following  equations : 
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in  which, 

Sm  is  the  mean  area  of  the  inside  and  outside  surfaces  in  square 
feet  and  is  taken  as  the  arithmetical  mean  of  8^  and  S^. 

8^  is  the  inside  area  of  the  test  box  in  square  feet. 

80  is  the  outside  area  of  the  test  box  in  square  feet. 

H  is  the  total  heat  transmission  of  the  box  in  B.  t.  u.  per  hour. 

tj^  is  the  inside  air  temperature. 

^2  is  the  inside  wall  temperature. 

#3  is  the  outside  wall  temperature. 

#4  is  the  outside  air  temperature. 

In  the  moving  air  tests,  flow  of  air  occurred  over  the  four  sides 
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of  the  test  box  only ;  thus  it  is  necessary  to  make  a  correction  to  allow 
for  the  difference  in  loss  of  heat  from  the  ends  and  sides.  It  is 
assumed  that  the  loss  of  heat  from  the  ends  is  the  same  during  the 
moving  air  tests  as  during  the  still  air  tests,  and  the  correction  is 
accordingly  made  in  the  following  manner : 

Hs^Ht-  uSe    {t^~  t,) 
in  which, 

Hs  is  the  heat  loss  through  the  sides  in  B.  t.  u. 

Ht  is  the  total  heat  loss  from  the  test  box  in  B.  t.  u. 

%i  is  the  unit  transmission  of  the  test  box,  obtained  from  the 
still  air  tests. 

8e  is  the  mean  area  of  the  ends  of  the  box  in  square  feet. 

t.^  is  the  inside  air  temperature  in  degrees  F. 

i^  is  the  outside  air  temperature  in  degrees  F. 

In  determining  the  coefficients  for  the  moving  air  tests,  the  rela- 
tions given  on  page  32  are  used;  H^  is  substituted  for  the  heat  loss, 
and  the  respective  areas  of  the  sides  are  used  instead  of  those  in 
the  entire  box. 

In  making  a  traverse  to  determine  the  quantity  of  air  flowing, 
the  duet  was  divided  into  five  concentric  zones  of  equal  area,  and  read- 
ings were  taken  on  the  circle  which  equally  divided  the  area  of  each 
zone.  The  traverse  was  made  across  on  one  diameter  only,  thus  giving 
ten  readings  in  inches  of  water,  which  will  be  called  h.  To  calculate 
the  mean  velocity'",  these  values  of  h  were  substituted  in  the  following 
equation : 

^.       18.27     [(  V/^+  V^-f  V^+etc.)l 

^-  =  -¥^     L ~n \ 

in  which, 

Ym  is  the  mean  velocity  in  feet  per  second. 

d  is  the  density  of  the  air  at  the  mean  temperature   pounds 
per  cubic  foot. 

h  is  the  velocit}^  pressure  in  inches  of  water. 

n  is  the  number  of  readings  taken. 

Knowing  the  mean  velocity  of  the  air  in  the  duct,  the  relative 
areas  of  the  duct,  and  the  space  between  the  test  column  and  the 
surrounding  hood,  the  air  velocity  over  the  surface  of  the  test  column 
can  readily  be  determined. 

The  space  between  the  hood  and  the  test  column  was  changed  in 
going  from  the  low  to  the  high  velocity  tests  in  order  to  run  the 
velocities  as  high  as  desired. 
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2  Panes  Glass 
J^ "  Air  Space 
69.3%  Glass 
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Sheet  Asbestos 
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1 
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50.96  Sq.  Ft. 
48.75  Sq.  Ft. 
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Mean 
Inside 
Outside 

> 

Thermo- 
couple 

Thermo- 
couple 

Thermo- 
couple 

Thermo- 
meter 

Thermo- 
couple 

Thermome- 
ter 

Test 

1636.5 

1104.0 

731.5 

2240.5 

1500.0 

832.5 

CO 

o 

o     00 
w      cn 

CD        02 

<i     to 

CO        03 
h-*        CO 
CD       -J 

00 
Cn 

02 

to 

1248.0 
796.0 
496.2 

CO 
C5 

to 

CD 
05 

d 

to 

00 
d 

I  fa 

75.11 
54.43 
38.09 

67.64 
48.02 
32.20 

CO 
CO 

o 
cn 

78.43 
57.10 

CO     en 

to        05 

d     ip^ 

CO      ^ 

CO 
CO 

71.16 
50.53 
31.07 

CO 
to 

o 

Cn 

tS3 

00 

CO 
to 

o 

a 

B 

a 
P 

3 

0 

CB 
P 

a 

34.57 
24.53 
17.10 

6.00 
2.57 
2.22 

to 

Cn 

d 

if^       Ol 

i(^     CO 

d     o 
o     o 

i-"      to 

CO        ))^ 

tf^     >&■ 

03        O 

CO 

cn 
to 

51.57 
36.96 
22.10 

to 

d 

to 

CO 

CO 

to 

CO 

4 

'~o 

14.97 
13.57 
9.70 

27.67 
20.10 
14.56 

00 

CO     *- 
en     d 

CO      o 

^-'       to 

tf^        CO 

en      i-' 
M      cn 

CO 

"to 

CO 

5.10 
3.34 
2.17 

to 
Cn 

-4 

00 
to 

to 

cn 

00 

o 

25.57 
16.33 
11.29 

33.97 
25.35 
15.42 

en 

to 
to 

00      pi 
d     I^ 

M       CO 

rf^       QO 

d     00 
o     o 

o 

d 
00 

14,49 

10.23 

6.80 

d 

o 
to 

CO 

On 

CO 

CD 

0.69 
0.64 
0.61 

1.00 
0.95 
0.78 

o 
to 

o     o 
to     to 

CO        h^J. 

o     o 
to     to 

o 
to 

0.35 
0.32 
0.32 

o 

CO 

o 

CO 

O 
CO 

Cl 

a 

o 
B 
5' 

B 

1.50 
1.43 
1.30 

0.96 
1.51 
0.97 

o 

CO 

o     o 
to     to 

<[       CD 

o     o 

d     en 
o     en 

o 

Cn 
CO 

0.48 
0.43 
0.45 

o 

o 

d 

CD 

o 

<t 

00 

O 

3.68 
2.73 
2.54 

2.44 
2.25 
1.72 

i4^ 
O 

CO     rf^ 
en     CO 

O       CO 

o     o 

cn      cn 
to      cn 

O 
cn 

5.26 
5.12 
4.91 

O 

00 

00 

O 

d 
o> 

g 

w 

1.93 
2.03 
1.95 

d     <i     CD 

CO        00        CO 

■^ 

k  h 

rf^     CO 
CO     to 

CO        Ifi        05 

03      cn      ^- 

CO 
to 

4^ 

o 


I 


O 


38 


ILLINOIS   ENGINEERING  EXPERIMENT   STATION 


2-in.  Tile 
}4'in.  Plaster  (Both  Sides) 
Outside  Roofing  Covered 

Glass 
Single  Pane 
91.4%  Glass 

Brick, 
One-Course 

Tile  119.86  Lb. /Cu.  Ft. 
Roofing  1.34  Lb./Sq.  Ft. 
Gravel  0.83  Lb.  /  Sq.  Ft. 

141.1  Lb. 
/  Cu.  Ft. 

131.9  Lb. 
/  Cu.  Ft. 

Den- 
sity 

Tile         2.02" 
Roofing  0.15" 

0.085" 

3.79" 

1 

47.61  Sq.  Ft. 
36.06  Sq.  Ft. 
59.15  Sq.  Ft. 

10.14  Sq.  Ft. 
10.02  Sq.  Ft. 
10.25  Sq.  Ft. 

25.78  Sq.  Ft. 
17.48  Sq.  Ft. 
34.08  Sq.  Ft. 

Mean 
Inside 
Outside 

> 

"-I 

Thermocouple 

Thermometer 

Thermo- 
couple 

Thermo- 
couple 

Test 

1942.0 
1486.5 
1039.0 

1942.0 
1486.5 
1039.0 

751.2 
444.0 
147.1 

1033.0 

688.7 
303.7 

■    n 

CD 
? 

83.39 
69.07 
51.13 

87.71 
66.04 
45.53 

72.85 
48.27 
19.35 

77.71 
60.15 
26.14 

O 

a 

B 
•a 

a 

I 
C 

a 
0 

"-1 

CO 

a 

CO 

48.55 
38.32 
26.67 

28.29 
20.45 
13.75 

3.05 
2.65 
1.65 

38.15 

27.15 

9.80 

O 

11.70 
11.95 
10.65 

35.43 
28.53 
19.92 

29.00 

19.55 

7.95 

16.35 

13.80 

9.65 

28.14 
18.80 
13.81 

23.99 
17.06 
11.86 

40.80 

26.07 

9.75 

23.21 
19.20 
6.69 

o 

0.49 
0.45 
0.43 

0.47 
0.47 
0.48 

1.11 
0.99 
0.82 

*"      rf^      cn 
cn       (t^       h- 
tvO        CO       03 

d 

o 

g 

B 

a' 

0.84 
0.82 
0.82 

1.44 
1.53- 
1.59 

2.26 
1.53 
0.82 

3.98 
3.73 
4.55 

o 

4.60 
3.45 
2.71 

1.52 
1.45 
1.45 

2.83 
2.48 
2.02 

3.61 

2.85 
1.80 

^ 

to     CO     1-' 
^     rf^      ^ 

)f^        it-        CO 

cc     ^     ^ 

O       00       CD 
to      to      ^ 

CO        O       CO 
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VI.   Results  and  Test  Data 

20.  Still  Air  Tests. — The  material,  density,  thickness,  and  heat 
transmitting  areas  of  the  various  walls  investigated  are  given  in 
Table  1.  This  table  also  presents  the  average  test  data  for  heat  trans- 
mitted and  temperature  differences  which  are  required  in  calculating 
the  coefficients  U,  C,  K^,  and  K2.  The  calculated  values  for  each  co- 
efficient are  given  in  the  last  four  columns  of  the  table.  In  most 
cases  there  are  two  separate  sets  of  tests  for  each  material,  the  first 
being  the  mercury  thermometer  tests,  and  the  second  the  thermocouple 
tests.  For  every  thermometer  test  there  is  a  corresponding  thermo- 
couple test,  the  two  having  been  run  at  the  same  time. 

21.  Coefficients  of  Heat  Transmission. — In  each  case,  U  is  the 
heat,  in  B.  t.  u.,  transmitted  by  one  square  foot  of  wall  surface  per 
hour,  per  degree  of  difference  in  air  temperature,  inside  to  outside, 
for  the  thickness  of  wall  actually  tested.  For  the  solid  walls,  such  as 
brick,  concrete,  ar  cork,  C  is  the  conductivity  of  one  square  foot  of 
wall  surface  per  hour,  per  degree  of  difference  in  the  surface  temper- 
atures, per  inch  in  thickness  of  the  material  tested.  For  walls  made 
of  other  than  solid  materials,  such  as  the  tile  walls,  the  value  of  C 
is  given  for  the  thickness  of  wall  actually  tested.  The  surface  coeffi- 
cient K^  is  the  heat  received  by  one  square  foot  of  wall  surface  per 
hour,  per  degree  difference  in  temperature  between  the  inside  air 
and  inside  wall  surface.  K2  is  the  heat  emitted  by  one  square  foot  of 
wall  surface  per  hour,  per  degree  of  difference  in  temperature  between 
the  outside  wall  surface  and  the  outside  air.  The  thickness  or  nature 
of  the  wall  does  not  affect  the  determination  of  surface  coefficients. 

22.  Discussion  of  Results. — The  values  of  the  transmission  coef- 
ficients, U,  have  undoubtedly  been  affected  by  the  abnormally  high 
values  of  inside  surface  coefficients,  K^,  when  based  on  thermocouple 
readings.  The  radiation  from  the  heating  coil  to  the  inside  wall  of 
the  test  column  was  apparently  great  enough  to  make  the  inside  sur- 
face coefficient  larger  than  the  outside  one.  It  was  thought  that  with 
this  method  of  heating,  that  is,  eliminating  the  fan  inside  the  box 

(See  Hot  Air  Box  method  of  testing),  that  surface  coefficients  corre- 
sponding approximately  to  still  air  conditions  would  be  obtained  for 
both  the  inside  and  outside  surfaces.    In  this  case,  the  air-to-air  heat 
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transmission  of  the  walls  would  have  corresponded  to  still  air  con- 
ditions. 

It  will  be  noted  from  the  result  sheets,  Table  1,  that  the  K., 
values  of  each  set  of  tests  roughly  check  each  other;  this  agreement 
indicates  that  mercury  thermometers  imbedded  half-way  in  the  ma- 
terial give    fairly  close  readings  of  the  outside  surface  temperatures. 

Table  2 
Coefficients  Based  on  Heat  Transmission  Tests 

(See  "Applications  of  Test  Data  to  Typical  Walls") 
Note:     These  values  are  selected  from  Table  1  and  are  based  on  the  tests  run  under 
most  satisfactory  conditions 


No. 

Material 

C  per  1" 

Thickness  per 

Sq.  Ft.  per  1°  F. 

K 

Still  Air  per 
1°F. 

1 

Brick  Wall  (Mortar  Bond  &  Dry  Conditions)     . 

4.00 

1.40 

2 

Concrete,  1-2-4  Mixture 

8.30 

1.30 

3 

Wood  (Fir,  one  surface  finished) 

1.00 

1.40 

4 

Corkboard 

0.32 

1.25 

6 

Magnesia  Board 

0.50 

1.45 

6 

Glass  (actual  glass  91.4%  of  total  area)        .... 

2.063 

2.00 

7 

2-in.  Tile,  J^-in.  plasteT  on  both  surfaces      .... 

1.004 

1.10 

8 

4-in.  Tile,  H-in.  plaster  on  both  surfaces       .... 

0,604 

1.10 

9 

6-in.  Tile,  J^-in.  plaster  on  both  surfaces 

0.474 

1.10 

10 

2-in.  Tile,  plastered  as  above  and  roofing  covered   . 

0.84 

1.25 

11 

0.50 

1  60 

12 

0.30 

1.40 

13 

Double  Glass,  J^-in.  air  space  (glass  69 . 3%  of  total  area) 

1.503  4 

2.00 

14 

5.304 

1.25 

15 

1.00-1.704 

1  Calculated  from  values  of  C  for  2-in  tile  with  and  without  roofing.      (~p  ^ft  +  p") 

2  See  "Air  Spaces." 

3  Per  sq   ft.  of  actual  glass  set  in  wood  frame  but  based  on  total  heat  transmitted. 

4  For  thickness  and  construction  stated,  not  per  1"  of  thickness. 

The  values  of  the  transmission  coefficients,  TJ,  show  that  for  the  air-to- 
air  coefficient  mercury  thermometers  give  fairly  accurate  results.  For 
ihe  inside  surface  temperatures,  however,  where  oil  wells  imbedded  in 
the  surface  were  used,  the  results  from  the  mercury  thermometer 
tests  are  far  from  correct ;  thus  there  is  no  checking  of  the  K-^^  and  C 
values  of  the  two  sets  of  tests.  Only  the  thermocouple  temperatures 
are  to  be  relied  upon  for  inside  wall  temperatures. 

For  calculating  heat  transmission  coefficients  of  simple  or  com- 
pound walls,  it  is,  fortunately,  only  necessary  to  have  the  coefficients 
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of  conductivity  and  the  surface  coefficients  of  the  materials  composing 
the  wall;  consequently,  in  selecting  the  coefficients  for  Table  2  only 
the  outside  surface  coefficients  M^ere  considered  in  getting  the  values 
found  under  the  column  headed  K.  These  values  are  the  surface  coef- 
ficients for  still  air  conditions,  and  are  in  B.  t.  u.  per  square  foot  of 
surface  per  hour,  per  degree  difference  between  the  surface  tem- 
perature and  the  temperature  of  the  air  in  contact  with  it.  Values  of 
C  are  in  B.  t.  u.  per  one  square  foot  of  surface  per  hour  per  degree 
difference  between  the  inside  and  outside  surface  temperatures,  per 
inch  in  thickness  for  solid  Walls,  and  for  the  actual  thickness  of  hol- 
low walls  of  simple  or  compound  construction.  In  selecting  these 
coefficients,  the  greatest  significance  has  been  attached  to  the  values 
obtained  from  the  tests  of  greatest  air  temperature  differences,  and 
only  the  tests  in  which  thermocouples  were  used  were  considered. 

Attention  is  called  to  the  value  of  C  for  roofing,  deduced  from 
the  values  of  C  obtained  in  the  2-inch  tile  tests  with  and  without 
roofing.     This  value  was  calculated  from  the  relation: 

-  =  -+- 

where  C^  and  C^  are  the  conductivities  of  the  tile  and  the  roofing 
respectively.  In  the  table  of  coefficients  values  will  also  be  found  for 
the  so-called  conductivity  of  air  spaces,  an  explanation  of  which  will 
be  found  under  the  section  on  air  spaces. 

23.  Moving  Air  Tests. — Results  of  the  moving  air  tests  on  brick 
are  presented  in  Table  3. 

Curves  showing  the  effect  of  the  velocity  of  air  on  the  various 
coefficients  for  a  4-inch  brick  wall  are  given  in  Figs.  14  and  15.  Just 
why  K^,  the  inside  surface  coefficient,  should  increase  with  an  in- 
creasing air  velocity  over  the  outside  of  the  box  is  difficult  to  explain. 
Air  moving  over  the  outside  surface  causes  the  outside  surface  tem- 
peratures to  approach  that  of  the  outside  air  with  an  increase  in 
velocity.  The  loss  of  heat  being  practically  the  same  in  all  but  a  few 
of  the  tests,  the  temperature  of  the  insiide  surface  would  have  to  drop 
until  the  temperature  gradient  through  the  material  was  the  same  as 
in  the  still  air  tests.  On  account  of  the  lowering  of  the  inside  wall 
temperature,  a  drop  of  the  inside  air  temperature,  of  such  magnitude 
that  the  coefficient  for  the  inside  surface  would  be  the  same  as  under 
still  air  conditions,  would  be  expected.  According  to  the  tests,  how- 
ever, the  temperature  difference  is  less  than  this  amount,  resulting  in 
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an  increase  of  K^,  with  the  velocity  of  the  air.  The  conductivity  curve 
is  practically  horizontal,  as  would  be  expected,  since  the  mean  tem- 
perature of  the  material  was  about  the  same  for  all  the  tests.  The 
transmission  curve  increases  with  the  air  velocity  in  a  manner  similar 
to  the  increase  of  the  outside  surface  coefficient. 
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24.  Discussion  of  Results. — Results  of  the  moving  air  tests  on 
wood  are  presented  in  Table  4.  These  data  are  plotted  on  the  curve 
sheets,  Figs.  16  and  17,  and  show  the  rate  of  change  of  the  various 
coefficients  with  air  velocity.  The  remarks  regarding  K^  for  the 
brick  box  tests  apply  equally  well  to  the  K^  values  for  the  wood  box 
tests.  In  the  still  air  tests  the  value  of  K^  for  wood  is  evidently 
incorrect  and  has  been  disregarded  in  drawing  the  K^  curve  for 
this  material. 
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25.  The  Effect  of  Variations  in  Relative  Humidity  on  Surface 
Coefficients. — Eesults  of  the  saturated  air  tests  on  the  brick  box  are 
presented  in  Table  5,  and  those  on  the  wood  box  in  Table  6.  Curves 
of  the  various  coefficients  determined  from  the  saturated  air  tests 
on  the  wood  box  are  shown  in  Fig.  18. 

The  three  curves  shown  in  Fig.  19,  which  are  taken  from  the  K.^ 
curves  in  Figs.  14  and  16,  at  the  lower  velocities,  and  the  four  points 
plotted,  which  are  obtained  from  the  data  of  the  saturated  air  tests 
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on  the  brick  box  in  Table  5,  sliow  the  effect  of  humidity  on  the  outside 
surface  coefficients.  The  conclusion  is  that  the  increase  in  humidity 
has  no  appreciable  effect  on  the  outside  surface  coefficient  for  brick, 
while  in  the  case  of  wood  an  increase  is  apparent.  The  practical  im- 
portance of  this  conclusion  is  doubtful,  since  the  increase  would  be 
negligible  in  making  a  calculation  for  the  heat  transmission  through 
a  wall. 


Fig.     20.     TJ  Curves,  Aik  Velocity  Belotv  2000  Feet  Per  Minute 

The  three  cuiwes  shown  in  Fig.  20,  taken  from  the  u  curves  in 
Figs.  15,  17,  and  18,  at  the  lower  velocities,  and  the  four  points 
plotted,  which  are  obtained  from  the  results  of  the  saturated  air 
tests  on  the  brick  bos  Table  5,  show  the  effect  of  humidity  on  the 
heat  transmission  coefficient.  The  plotted  points  lie  close  enough 
to  the  curve  for  brick  with  partially  saturated  air  to  justify  the  con- 
clusion tliat  increasing  the  relative  humidity  from  an  average  of  51.6 
per  cent  to  an  average  of  95.9  per  cent  does  not  increase  the  heat 
transmission  through  a  brick  wall  four  inches  thick.  In  the  case 
of  the  wood  box,  the  effect  of  increasing  the  relative  humiditj^  of  the 
air  from  an  average  of  71.3  per  cent  to  an  average  of  96.9  per  cent 
is  also  practically  negligible. 

26.  The  Value  of  Air  Spaces. — Heat  is  transferred  across  an 
air  space  by  means  of  all  three  methods  of  heat  transfer,  radiation, 
convection,  and  conduction. 

With  a  large  drop  in  temperature  across  the  air  space  the  circu- 
lation of  the  air  will  obviously  be  more  rapid,  and  the  convection 
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loss  will  therefore  be  greater  than  with  a  small  drop.  Removing 
the  air  from  the  space  has  no  appreciable  effect  until  a  very  high 
vacuum  is  reached,  as  Niisselt*  found  that  a  29.96-inch  vacuum  (re- 
ferred to  a  30-inch  barometer)  had  little  effect  on  the  loss  by  con- 
vection. In  order,  therefore,  to  reduce  the  loss  by  convection  to  an 
appreciable  amount  a  very  high  vacuum  is  necessary.  Convection 
loss,  then,  depends  on  the  velocity  of  circulation  of  the  air,  which 
varies  with  the  temperature  difference  of  the  two  containing  walls. 

Air  is  a  poor  conductor  of  heat,  and  this  fact  accounts  for  the 
general  belief  that  no  matter  what  the  structure  air  spaces  built  into 
walls  will  reduce  the  loss  of  heat  to  a  great  extent.  The  double  glass 
box  with  a  half-inch  air  space  between  the  panes  illustrates  the  value 
of  an  air  space  in  constructions  of  this  nature.  A  comparison  of 
the  brick  and  tile  tests  shows  favorable  results  for  the  air  space. 

When  higher  temperatures  than  those  met  in  ordinary  building 
wall  construction  are  encountered,  however,  the  transfer  of  heat  across 
an  air  space  assumes  a  different  aspect.  For  the  lower  temperature 
differences  the  radiation  factor  is  not  of  very  great  importance.  But 
since  the  quantity  of  heat  which  passes  across  an  air  space  by  means 
of  radiation  is  proportional  to  the  difference  of  the  fourth  powers  of 
the  absolute  temperatures  of  the  surfaces!  enclosing  the  air  space, 
it  is  evident  that  the  radiation  loss  will  increase  rapidly  with  the 
temperatures  of  the  two  surfaces,  althought  the  difference  between 
these  surfaces  remains  constant.  On  the  other  hand,  if  a  solid  ma- 
terial such  as  used  in  building  walls  should  be  used  instead  of  the 
air  space,  the  heat  would  be  transferred  through  it  by  means  of  con- 
duction alone.  The  amount  of  heat  lost  by  conduction,  moreover, 
would  increase  only  slightly  with  an  increase  in  temperature  if  the 
temperature  difference  between  the  two  surfaces  remained  constant. 

An  air  space  may  thus  be  as  effective  a  heat  insulator  as  a  solid 
insulating  material,  at  the  lower  temperatures  and  with  the  same 
temperature  difference,  but  with  a  higher  mean  temperature  and  the 
same  temperature  difference,  the  air  space  would  prove  to  be  very 
inefficient. 

Ray  and  KreisingerJ  state  that  the  amount  of  heat  passing 
through  furnace  walls  would  be  much  reduced  if  the  air  spaces  were 


*  Wilhelm  Niisselt,   a  private  lecturer  at  the  University   of  Dresden  in  Mechanical   and 
Electrical  Engineering.     He  has  written  on  the  subject  of  heat. 

t  This  is  exactly  true  only  for  perfect  radiators  and  perfect  absorbers. 

t"The  Flow  of  Heat  through  Furnace  Walls,"  U.  S.  Bureau  of  Mines,  Bui.  8,  1911. 
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filled  with  brick  or  preferabl}^  with  materials  of  poor  conductivity, 
such  as  ash,  sand,  or  mineral  wool.  In  other  words,  because  of  the 
radiation  factor,  when  heat  at  low  temperatures  is  to  be  insulated, 
use  air  spaces;  when  heat  is  at  high  temperatures  as  in  the  case  of 
furnace  walls,  use  solids  of  poor  conductivity. 

From  the  results  of  the  single  glass  and  the  double  glass  box 
tests,  the  so-called  conductivity  of  the  i^-inch  air  space,  meaning  by 
"so-called  conductivity"  the  B.  t.  u.  loss  per  square  foot  per  hour 
per  degree  of  difference  in  the  surface  temperatures  of  the  two  con- 
taining walls,  is  found  to  be  1.77. 

Prof.  L.  A.  Harding,  in  a  Pennsylvania  State  College  Experiment 
Station  Bulletin,  gives  a  value  of  1.66  for  the  so-called  conductivity 
of  air  spaces  ranging  from  one  to  six  inches  in  thickness.  From  tests 
reported  in  Ice  and  Refrigeration*  a  value  of  1.25  is  deduced  for  a 
1-inch  air  space.  From  tests  on  a  steel  mail-car  side,  reported  by 
Prof.  A.  C.  Willard,t  a  value  of  1.59  is  deduced  for  a  4-inch  air  space. 
Niisselt  states  that  air  spaces  greater  than  %  inch  in  thickness  give 
no  additional  value  for  heat  insulating  purposes,  a  statement  sub- 
stantiated by  the  foregoing  data.  An  average  of  the  previously  men- 
tioned values  gives  a  value  of  1.57  for  the  ''so-called  conductivity" 
of  an  air  space. 

From  the  data  already  presented,  the  temperature  drop  across 
the  air  space  was  calculated,  and  a  curve  was  plotted  with  air-tera-  ' 
perature  differences  as  abscissae  and  the  so-called  conductivity  of  air 
spaces  as  ordinates.  The  curve,  indicating  the  variation  of  the  so- 
called  conductivity  with  the  temperature  difference  across  the  space, 
is  shown  in  Fig.  21. 

In  making  calculations  for  heat  transmission  coefficients  of  com- 
pound walls,  an  air  space  may  be  treated  in  either  of  the  following 
ways :  the  air  space  may  be  regarded  as  a  solid  insulating  mate- 
rial through  which  the  heat  passes  according  to  the  so-called  con- 
ductivity theory  or  considering  the  transfer  by  the  three  methods, 
radiation,  convection,  and  conduction,  the  radiation  and  convection 
action  may  be  combined  into  a  single  surface  coefficient  and  the  true 
conductivity  of  the  air  neglected.  For  every  air  space  two  surface 
coefficients,  accordingly,  would  be  considered.  If  different  surfaces 
enclosed  the  air  space,  different  surface  coefficients  would  be  used  for 
the  two  walls. 


*Refrigerating  World,    October,    1914. 

tRailway  Age  Gazette,  Vol.  56  n,  s.,  p.  1572,  June  26,   1914. 
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It  has  been  customary  to  assume  still  air  conditions  inside  the 
air  space,  and  consequently  to  use  the  surface  coefficients  correspond- 
ing to  this  condition.  This  assumption  gives  values  for  TJ,  when  cal- 
culated which  are  generally  in  accord  with  the  actual  transmission 
values  obtained  in  tests  of  hollow  building  walls.  It  would  probably 
not  prove  true  for  air  spaces  at  high  temperatures,  as  in  furnace  work. 
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VII.   Applications  op  Data  to  Typical  Simple  and  Compound 

Walls 

27.  Types  of  Wall  Construction. — Reference  has  already  been 
made  to  the  fact  that  it  is  manifestly  impossible  to  test  all  types 
and  combinations  of  building  materials  used  in  actual  wall  construc- 
ion.  It  will,  therefore,  generally  be  necessary  to  calculate  from  test 
data,  similar  to  those  given  in  this  bulletin  and  amplified  by  fur- 
ther tests,  the  values  of  the  overall  or  heat  transmission  coefficients 
(U)  for  many  walls.  Two  cases  exist,  one  involving  solid  walls  of  one 
or  more  materials  and  the  other  including  hollow  walls  of  simple  or 
compound  construction  with  one  or  more  air  spaces. 

28.  Solid  Wall  Construction. — In  a  simple  wall  or  a  compound 
wall  without  air  spaces  there  are  two  surfaces  which  enter  into  the 
calculations  for  the  heat  transmission  coefficient.  For  the  inside  sur- 
face a  coefficient  corresponding  to  still  air  conditions  is  used.  This 
is  obtained  from  the  list  of  coefficients.  Table  2.  For  the  outside 
surface  a  coefficient  of  three  times  that  corresponding  to  still  air 
conditions  is  used;  this  allows  for  a  wind  velocity  of  practically  fif- 
teen miles  per  hour.  The  conductivity  values  for  the  materials  in- 
volved are  obtained  from  the  same  table  of  coefficients.  With  these 
values  substituted  in  the  heat  transmission  formula,  the  heat  loss 
in  B.  t.  u.,  per  square  foot,  per  hour,  per  degree  of  difference  in  air 
temperatures  is  obtained  and  the  total  loss  through  the  walls  of  a 
building  for  any  given  air  temperature  difference  may  be  readily  cal- 
culated, as  shown  by  Fig.  2. 

The  walls  shown  involve  materials  for  which  tests  have  already 
been  run  to  determine  K^,  Ko  and  C.  Additional  tests  will  furnish 
data  for  a  variety  of  materials  which  are  not  so  generally  used  as  those 
listed  in  Table  2. 

29.  Air  Space  Construction. — For  walls  containing  an  air  space 
or  spaces,  the  accepted  method  of  determining  the  heat  transmission 
of  the  wall  is  the  same  as  that  for  a  simple  or  compound  wall  with  the 
addition  of  two  surface  coefficients  for  each  space  included  in  the  con- 
struction. The  surface  coefficients  used  for  air  spaces  are  those  used 
for  still  air  conditions.     As  mentioned  before,  however,  this  assump- 
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tion  of  still  air  conditions  in  an  air  space  is  probably  not  true  in 
all  eases. 

To  determine  the  heat  transmission  of  a  wall  containing  an  air 
space  according  to  this  alternate  method,  the  following  tentative  solu- 
tion may  be  adopted:  The  temperature  drop  across  the  air  space  is 
assumed,  the  so-called  conductivity  value  is  determined  from  the  curve, 
Fig.  21,  calculation  for  the  transmission  coefficient  is  made,  and  the 
loss  for  the  overall  air  temperature  difference  determined.  Dividing 
this  value  by  the  conductivity  value  used  for  the  air  space  gives  the 
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Fig.  21.     The  So-called  Conductivity  Curve  for  Air  Space  Construction, 
Based  on  Temperature  Difference  Between  Enclosing  Walls 
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temperature  drop  across  the  air  space.  This  result  should  check  the 
assumed  temperature  drop  if  the  assumption  is  correct.  If  the  re- 
sulting temperature  is  greater  than  the  assumed  one,  an  assumption 
of  temperature  drop  larger  than  the  previous  one  is  made,  and  cal- 
culations are  made  again,  and  so  on  until  the  calculated  drop  checks 
the  assumed  one. 
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VIII.     Conclusions 

The  following  summary  includes  the  more  important  conclu- 
sions which  have  been  drawn  from  the  results  of  the  investigation : 

(1)  For  determining  the  transmission  coefficient,  air  to  air,  and 
the  outside  surface  coefficient,  mercury  thermometers  may  be  used 
and  if  properly  installed  will  give  results  of  practically  the  same  ac- 
curacy as  those  determined  with  the  thermocouples.  Mercury  ther- 
mometer wells  were  shown  to  be  of  no  value  in  determining  surface 
temperatures.  The  method  finally  adopted  was  to  imbed  the  ther- 
mometer in  the  surface  so  that  its  center  line  would  lie  in  the  plane 
of  the  surface  of  the  material  being  tested.  Thermocouples  are  to 
be  preferred  for  determining  temperatures  in  this  work. 

(2)  A  variation  in  the  air  velocity  over  the  surface  affects  both 
the  air-to-air  coefficient  and  the  outside  surface  coefficient.  The 
outside  surface  coefficients  of  brick  and '  wood  surfaces  are  affected 
in  practically  the  same  manner  at  the  lower  air  velocities,  while  the 
coefficient  for  brick  gradually  rises  above  that  of  wood  for  the  higher 
velocities. 

(3)  The  coefficient  of  transmission,  V,  for  a  simple  or  com- 
pound wall,  floor,  or  roof  can  be  readily  computed  provided  the  sur- 
face coefficients  for  the  building  materials  used  in  the  surfaces  are 
known  for  both  still  and  moving  air  conditions.  It  is  alSo  necessary 
to  know  the  coefficients  of  conductivity  for  all  the  materials  used  in 
the  wall.  These  coefficients  should  be  determined  on  full  size  walls 
for  the  temperature  ranges  usually  encountered.  (See  Applications 
Fig.  2).  The  effect  of  moving  air  is  to  increase  the  value  of 
the  outside  surface  coefficient,  and  this  increase  involves  the  com- 
bined action  of  heat  transfer  by  radiation  and  convection.  While 
this  effect  is  variable,  according  to  the  velocity  of  wind,  it  seems 
evident  that  it  can  always  be  expressed  as  some  function  of  the  still 
air  coefficient  for  the  same  wall;  thus  where  the  average  wind  move- 
ment during  the  heating  season  is  approximately  fifteen  miles  per 
hour,  a  value  of  /u  =  3  iTi  is  recommended.  In  any  case,  the  test 
data  presented  herewith  indicate  the  manner  and  degree  in  which 
the  factor  varies  for  different  velocities  so  that  the  value  of  K^  can 
be  modified  to  conform  with  the  conditions  of  wind  movement  ex- 
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isting  in  the  locality  where  the  heat  transmission  data  are  to  be  ap- 
plied. 

(4)  The  effect  of  the  relative  humidity  of  the  air  on  the  heat 
transmission  of  an  ordinary  building  wall  is  so  small  that  it  can  safely 
be  neglected  in  determining  the  total  heat  loss  from  a  building.  An 
increase  in  the  relative  humidity  of  the  air  causes  a  slight  increase 
in  the  value  of  the  surface  coefficient;  hence  the  overall  transmission 
coefficient  becomes  larger.  If  the  walls  are  actually  wet  so  that  they 
absorb  moisture,  the  coefficient  of  conduction,  C,  may  be  seriously  af- 
fected, as  in  the  case  of  brick  work  where  an  increase  of  at  least  twen- 
ty-five per  cent  may  easily  occur. 

(5)  Air  space  construction  is  of  value  at  low  temperatures,  but 
not  at  high  temperatures.  In  all  cases  the  heat  transmission  across  an 
air  space  will  rapidly  increase  not  only  with  an  increase  in  the  tem- 
perature difference  in  the  enclosing  walls  but  also  with  the  same  dif- 
ference of  temperature,  if  the  absolute  values  of  the  enclosing  wall 
temperatures  are  increased. 
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AN  INVESTIGATION  OF  TWIST  DRILLS 


I.    Introduction 

1.  Purpose. — During  recent  years  the  economic  importance  of 
increasing"  production  in  modern  manufacturing  has  stimulated 
development  and  improvement  in  shop  practice,  in  machinery,  and 
in  metal  working  process.  Practice  governing  the  cutting  of  metals 
has  had  an  important  bearing  upon  the  rate  of  production,  and 
competition  among  manufacturers  to  cut  down  costs  has  resulted 
in  great  improvements  in  the  practical  application  of  metal  cut- 
ting tools.  In  this  development  the  engineer-scientist  and  the  organi- 
zations devoted  to  experimental  research  have  not  had  an  important 
part,  and  the  design  of  metal  cutting  tools  has  not  been  based  upon 
an  exact  knowledge  of  performance.  The  investigation  of  twist 
drills,  the  results  of  which  are  here  reported,  is  the  first  of  a  series 
of  investigations  of  the  design  and  performance  of  metal  cutting  tools 
planned  by  the  Engineering  Experiment  Station. 

Unlike  many  of  the  tools  employed  with  machinery  companion 
of  the  drill-press,  the  twist  drill  is  normally  the  product  of  tool 
making  establishments  especially  equipped  for  its  manufacture.  One 
result  of  this  plan  of  manufacturing  has  been  a  standardization  of 
design  and  of  methods  of  production  to  a  degree  greater  than  is 
found  in  the  manufacture  of  other  metal-working  tools.  So  closely 
have  manufactures  followed  a  common  practice  that  twist  drills  of 
different  makes  are  very  similar  or  practically  identical  in  appear- 
ance. Only  after  minute  inspection  can  variations  in  design  be 
detected;  and  these  are  slight.  An  extra  thousandth  of  an  inch  more 
in  the  web,  a  few  degrees  more  or  less  in  the  helix  angle,  and  different 
standards  of  machining  and  finishing  are  the  characteristics  distin- 
guishing one  drill  from  another.  This  similarity  in  form  and  the 
general  excellence  of  performance  have  helped  to  remove  the  twist 
drill  from  the  field  of  the  investigator. 

There  is  little  information  regarding  the  comparative  perform- 
ance of  drills  of  different  makes,  and  the  producer  who  is  constantly 
facing  a  multitude  of  unsolved  problems  has  not  concerned  himself 
with  the  twist  drill.  Although  a  number  of  investigators  in  this  coun- 
try and  abroad  have  made  studies  of  the  drilling  of  metals  during 
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the  past  decade  and  have  contributed  much  to  the  knowledge  of  the 
subject,  the  existing  data  emphasize  the  gaps  yet  to  be  filled  rather 
than  the  extent  of  the  ground  already  covered.  This  statement  does 
not  reflect  in  any  manner  whatever  on  the  work  which  has  already 
been  done.  The  fullest  recognition  is  recorded  the  work  of  those 
investigators  who  have  contributed  all  the  existing  knowledge  of 
drills  and  drilling,  but  the  subject  is  large  and  investigators  have 
usually  worked  independently  on  certain  individual  phases  of  the 
problem  without  reference  to  a  coordinate  program. 

The  experiments  reported  in  this  bulletin  were  undertaken  pri- 
marily to  solve  certain  problems  relating  to  drilling  which  arose  in 
the  University  laboratories  and  in  the  shops  of  manufacturers,  and 
the  purpose  has  been  to  establish  facts  relating  to  every  day  prob- 
lems of  shop  practice.  Data  have  been  obtained  on  the  basis  of 
which  the  influence  of  the  angle  of  helix  and  of  the  methods  of  point 
grinding  upon  the  power  required  by  the  drill  might  be  studied. 
The  absorption  of  power  by  the  drill-press  has  been  noted  and  the 
subject  of  drill  endurance  for  different  angles  of  grinding  has  been 
briefly  investigated.  All  experiments  have  been  made  upon  cast  iron 
of  fairly  soft  composition. 

The  fact  is  emphasized  that  the  investigations  here  reported 
are  essentially  preliminary.  It  is  the  present  purpose  to  extend  the 
work  in  the  experimental  study  of  drilling,  through  a  series  of  sev- 
eral investigations,  and  it  is  probable  that  many  of  the  data  and 
conclusions  here  presented  will  be  shown  in  their  true  value  only 
after  the  projected  program  of  investigations  is  further  advanced. 

2.  Acknowledgments. — The  investigations  were  conducted  by 
the  Department  of  Mechanical  Engineering  as  the  work  of  the  En- 
gineering Experiment  Station  of  the  University  of  Illinois.  Dean 
C.  R.  Richards,  Dean  of  the  College  of  Engineering  and  formerly 
head  of  the  Department  of  Mechanical  Engineering  at  the  University 
of  Illinois,  exercised  general  direction  over  the  work.  Director  B.  "W. 
Benedict  supervised  the  tests,  the  laboratory  work  of  which  was 
conducted  by  W.  P.  Lukens.  Upon  the  latter  fell  the  burden  of  the 
work  involved  in  the  making  of  the  tests,  and  the  compilation  of  data 
for  publication.  G.  H.  Radebaugh  and  the  other  members  of  the 
staff  of  the  Shop  Laboratories  gave  valuable  assistance  in  construct- 
ing and  reconstructing  some  portions  of  the  apparatus. 


jQ 


Fig.  1.     Standard  Twist  Drills,  "B'^  to  "G,"  Used  in  the  Tests 
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II,    Methods  Employed  and  Apparatus  Used  in  Conducting 

THE  Tests 

3.  Drills  Used. — One-inch  high-speed  drills  were  used  through- 
out the  tests.  This  size  was  chosen  on  account  of  the  strength  of 
the  drills  and  the  small  risk  of  breakage  under  heavy  loads.  It  was 
also  felt  that  this  size  was  representative  and  that  the  data  obtained 
would  form  the  basis  for  correct  deductions  respecting  drill  perform- 
ance in  general.  Drills  of  many  prominent  makers  were  purchased 
and  were  tested  under  similar  operating  conditions.  Little  difference 
was  observed  in  the  character  of  the  drills  made  by  various  manu- 
facturers, but  their  design  was  shown  to  have  a  marked  injfluence  on 
performance. 

Drills  with  eight  different  helix  angles  (measured  with  the  axis 
of  the  drill)  were  used  in  the  greater  number  of  these  tests.  The 
drills  with  the  10-,  35-,  40-,  and  45-degree  angles  were  made  espe- 
cially for  the  tests  by  a  well-known  twist  drill  manufacturer,  while 
the  22-,  26-,  and  32-degree  and  the  32-degree  flat-twist  drills  were 
obtained  on  the  market  from  standard  stock.  For  convenience  in 
recording  test  results,  these  drills  were  designated  by  the  letters  ' '  A " 
to  **H,"  inclusive,  as  indicated  in  the  following  list: 

"A" — Helix  Angle  10  degrees 

"B" — Helix  Angle  22  degrees 

"C" — Helix  Angle  26  degrees 

"D" — Helix  Angle  27  to  32  degrees 

"E" — Helix  Angle  35  degrees 

('Y" — Helix  Angle  40  degrees 

"G" — Helix  Angle  45  degrees 

"H"— Helix  Angle  32  flat  twist 

A  photograph  of  drills  ''B"  to  "G"  inclusive  is  reproduced  as 
Fig.  1.  Cross-sections  of  all  the  drills  are  shown  by  Fig.  2.  The 
variation  in  the  form  of  drills,  even  when  the  product  of  the  same 
manufacturer,  is  well  shown,  while  the  greater  chip  space  afforded 
by  the  larger  helix  angle  may  be  noted.  The  method  of  point  thin- 
ning used  on  drill  "H"  is  shown  in  Fig.  56.  In  Fig.  3  are  shown 
graphically  the  variations  in  web  thickness  from  point  to  hilt  of  all 
test  drills  except  "H,"  which  was  given  the  uniform  thickness  of 
0.125  inches.    It  will  be  noted  that  drill  "A"  in  being  thinner  toward 
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the  tang  is  made  contrary  to  the  usual  practice,  probably  because  of 
an  error  in  the  set-up  of  the  milling  machine.  This  drill  ultimately 
broke  in  testing  and  was  replaced  by  another  10-degree  drill  with  a 
thicker  web.  Drill  "  B, "  as  shown  in  Figs.  1  and  2  has  the  heel  of  the 
flute  cut  away  for  the  entire  length;  yet  it  is  apparently  amply  strong 
and  has  the  advantages  of  giving  greater  chip  space.  It  is  also  easier 
to  grind  and  possibly  uses  slightly  less  metal. 


Fig.  2.     Sections  of  thk  Various  Types  of  Drills  Used  in  the  Tests 


Other  drills  used  in  some  of  the  point  angle  and  chisel  edge  tests 
or  in  the  endurance  tests  were  standard  drills  of  various  manu- 
facturers. 


4.  Test  Blocks. — The  test  material  consisted  of  soft  cast  iron 
blocks  made  in  the  foundry  of  the  University.  Every  effort  was 
made  to  produce  blocks  of  uniform  structure  and  chemical  composi- 
tion. To  insure  uniformity  the  blocks  were  cast  in  bars  as  shown 
by  Fig.  4  and  were  then  planed  on  the  bottom.     Since  most  of  the 
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air  holes  and  impurities  occurred  near  the  unplaned  surface  or  top 
of  the  block,  this  planing  of  the  bottom  left  metal  of  uniform  struc- 
ture for  a  depth  of  five  or  six  inches  and  also  removed  the  hard 
surface  skin.  After  planing,  the  bars  were  broken  into  blocks,  each 
of  which  weighed  about  forty-five  pounds.  The  blocks  were  of  suf- 
ficient size  to  permit  the  drilling  of  eight  test  holes.  Less  than  one- 
fifth  of  the  metal  in  the  block  was  removed  by  drilling.  All  drilling 
was  in  finished  surfaces.  Fig.  5  shows  a  number  of  the  test  blocks 
ready  for  use,  and  also  used  blocks  and  chips  from  several  days' 
testing. 

5.  The  Drill-Press  and  Motor. — The  drilling  machine  used  was 
a  22-inch  all  geared  drill-press.  It  was  considered  essential  for  pur- 
poses of  these  tests  that  no  slippage  occur  between  the  motor  and 
the  drill,  and  all  speeds  and  rates  of  feed  were  controlled  by  gears, 
so  that  the  operation  was  positive  and  exact.  All  gears  and  bear- 
ings, except  the  spindle  sleeve,  were  oiled  automatically,  and  most 
of  the  gears  were  run  in  a  bath  of  oil.  The  bearings  throughout 
were  of  babbitt  metal,  except  the  ball  thrust  bearing  on  the  spindle. 
Most  of  the  gears  were  of  chrome-nickel  steel,  and  the  final  feed  drive 
to  the  spindle  was  by  rack  and  pinion.  All  speed  and  feed  change 
levers  were  accessible. 

The  motor  used  for  driving  the  drill-press,  shown  in  Fig.  5,  was 
a  25-horse-power  alternating  current,  two-phase,  440-volt  Westing- 
house  motor  running  at  1200  r.  p.  m.  Although  it  was  frequently 
necessary  to  operate  the  motor  at  loads  approximating  one  hundred 
per  cent  overload,  the  regulation  was  very  satisfactory,  the  speed 
variation  being  usually  less  than  one  per  cent;  in  many  of  the  tests, 
therefore,  it  was  unnecessary  to  calculate  the  speed  independently. 
The  highest  recorded  load  during  a  test  was  54  h.  p.,  15  h.  p.  being  de- 
livered to  the  drill  point.  The  power  was  transmitted  through  double 
helical  cast  iron  gears  to  the  drill-press,  the  gears  running  in  fibre 
gear  grease  in  a  tight  case. 

6.  The  Dynamometer. — A  view  of  the  dynamometer  under 
working  conditions  is  presented  as  Fig.  7.  At  A  (see  also  Fig.  6) 
is  shown  a  cord  which  runs  through  a  pulley  system  from  the  drill 
spindle  to  rotate  the  torque  and  thrust  cards  at  a  rate  which  permits 


Fig.  4.     Test  Blocks  Cast  in  Bars 


Fig.  5.     Drill-press,  Motor,  and  Test  Blocks 


Fig.  6.     The  Drill-press  axd  Dynamo 
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the  circumferential  traverse  of  the  pen  on  the  record  to  be  read  in 
inches  of  spindle  advance.  At  B  is  shown,  the  torque  gage  and  at 
C  the  thrust  gage,  recording  the  pressures  in  the  reservoirs  D  and 
E  respectively.  At  F  is  shown  the  casting  for  holding  the  test  block, 
and  at  G  a  circular  pan  to  catch  the  chips.  The  cord  A  passing 
around  pulleys  on  the  dial  shafts  is  held  taut  by  the  weight  K,  so 
that  the  motion  of  the  cards  is  sufficiently  uniform  for  test  purposes. 
By  means  of  the  pendulum  shown  in  Fig.  8  a  time  record  is  obtained 
on  the  torque  card,  the  pendulum  being  timed  to  complete  an  elec- 
trical contact  each  second.  The  wires,  L,  lead  to  an  electro-magnet, 
which  actuates  the  recording  pen,  and  yields  a  record  which  may 
be  correlated  with  torque  coordinate  of  the  torque  card  to  give  the 
drill  penetration  in  inches  per  minute.  These  seconds'  marks  may  be 
clearly  seen  on  the  torque  card  shown  in  Fig.  7  and  it  may  be  noted 
that  the  drill  took  practically  16  seconds  to  penetrate  2,5  inches, 
or  the  rate  of  penetration  was  9.4  inches  per  minute.  Since  the  feed 
per  revolution  in  this  instance  was  known  to  be  exactly  0.0256  inches, 
the  r.  p.  m.  may  be  calculated  by  dividing  0.0256  into  9.4.  The 
arrangement  of  the  time  recorder  was  changed  slightly  between  the 
taking  of  the  photographs  for  Figs.  6  and  7. 

The  dynamometer  is  clamped  to  the  fixed  table  of  the  drill  base 
and  in  effect  consists  of  two  distinct  dynamometers  of  similar  type, 
one  recording  torque  and  the  other  thrust.  Both  dynamometers  are 
of  the  hydraulic  type  and  employ  a  mixture  of  alcohol  and  glycerine 
as  the  transmitting  medium.  Heavy  rubber  diaphragms  were  used 
for  taking  the  load  and  retaining  the  fluid.  The  pressure  on  the 
diaphragms  is  recorded  upon  the  chart  of  a  Bristol  recording  gage, 
the  whole  system  being  calibrated  as  a  unit  to  insure  accurate  results. 

The  thrust  dynamometer  consists  of  a  cast  iron  cylinder  of  llf^ 
inches  internal  diameter,  containing  practically  one  gallon  of  fluid. 
Upon  the  rubber  diaphragm  covering  this  chamber  rests  a  disc  hav- 
ing a  diameter  slightly  smaller  than  the  inner  diameter  of  the 
reservoir.  Resting  on  this  disc  and  supporting  another  disc  on  which 
the  test  piece  is  clamped  is  a  large  ball-thrust  bearing  which  permits 
the  upper  disc  to  rotate  with  a  minimum  amount  of  friction.  Pro- 
jecting from  the  upper  disc  is  a  radial  arm  which  transmits  the 
torque  of  the  drill  to  a  vertical  reservoir  at  the  left.  From  the  fluid 
reservoir  a  pipe  leads  to  the  standard  Bristol  recording  gage,  which 
records  the  pressure  in  the  usual  manner.    The  torque  arm  (J,  Fig.  7) 
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is  of  such  length  that  the  distance  from  the  drill  center  to  the  point 
of  application  of  the  torque  at  the  reservoir  is  exactly  one  foot; 
consequently  readings  of  the  torque  are  given  in  foct-pounds  on  the 
cards.  The  torque  dynamometer  is  exactly  similar  in  principle  to 
the  thrust  dynamometer  but  is  smaller,  having  a  capacity  for  about 
a  pint  of  fluid.  The  dynamometer  is  made  of  cast  iron,  except  for 
the  ball-bearing.  There  are  few  machined  surfaces,  and  the  appa- 
ratus is  simple  and  strong.  By  the  use  of  gages  having  different 
pressure  ranges  the  degree  of  sensitiveness  may  be  varied  to  suit 
the  requirements  of  the  test.  Figs.  9  and  10  show  the  general  prin- 
ciples of  the  construction. 

7.  Calibration. — As  has  been  stated,  it  was  necessary  to  cali- 
brate the  apparatus  for  the  torque  and  thrust  pressures  and  for  the 
correlation  of  card  rotation  with  spindle  motion.  This  latter  process 
was  accomplished  with  the  apparatus  in  place  by  advancing  the 
spindle  a  certain  measured  amount  and  marking  on  the  cards  the 
advance  of  the  recording  pems.  Enough  test  records  were  made  to 
insure  accurate  average  results  and  permanent  cards  were  prepared 
showing  this  relation.  The  calibration  of  the  "thrust  gage  was  ac- 
complished by  the  direct  application  of  pressure  in  a  Eiehle  testing 
machine;  permanent  average  records  were  thus  established.  The 
thrust  calibration  was  made  with  gages  giving  a  2500-and  a  6000- 
pound  maximum  total  pressure,  and  in  each  case  the  radial  motion 
of  the  recording  pen  was  in  direct  ratio  with  the  load  increase.  The 
torque  calibration  was  made  by  means  of  a  harness  which  permitted 
the  application  of  the  horizontal  load  to  the  vertical  disc.  In  one 
calibration  known  weights  were  applied,  the  direction  of  the  force 
being  changed  by  means  of  a  pulley.  In  order  to  obviate  errors 
due  to  the  friction  of  the  pulley  and  the  bending  of  the  cord  around 
the  pulley  a  second  calibration  test  was  made  in  which  the  load  was 
applied  by  a  previously  calibrated  spring  balance.  The  two  calibra- 
tions agreed  fairly  well,  but  the  latter  was  accepted  as  the  more 
nearly  accurate.  For  the  range  of  pressures  used  in  these  tests  the 
radial  motion  of  the  recording  pen  was  in  almost  direct  ratio  with 
the  load  increase.  There  is  an  initial  discrepancy  which  seems  to 
be  due  to  the  fact  that  the  fluid  is  in  a  vertical  plane  and  thus  requires 
a  load  of  about  two  pounds  to  equalize  the  pressure  throughout  the 
fluid.     Since  no  test  recorded  less  than  ten  foot-pounds  of  torque, 


Fig.  7.     The  Dynamometers  with  Drill  and  Test  Block  in  Place 


!     /- 


Fig.  8.     Pendulum  Used  for  Eecording  Seconds  on  the  Torque  Card 
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Fig.  9.    Sectional  Elevation  of  Drill  Dynamometers 


Fig.  10.     Plan  View  of  Drill  Dynamometers 
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this  initial  discrepancy  affects  all  readings  equally,  even  if  due  to 
errors  in  calibration.  The  tests  show  no  unusual  variations  which 
would  suggest  inaccuracy  in  the  lower  ranges. 

When  the  apparatus  had  been  calibrated  satisfactorily,  the 
calibration  was  transferred  to  transparent  templets  from  which  the 
cards  could  be  evaluated  by  laying  the  templets  over  them.  Tracing 
cloth  was  first  used  for  templet  material,  but  was  not  found  entirely 
satisfactory;  so  the  celluloid  templets  shown  in  Fig.  11  were  made. 
This  illustration  clearly  shows  the  application  of  the  templets  to 
the  cards,  while  Fig.  12  shows  two  specimen  cards  as  obtained  in 
tests.  Values  of  the  cards  are  taken  as  an  eye  average  between  the 
depths  of  one  and  two  and  one-half  inches,  this  average  being  found 
to  give  more  nearly  uniform  results  than  an  exact  average  over  a 
certain  range.  The  torque  may  be  estimated  within  one-half  foot- 
pound, and  the  thrust  within  fifty  pounds.  Absolute  exactness  of 
values  is  not  only  unnecessary,  but  practically  impossible. 

The  thrust  card  illustrated  shows  that  the  block  was  harder  for 
a  depth  of  about  one  inch  than  further  down,  while  at  a  depth  of 
several  inches  the  difficulty  of  chip  disposal  may  have  caused  an  in- 
crease in  both  torque  and  thrust.  The  time  record  and  the  method 
of  calculating  r.  p.  m.  and  h.  p.  are  shown. 

8.  Drill  Grinder. — The  drill  grinder  used  for  grinding  the 
drills  for  all  tests  was  suited  to  drills  varying  in  size  from  No.  60 
to  31/^  inches,  and  was  fitted  with  an  adjustable  holder  for  variable 
point  angles.  The  machine  is  illustrated  by  Fig.  13,  the  shadow 
showing  the  swing  of  the  drill-holder.  No  drills  for  these  tests  were 
hand  ground,  but  to  compare  the  average  accuracy  of  hand  grinding 
with  this  machine  grinding  a  few  one-inch  drills  were  ground  by 
good  mechanics  and  measured.  In  no  case  was  the  hand  ground 
drill  perfectly  ground,  the  contour  of  the  two  sides  being  different 
even  when  the  angles  and  lip  length  were  nearly  the  same.  It  was 
interesting  to  note  that  almost  invariably  the  included  point  angle 
was  made  about  110  or  112  degrees  instead  of  the  standard  118  de- 
grees. This  fact  may  account  for  the  seemingly  greater  endurance 
of  hand  ground  drills  frequently  noted  by  mechanics. 

9.  Test  Procedure. — In  all  tests,  except  a  few  to  which  special 
reference  is  made,  holes  were  drilled  in  cast  iron  with  the  skin  re- 


Fig.  11.     Specimen    Diagrams    and    Celluloid    Templets    Used    for    Beading 
Torque  and  Thrust  Diagrams 


Fig.  13.     The  Drill  Grinder 
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moved.  For  power  tests  the  holes  were  drilled  to  a  depth  of  three 
or  four  inches,  but  for  endurance  tests  the  depth  was  about  five 
inches.  For  power  tests  the  drill  was  sharpened  after  drilling  four 
or  five  holes  at  moderate  rates  and  after  one  or  two  holes  at  the  higher 
rates.  All  drills  were  ground  dry  and  care  was  taken  not  to  over- 
heat the  edges  on  the  wheel.  Where  comparative  tests  were  necessary, 
as  in  the  chisel  point  tests  and  point  angle  tests,  the  holes  were  all 
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Fig.  12.    Specimen  Torque  and  Thrust  Cards 


drilled  in  the  same  block,  or  in  blocks  which  were  tested  with  prelimi- 
nary holes  to  insure  the  same  quality  of  test  material.  In  the  tests  to 
determine  the  effect  of  speed,  holes  were  usually  drilled  at  a  given 
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speed  in  the  same  block,  and  similarly  in  the  tests  to  determine  the 
effect  of  the  rate  of  feed,  all  holes  were  drilled  at  a  given  feed  in  the 
same  block.  In  tests  in  which  the  number  of  holes  was  too  great  to 
permit  the  use  of  a  single  test  block,  the  variation  in  test  material  was 
partially  compensated  for  by  averaging  five  or  more  holes;  thus  in 
some  of  the  helix  angle  curves  each  point  is  the  average  of  thirty  test 
holes.  The  variation  in  hardness  of  blocks  has  more  troublesome  in 
the  endurance  tests,  since  a  single  hard  block  might  destroy  the  value 
of  the  whole  test.  Where  only  two  drills  were  to  be  compared,  half 
of  each  test  block  was  devoted  to  each  drill,  although  even  this  plan 
was  not  wholly  satisfactory,  since  one  drill  would  often  penetrate  five 
or  six  times  as  much  metal  as  the  other. 
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III.    Power  Tests  op  Twist  Drills 

10.  The  Influence  of  Helix  Angle  Variations. — In  these  tests 
eight  drills  were  used,  and  all  drills  were  resharpened  after  drilling 
five  holes.  Tests  were  run  with  point  angles  of  98,  118,  and  138 
degrees.*  For  the  tests  with  the  118-degree  point  angle,  six  different 
combinations  of  peripheral  clearance  angle  were  also  used,  but  the 
influence  of  this  angle  was  found  to  be  so  slight  that  for  the  98-  and 
138-degree  tests  only  one  clearance  angle  was  used.f  For  conveni- 
ence in  recording  the  data  the  drills  were  designated  "A,"  "B," 
"C,"  etc.,  the  98-degree  point  angle  was  designated  "X,"  the  118 
''Y,"  and  the  138  "Z,"  and  the  clearance  angles  of  2,  41/2,  7,  10, 
121^,  and  15  degrees,  respectively,  were  designated  as  "a,"  "b, " 
"c,"  "d,"  "e,"  "f,"  respectively.  Twenty  holes  were  drilled  with 
each  combination  of  angles,  and  four  rates  of  feed  and  five  speeds 
were  used.  For  instance,  holes  1  to  5,  inclusive,  were  drilled  with 
a  feed  of  0.0056  inches  per  revolution  and  respective  speeds  of  92, 
233,  366,  457,  and  570  revolutions  per  minute;  thus  the  combination 
^'C"— ''Y"— "b"— ''4"  would  mean  a  hole  drilled  with  the  speed 
of  457  r.  p.  m.,  feed  of  0.0056  inches  per  revolution,  by  a  26-degree 
helix  angle  drill  with  a  point  angle  of  118  degrees  and  a  clearance 
angle  of  4^^  degrees.  Holes  6  to  10,  inclusive,  were  likewise  drilled 
with  a  feed  of  0.0133  inches  per  revolution  and  with  the  same  speeds 
as  holes  1  to  5.  Holes  11  to  15  were  drilled  with  a  feed  of  0.0256 
inches  per  revolution,  and  holes  16  to  20  were  drilled  with  a  feed 
of  0.041  inches  per  revolution.  Hereinafter  the  holes  of  this  series 
of  tests  will  be  referred  to  by  these  symbols,  as,  for  examples,  "E-Y- 
c-12"  and  "D-X-e-7."  As  applied  to  the  tests  to  determine  the 
effect  of  helix  angle,  the  values  of  torque  and  thrust  for  holes  1  to 
5,  6  to  10,  11  to  15,  and  16  to  20  were  added  and  a  flat  average  taken, 
so  that  each  value  used  is  the  average  of  five  different  holes  drilled 
in  five  different  test  blocks. 

Figs.  14  and  15  present  in  diagrammatic  form  the  results  of  the 
tests  with  the  standard  118-degree  point  angle  and  different  helix 
angles,  each  plotted  point  being  the  average  for  thirty  holes    (six 


*In  the   discussions  in  this   bulletin,   the  value  of   the   total  or   "included"    point   angle 
wiU  •  be  used   instead   of  the  half   angle  more  generally  used   in  practice. 
t  For  a  definition  of  terms  see  Appendix  II,  p.  109. 
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clearance  angles  and  five  speeds).  The  irregularity  shown  by  the 
curves  is  probably  due  to  the  different  forms  of  the  flutes  and  dif- 
ferent web  thicknesses. 

The  test  results  show  that  there  is  no  apparent  advantage  in 
using  a  greater  helix  angle  than  35  degrees  if  the  power  consumed 
by  the  drill  is  the  factor  to  be  considered.  The  uniform  helix  angle 
of  35  degrees,  however,  appears  to  be  even  better  than  the  32-degree 
angle.  A  satisfactory  explanation  why  the  torque  is  greater  for  the 
40-and  45-degree  drills  is  not  apparent,  though  possibly  it  is  due  to 
the  flute  construction,  which  gives  a  convex  cutting  edge,  to  a  rapid 
dulling  of  the  thin  edge  which  may  affect  results  before  the  com- 
pletion of  a  single  hole,  or  possibly  to  less  effective  removal  of  chips. 
The  performance  of  drill  "A"  is  inconsistent,  but  this  is  probably 
explained  by  the  very  thin  chisel  point  and  the  shape  of  the  flute 
(see  Fig.  18),  which  is  very  similar  to  that  of  drill  ''E."  No  gen- 
eral law  can  be  stated,  but  the  results  seem  to  indicate  the  advisability 
of  using  a  greater  helix  angle  than  is  now  standard. 

Tlie  thrust  variation  with  different  helix  angles  seems  to  follow 
a  more  nearly  uniform  law  than  the  torque  variation.  If  drill  *'A" 
is  excepted,  a  nearly  straight  line  may  be  drawn  for  the  other  drills, 
the  thrust  decreasing  uniformly  as  the  helix  angle  increases. 

Figs.  16  and  17  show  the  results  of  tests  of  drills  having  dif- 
ferent point  angles  and  various  helix  angles.  Although  the  results 
for  the  98-  and  118-degree  angles  are  approximately  parallel,  the 
results  for  the  138-degree  angle  drills  "F"  and  "G"  are  appreciably 
better  than  the  others  in  power  consumption.  In  fact  the  drill  per- 
formance for  the  138-degree  point  angle  is  more  regular  than  for  the 
other  points,  although  drills  ''A"  and  "G"  show  inconsistently  low 
values  for  both  torque  and  thrust.  In  general  the  results  seem  to 
indicate  that  the  larger  helix  angles  give  the  best  performance.  It 
may  be  noted  from  Fig.  18  that  the  larger  point  angles  give  a  more 
nearly  straight  cutting  edge  for  drills  ' '  F  "  and  ' '  G "  and  may  partly 
account  for  the  better  performance  of  these  drills  under  that  grind- 
ing. It  is,  however,  difficult  to  note  separately  the  effect  of  the  helix 
angle  and  that  of  flute  form;  the  two  are  interrelated  in  these  drills, 
because  they  were  shaped  in  the  same  milling  cutter  and  the  flute 
form  is  partly  a  product  of  helix  angle  variation.  Each  point  in 
Figs.  16  and  17  is  the  average  of  five  test  holes  drilled  at  different 
speeds  but  with  a  constant  clearance  angle  of  7  degrees. 
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DRILL  B  DRILL  C 

POINT  ANGLE    118° 
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DRILL  G 
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POINT  ANGLE     98° 
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DRILL  E 
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DRILL  H 


DRILL  B  DRILL  C  DRILL  D 

POINT  ANGLE     138° 


drill  e  drill  f  drill  g  drill  h 

Fig.  18.    End  Views  of  the  118-,  98-,  and    138-degree  Point  Test  Drills 
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11.  Influence  of  Point  Angle  Variations. — Examination  of  Figs. 
16  and  17  reveals  the  fact  that  the  torque  for  the  larger  point  angle 
varies  only  slightly  from  that  of  the  standard  angle  for  most  of  the 
drills.  Probably  a  general  average  would  show  the  larger  point  angle 
to  give  slightly  greater  torque,  but  the  torque  for  the  smaller  point 
angle  is  shown  to  be  considerably  greater  than  that  for  the  standard 
angle  for  all  drills,  the  difference  being  most  noticeable  for  the  heav- 
ier feeds. 

Since  the  tests  recorded  in  Figs.  16  and  17  covered  only  three 
point  angles,  a  more  comprehensive  set  of  tests  was  conducted  in 
which  drills  having  point  angles  varying  by  increments  of  5  from 
88  degrees  to  148  degrees  were  used.  The  thrust  results  from  these 
tests  are  more  nearly  uniform  and  corroborate  most  previous  experi- 
ments, since  the  thrust  is  greatest  with  the  large  angles  and  least 
with  the  small  angles.  Fig.  19  shows  the  results  of  these  point 
angle  tests.  The  curves  are  self-explanatory,  but  inspection  shows 
that  it  would  be  possible  to  grind  a  drill  to  a  110-  or  112-degree 
included  point  angle  without  increasing  the  torque,  but  with  a  slight 
diminution  in  thrust  and  the  possible  advantage  of  increased  endur- 
ance. The  reason  is  not  apparent  why  the  thrust  should  "hump" 
suddenly  as  it  does  for  about  a  125-degree  included  point  angle,  but 
a  similar  series  of  tests  with  a  different  drill  showed  an  even  more 
pronounced  hump  and  completely  corroborated  the  results  shown  by 
the  thrust  curves.  The  slight  change  in  torque  between  118  and  138 
degrees  and  the  slight  change  in  thrust  between  118  and  98  degrees 
tend  to  explain  the  peculiarities  referred  to  in  connection  with  the 
discussion  of  Figs.  16  and  17.  Different  drills  show  different  fam- 
ilies of  curves  for  this  series  of  tests,  a  possible  explanation  for  the 
disagreement  of  previous  experimenters  concerning  the  effect  of  point 
angle  on  torque  change.  One  drill,  for  example,  showed  an  absolutely 
uniform  torque  for  all  point  angles,  although  the  general  tendency  is 
for  torque  to  increase  as  the  angle  becomes  smaller. 

Fig.  18  shows  the  variations  in  end  contour  of  the  different  drills 
for  changes  in  point  angle.  It  will  be  noticed  that  the  smaller  angles 
give  a  convex  cutting  edge  while  the  larger  angles  give  a  slightly 
concave  cutting  edge.  Whether  the  shape  of  the  edge  has  any  effect 
on  the  power  consumption  is  not  known,  but  it  is  seen  that  drill  "A" 
which  was  almost  equally  efficient  for  all  point  angles  had  a  concave 
edge  in  all  cases.    Drill  "G"  had  a  convex  edge  for  both  the  98-  and 
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118-degree  points,  but  a  straight  edge  for  the  138-degree  point  with 
which  it  shows  its  least  power  consumption.  Drill  "F"  is  similarly- 
convex  for  118  and  98  degrees,  but  slightly  concave  for  138  degrees 
with  power  variations  similar  to  *'G. " 

Figs.  20,  21,  and  22  are  illustrations  of  the  chips  removed  by 
the  different  drills  with  different  point  angles.  Fig.  22  probably 
shows  the  true  tendency  of  helix  angle  change,  which  produces  in- 
creasingly longer  chip  helixes  with  the  smaller  cutting  angles  made 
by  the  larger  helix  angles.  This  tendency  was  not  apparent  in  the 
case  of  the  118-degree  test  by  the  convex  edge  of  drill  "G,"  which 
produced  distorted  and  easily  broken  chips.  The  form  of  the  cutting 
edge  apparently  influences  the  chip  form,  for  the  concave  edges 
rolled  a  long,  freely  coiled  chip  having  a  slightly  convex  outline, 
while  the  convex  edge  rolled  a  tightly  coiled  chip  with  a  concave  out- 
line vs'  ich  was  so  stressed  as  to  breal'  easily.  The  straight  edge 
turned  nicely  coiled  chips  which  had  a  straight  outline  and  nested 
more  closely  than  those  from  the  concave  edge.  The  drills  which 
produced  the  longest  chip  coils  also  used  the  least  power,  an  indica- 
tion which  may  be  employed  in  comparing  drills  in  commercial  work 
without  the  use  of  a  dynamometer. 

Fig.  23  shows  the  chips  and  the  point  form  of  the  drill  used  in 
the  tests,  results  of  which  are  shown  by  Fig.  19.  The  variations  in 
chip  form  with  the  variations  in  edge  contour  produced  by  different 
point  angles  are  clearly  shown.  It  would  seem  logical  to  assume  that 
more  power  would  be  used  in  producing  the  tightly  coiled  chips  of. 
the  88-degree  angle  than  in  producing  tlie  loosely  coiled  chips  of  the 
148-degree  angle. 

12.  Influence  of  Clearance  Angle  Variations. — In  the  series  of 
tests  for  helix  angle  influence  and  for  point  angle  influence,  the  group 
of  tests  of  drills  having  the  118-degree  point  angle  also  included 
six  different  clearances  at  the  drill  periphery.  These  clearances 
were  2,  4i/^,  7,  10,  121^,  and  15  degrees,  respectively,  and  the  cor- 
responding edge  angles  were  held  at  120,  124,  128,  133,  137,  and  140 
degrees,  respectively,  these  being  about  the  normal  combinations 
given  by  the  drill  grinder  and  presenting  the  best  edge  contour.  It 
is  thus  possible  to  plot  curves  showing  the  effect  of  the  clearance 
variation  for  the  different  drills.  Such  results  are  shown  by  Figs. 
24  and  25.     Considering  only  the  torque,  which  is  practically  in 


Fig.  20.     Chips    Eemoved    by    Similarly    Ground    118-degree    Point    Angle 
Drills  Having  Different  Helix  Angles 
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Fig.  21.     Chips  Eemoved  by  Similarly  Ground  98-degree  Point  Angle  Drills 
Having  Different  Helix  Angles 
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Fig.  22.     Chips  Eemoved  by  Similarly  Ground  138-degrek  Point  Angle  Drills 
Having  Different  Helix  Angles 
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Fig.  23.     Point  Forji  and  Chips  Eemoved  by  a   Standard  Drill  m^ith  Dif- 
ferent Point  Angles 
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24.    CtTRVEs  Showing  Effects  of  Cleaeance  Angle  on  Torque  at  Dif- 
ferent Eates  of  Feed 


42 


ILLINOIS  ENGINEERING  EXPERIMENT  STATION 


Fig.  25.    Curves  Showing  the  Effects  of  Clearance  Angle  on  Thrust  at 
Different  Eates  of  Feed 
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identical  ratio  with  total  power,  it  will  be  seeu  that  there  is  no  pro- 
nounced general  tendency.  Whatever  variation  appears  might  well 
be  charged  to  differences  in  the  test  blocks ;  thus  all  the  points  having 
4I/2  degrees  clearance,  except  those  for  the  0.013-inch  feed  and  for 
drill  "H, "  show  perceptibly  less  power  than  the  others.  All  these 
holes  were  drilled  in  a  set  of  twenty  blocks,  which  were  from  a  single 
day's  pouring  in  the  foundry  and  apparently  softer  than  usual. 
The  41^-degree  tests  of  drill  "H"  were  made  in  a  different  set  of 
blocks,  as  were  the  tests  for  the  0.013-inch  feed  which  were  re-run 
for  this  purpose,  and  the^e. latter  points  appear  to  be  normal.  Drill 
"B"  shows  a  distinct  lessening  of  the  power  for  an  increase  in  clear- 
ance angle,  while  drill  "H"  shows  exactly  the  opposite  tendency. 
In  most  of  the  other  drills  a  horizontal  line  would  represent  the 
variation  fairly  well. 

Considering  the  thrust,  uniform  and  pronounced  tendencies  are 
observed,  the  thrust  being  high  for  the  lesser  clearances  and  gradu- 
ally decreasing  as  the  clearance  increases.  Most  of  the  sets  of  curves 
show  a  certain  resemblance  to  the  family  of  curves  in  Fig.  58;  thus 
they  present  a  basis  for  the  supposition  that  the  variation  was  due 
to  insufficient  clearance  at  the  drill  center  rather  than  at  the  per- 
iphery. The  flatness  of  the  curves  of  drill  "H"  is  probably  due  to 
the  fact  that  the  edge  angle  was  larger  than  for  the  other  drills,  it 
being  difficult  to  measure  accurately  the  peculiar  form  of  the  angle. 
The  flatness  of  the  curves  for  ^'E"  and  ''F, "  however,  would  seem 
to  indicate  some  peculiar  action  due  to  the  helix  angle,  since  even 
poor  clearance  grinding  on  these  drills  seems  not  to  affect  the  good 
drilling  results.  The  thrust  values  for  drill  "G"  are  lower  than 
those  for  any  other  drill,  but  they  show  the  same  general  tendencies 
as  drills  "A,"  "B,"  "C,"  and  "B."  Comparison  of  these  curves 
with  the  curves  of  Fig.  58  led  to  the  making  of  a  separate  test  in 
which  the  edge  angle  influence  and  the  variation  due  to  differences 
in  the  test  blocks  could  be  eliminated.  The  results  of  this  test  are 
shown  by  Fig.  26.  The  six  holes  at  the  different  clearances  were 
drilled  in  the  same  test  block,  although  it  was  necessary  to  use  a 
separate  block  for  each  different  feed.  The  edge  angle  was  kept  con- 
stant at  130  degrees  since  this  angle  was  thought  sufficiently  large  to 
eliminate  the  influence  of  small  center  clearance.  The  included  point 
angle  was  kept  constant  at  188  degrees  and  the  speed  at  235  r.  p.  m. 

Torque  decreases  slightly  as  the  clearance  angle  increases  at  the 
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two  heavier  feeds,  although  this  variation  is  not  perceptible  for  the 
lesser  feeds,  and  the  greatest  variation  between  any  two  holes  at  a 
given  feed  is  only  three  pounds,  as  compared  with  the  eight  and  ten 
pound  differences  shown  in  Fig.  24. 

Variations  in  the  thrust  almost  identical  with  those  in  the  torque 
ma}''  be  observed.  The  conclusion  is  that  a  clearance  angle  of  two 
degrees  at  the  periphery  is  ample  for  all  ordinary  work  provided  the 
edge  angle  is  130  degrees  or  more.  It  seems  probable  also  that  the 
lesser  clearance  angles  would  give  a  greater  drill  endurance  and  are, 
therefore,  to  be  preferred.* 

13.  Influence  of  Edge  Angle  Variations. — To  determine  more 
definitely  the  relation  of  the  edge  angle  to  the  center  clearance  angle 
of  the  drill,  a  series  of  tests  was  run  in  which  the  point  angle,  the 
speed,  and  the  peripheral  clearance  angle  were  kept  constant,  while 
the  chisel  edge  angle  was  varied  by  5-degree  increments  between  110 
and  140  degrees.  The  seven  holes  for  the  different  edge  angles  were 
drilled  in  the  same  test  block,  a  different  block  being  used  for  each  of 
the  four  different  feeds.  The  results  show  that  the  torque  variation 
(see  Fig.  27)  is  slight  for  any  variation  in  edge  angle,  but  that  the 
thrust  variation  may  be  very  large.  From  the  ratio  of  increase  it 
was  deemed  useless  to  attempt  drilling  the  110-degree  hole  at  0.041- 
inch  feed,  the  dynamometer  capacity  being  only  6000  pounds.  It 
will  be  seen  that  an  edge  angle  of  about  130  degrees  is  as  large  as 
is  necessary  for  average  drilling,  but  that  this  may  be  increased  to 
135  or  140  degrees  for  very  heavy  feeds.  The  135-degree  angle  is 
recommended  by  most  twist  drill  makers.  The  edge  angle  should 
vary  according  to  the  feed  used. 

14.  Influence  of  Cutting  Angle  Variations. — The  tests  run  to 
determine  the  influence  of  varying  the  helix  angle  were  put  to  another 
use  in  connection  with  a  study  of  the  cutting  angle.  The  cutting 
angles,  measured  at  the  drill  periphery,  are  plotted  in  Fig.  28,  the 
different  drills  being  designated  by  different  point  symbols  and  the 
average  cur\^es  of  torque  and  thrust  drawn.  All  holes  were  drilled 
at  the  same  feed  per  revolution  and  with  the  same  point  angle,  each 
point  on  the  diagram.  Fig,  28,  being  the  average  of  the  results  of 
five  holes  drilled  at  different  speeds  in  different  blocks. 


*  See  pages  82  and  114. 
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Fig.  27.    Curves  Showing  the  Influence  op  the  Edge  Angle  on  Torque  and 

Thrust 
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The  curve  of  torque  tendency  is  probably  a  straight  line  as 
shown.  The  efficiency  of  the  different  drills  may  be  estimated  by  the 
position  of  the  points  with  regard  to  this  average  line;  thus  it  will 
be  seen  that  every  point  of  drill  "E"  is  below  the  line,  as  are  three 
of  those  of  drill  "F."  Drills  "B"  and  "C"  are  inefficient,  while 
drill  "D"  is  average  and  drill  "A"  good. 

The  thrust  curve  is  less  difficult  to  place  and  shows  the  same 
general  tendency  as  the  torque.  In  this  curve  also,  all  points  of  drill 
"E"  lie  below  the  line,  while  ''C,"  "F"  and  ''G"  are  average  and 
''A"  good. 

A  studj^  of  the  two  curves  presents  interesting  possibilities.  That 
the  thrust  value  apparently  descends  to  zero  when  the  cutting  angle 
is  zero  is  logical  enough,  but  the  torque  curve  apparently  descends  to 
a  value  of  about  twenty-eight  foot-pounds  when  the  cutting  angle 
is  zero.  Wliether  it  really  descends  only  to  this  value  or  suddenly 
curves  down  to  zero  is  of  course  uncertain,  but  it  is  reasonable  to 
believe  that  it  has  a  real  value. 

The  photograph.  Fig.  29,  illustrates  the  sort  of  drilling  which 
may  be  accomplished  with  a  carefully  ground  drill.  The  illustration 
shows  drill ' '  E  "  in  a  block  of  cast  iron  bringing  up  coiled  chips  from  a 
depth  of  about  three-fourths  inches.  The  spindle  was  stopped  when 
the  chips  had  emerged  this  far  and  the  photograph  taken  after  blowing 
away  a  few  of  the  finer  chips  which  had  been  made  as  the  drill  entered 
the  block.  The  emerging  chips  were  still  attached  to  the  block  at  the 
bottom  of  the  hole.  The  included  point  angle  was  118  degrees,  the 
clearance  angle  7  degrees,  feed  0.017  inches,  and  speed  58  r.  p.  m. 

15.  Influence  on  Torque  and  Thrust  of  Varying  the  Feed  and 
Speed. — The  torque  of  the  drill  varies  with  the  rate  of  feed  per  revo- 
lution in  a  manner  which  is  fairly  uniform.  Previous  experiments 
show  that  the  torque  does  not  increase  so  rapidly  as  the  feed  for  any 
given  drill,  and  while  these  experiments  confirm  this  fact,  they  show 
slighter  differences  from  a  direct  variation  or  relationship.  Fig.  30 
shows  the  results  of  a  series  of  tests  run  especially  for  the  purpose 
of  determining  this  relationship.  It  is  to  be  noted  that  the  curves 
are  nearly  straight.  Fig.  31  shows  comparative  curves  in  cast  iron 
from  the  Smith  experiments  and  from  the  Bird  and  Fairfield  experi- 
ments,* each  of  which  shows  a  greater  degree  of  curvature,  the  latter 
much  more  than  the  former. 


''See  Appendix  V  for  a  discussion  of  the  results  of  experiments  by  other  investigators. 


Fig.  29.     Drill  "B"  at  Work 
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The  law  governing  the  effect  of  feed  variation  on  the  thrust  was 
not  so  easily  established,,  since  drills  having  insufficient  center  clear- 
ance seem  to  cause  a  rise  in  thrust  for  the  heavier  feeds  (see  Fig. 
27).  Possibly  owing  to  this  cause  or  to  an  increasing  drill  dullness, 
the  tests  of  Bird  and  Fairfield  show  the  thrust  rising  more  rapidly 
than  the  feed.  Smith  states  that  the  thrust  is  directly  proportional 
to  the  feed  for  tests  in  soft  cast  iron.  The  tests  plotted  in  Fig.  30 
show  the  thrust  rising  at  a  slightly  faster  rate  than  the  feed,  although 
this  increase  is  probably  due  to  the  insufficient  center  clearance  men- 
tioned. 

From  the  curves  of  Fig.  32  it  will  be  seen  that  the  torque  de- 
creases as  the  speed  increases  for  a  given  feed  per  revolution,  although 
in  most  cases  no  decrease  in  torque  appears  for  speeds  greater  than 
400  r.  p.  m.  For  speeds  less  than  150  r.  p.  m.  the  results  are  not 
uniform.  In  nearly  all  the  tests  this  decrease  in  torque  at  the  higher 
speeds  was  noted,  particularly  when  the  drill  was  a  trifle  dull.  Oc- 
casionally it  amounted  to  as  much  as  twenty  per  cent.  Each  of  the 
eight  holes  drilled  at  different  speeds  with  a  given  feed  was  drilled 
in  the  same  block,  so  that  variation  in  test  blocks  would  have  no  in- 
fluence on  the  values. 

The  thrust  observations  from  these  same  tests  are  presented  in 
Fig.  32,  the  same  general  characteristics  being  shown  as  for  the 
torque. 

Dempster  Smith*  states  that  there  is  no  pronounced  variation 
of  torque  or  thrust  with  speed  variation,  but  his  tests  were  all  run 
at  less  than  150  r.  p.  m.,  and  the  irregularities  he  observed  are  sim- 
ilar to  those  shown  in  Fig.  32.  His  curves  for  the  equivalent  of  a 
one-inch  drill  in  cast  iron  together  with  the  torque  curves  of  the 
present  tests  are  shown  in  Fig.  33.  Bird  and  Fairfield  show  no  pro- 
nounced variation  in  torque  or  thrust  between  speeds  of  140  and  600 
r.  p.  m.,  but  possibly  the  small  size  of  drill  used  and  the  lower  feeds 
render  the  results  not  comparable.  Hallenbeck,  from  his  tests  for 
Baker  Brothers  of  Toledo,  presents  a  family  of  curves  which  show 
a  wide  variation  in  thrust  with  increasing  speeds,  although  all  his 
tests  were  run  in  hard  steel  with  a  large  drill.  The  general  ten- 
dency of  the  Hallenbeck  curves  is  contrary  to  that  of  these  tests,  as 
shown  in  Fig.  33. 


*See  Appendix  V   for   discussion   of   the   results   of   experiments   by   other   investigators. 
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16.  Influence  of  Chisel  Edge  Variations  on  Torque  and  Thrust. — 
In  Fig.  34  are  shown  the  results  of  tests  obtained  by  varying  the  form 
of  the  chisel  edge.  Whether  the  chisel  was  thin,ned  or  blunted  seemed 
to  have  no  very  marked  effect  on  the  torque,  the  total  variation  being 
less  than  that  to  be  expected  from  differences  in  test  blocks,  but  the 
effect  on  the  thrust  was  more  pronounced.  The  blunting  of  the  chisel 
increased  the  thrust,  and  the  thinning  -of  it  reduced  the  thrust,  but 
the  bluntness  of  the  chisel  in  ordinary  drilling  will  probably  not  be 
so  pronounced  as  the  artificial  bluntness  of  the  drills  tested. 

When  the  chisel  was  thinned  to  about  three-quarters  of  its  nor- 
mal thickness,  the  effect  on  thrust  was  scarcely  distinguishable.  The 
thinning  was  purposely  poorly  done  to  observe  the  effect  of  thinning 
by  an  inexperienced  person.  Thinning  the  point  to  about  half  its 
normal  thickness  produced  a  decrease  in  thrust  of  about  thirteen 
per  cent,  which  is  probably  not  so  great  a  saving  as  can  be  obtained 
if  more  time  and  attention  are  given  to  the  thinning.  In  the  Smith 
trials,  for  example,  it  seems  that  the  half-chisel  point  reduced  the 
thrust  from  five  to  twenty-five  per  cent  for  various  drills.  It  is 
probable,  however,  that  the  importance  of  thinning  the  chisel  is  ex- 
aggerated and  that  the  possible  saving  is  more  than  offset  by  the 
danger  of  weakening  the  drill. 

While  the  effect  of  thinning  the  chisel  edge  is  variable  and  not 
important,  the  total  effect  of  chisel  thickness  on  thrust  is  pronounced. 
Smith  gives  the  total  chisel  effect  as  about  twenty-five  per  cent,  but  his 
standard  drill  was  one  in  which  the  chisel  edge  was  half  the  web 
thickness.  Some  of  his  tests,  however,  show  that  the  removal  (by 
preliminary  drilling)  of  a  cylinder  of  metal  equal  to  that  which 
would  be  removed  by  the  chisel  may  account  for  from  thirty-seven 
to  fifty-seven  per  cent  of  the  total  thrust.  In  the  discussion  of  those 
tests  Brooks  gave  it  as  his  opinion  that  the  chisel  effect  was  about 
fifty  per  cent  of  the  total  thrust. 

In  the  results  plotted  in  Fig.  35,  an  attempt  has  been  made  to 
disclose  the  actual  influence  of  the  chisel  edge  on  both  torque  and 
thrust.  The  web  thickness  of  the  drill  used  was  0.120  inches,  and 
the  chisel  edge  length  was  0.136  inches.  In  the  solid  metal  the  drill 
showed  a  thrust  of  eleven  hundred  pounds  for  the  speed  and  feed 
used.  Pilot  holes  of  successively  larger  diameter  were  drilled  in  the 
test  block  and  in  another  block  which  showed  the  same  normal  thrust 
when  drilled  in  the  solid.     These  pilot  holes  were  opened  out  with 
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the  standard  one-inch  drill  and  the  thrust  and  torque  recorded  as 
shown  in  Fig.  35.  With  the  diameter  of  the  pilot  hole  equal  to  the 
web  thickness,  the  thrust  was  decreased  fifty-nine  per  cent.  With 
pilot  holes  of  less  than  this  diameter  the  indications  were  not  satisfac- 
tory, the  small  pilot  holes  becoming  filled  with  fine  particles  of  iron  to 
such  an  extent  that  their  value  vanished  when  the  large  drill  had 
penetrated  one-half  to  three-quarters  of  an  inch,  although  the  small 
holes  were  at  least  two  inches  deep.  The  observation  shown  for  the 
0.10-inch  diameter  drill  extended  to  a  depth  of  one  inch,  but  that 
of  the  0.06-inch  drill,  being  taken  before  the  drill  was  cutting  to  its 
full  diameter,  was  only  relative.  For  the  larger  holes  the  observed 
data  were  quite  uniform.  It  is  seen  that  when  the  pilot  hole  is  larger 
than  the  web  thickness,  the  decrease  in  thrust  is  almost  in  a  direct 
ratio  with  the  increase  in  drill  diameter.  If  this  lower  portion  of 
the  curve  be  extended  to  the  ordinate  of  zero  diameter  pilot  hole, 
i.  e.,  drilling  in  the  solid  with  the  one-inch  drill,  it  indicates  a  thrust 
value  of  about  sixty  per  cent  of  the  actual  value;  whereas,  if  the 
line  ran  straight  to  the  point  of  one-inch  pilot  hole,  therefore  zero 
thrust,  its  extrapolation  to  the  point  of  zero  pilot  hole  would  indicate  a 
thrust  value  of  fifty  per  cent  of  the  actual  value. 

It  will  be  noted  from  the  results  that  the  torque  is  scarcely  af- 
fected by  the  pilot  hole  until  the  diameter  of  the  hole  becomes  larger 
than  fifteen  per  cent  of  the  diameter  of  the  large  drill.  For  pilot 
hole  diameters  of  more  than  fifteen  per  cent  the  torque  decreases  in 
a  curve  which  was  identified  as  corresponding  to  the  diameter  of  the 
pilot  hole  squared  or  as  the  relative  areas  of  the  larger  and  smaller 
holes.  This  curve  of  relative  areas  was  plotted  as  shown  in  the 
straight  dashed  line.  If  the  pilot  holes  have  diameters  of  0.5  inches, 
the  areas  are  to  each  other  as  1  to  0.25.  In  other  words,  the  pilot 
hole  affects  the  torque  only  as  it  removes  a  certain  percentage  of  the 
total  metal. 

Smith  reports  a  series  of  tests  in  which  a  s^-inch  hole  was  opened 
out  to  1%  inches  at  different  rates  of  feed  in  medium  cast  iron,  and 
examination  of  the  results  confirms  the  given  indication.  Since  the 
diameters  have  a  ratio  of  two  to  one,  the  areas  have  a  ratio  of  four 
to  one ;  therefore  the  power  consumed  by  the  opening-out  process 
should  be  three-fourths  that  required  to  drill  the  1%-inch  hole  in 
the  solid.  As  given  for  a  feed  of  0.01  inches,  the  values  are  74.6  and 
76.8  per  cent,  for  a  feed  of  0.013  inches  the  values  are  73.9  and  83.0 
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per  cent,  for  a  feed  of  0.02  inches,  65.8  and  75.5  per  cent  and  for 
0.04  inches  80.3  per  cent.  The  average  of  these  values  is  75.7  per 
cent,  which  compares  with  the  75  per  cent  theoretical  value.  For  a 
pilot  hole  having  a  diameter  equal  to  the  web  thickness  Smith  reports 
a  torque  reduction  of  only  one  per  cent  in  steel  and  no  noticeable 
reduction  in  cast  iron.  Since  the  average  ratio  of  chisel  edge  to  drill 
diameter  in  the  drills  used  by  Smith  was  0.096,  the  area  ratios  are 
0.0092  to  1,  or  a  relation  of  0.92  per  cent,  which  compares  well  with 
the  1  per  cent  reduction  in  power  which  he  noted.  For  thrust  values 
on  the  opening-out  tests.  Smith  reports  that  the  percentage  of  reduc- 
tion apparently  increases  with  the  feed,  but  a  comparison  of  his  values 
for  the  same  feed  with  those  plotted  in  Fig.  35  shows  corresponding 
values  of  82  and  86.4  per  cent,  respectively.  For  feeds  of  0.01  inches, 
0.013  inches,  and  0.04  inches  Smith  shows  reductions  in  thrust  of  73, 
76.5,  and  85  per  cent,  respectively.  This  variation,  together  with 
values  determined  by  opening  out  a  hole  with  a  diameter  of  0.15  of  an 
inch,  is  shown  in  Fig.  36.  The  decrease  in  proportional  thrust  with 
increased  feed  is  evident  in  both  curves. 

17.  Total  and  Partial  Power  Consumption. — In  order  to  de- 
termine the  gross  power  required  for  drilling  at  different  rates,  and 
the  drill-press  efficiencies  and  general  characteristics,  alternating  cur- 
rent wattmeters  were  connected  to  each  power  phase  to  measure  the 
total  input  to  the  motor.  These  instruments  were  checked  for  ac- 
curacy, and  all  readings  were  taken  practically  simultaneously  for 
the  two  phases.  These  readings,  with  the  torque  and  thrust  cards 
taken  from  the  drill  point,  made  it  possible  to  note  the  gross  and  net 
values  of  power  for  any  hole  drilled  as  well  as  the  effect  of  torque  and 
thrust  variation  on  the  power  absorbed  by  the  motor  and  press. 

Fig.  37  shows  the  power  consumed  by  the  motor  and  drill-press 
when  no  work  is  being  performed.  When  the  drill  spindle  is  not 
revolving,  all  the  power  input  is  consumed  in  the  motor,  in  the  main 
drive  shaft  of  the  press,  and  in  the  main  shaft  of  the  press  trans- 
mission. When  the  transmission  gears  are  engaged,  they  rotate  the 
drill  spindle  at  different  speeds,  involving  losses  in  the  transmission 
gears  and  bearings,  in  the  gears  and  bearings  of  the  drive  to  the 
spindle,  and  in  a  portion  of  the  feed  gearing.  If  the  feed  gears  be 
thrown  in  so  that  the  spindle  is  advanced,  but  no  drilling  done,  no 
increase  in  the  total  power  input  is  to  be  noted.  The  spindle  speeds  are 
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obtained  tlirougii  four  gear  combinations  and  the  back  gears;  thus 
eight  spindle  speeds  are  possible.  The  effect  of  the  back  gearing  is 
clearly  shown  by  the  curves  of  Fig.  36,  as  the  points  A,  B,  C,  and  D 
have  the  same  gear  combinations  as  points  A/  B/  C/  and  D/  the 
only  difference  being  that  for  the  first  set  the  drive  was  through  the 
back  gears,  while  for  the  second  the  drive  was  direct.  The  frictional 
loss  with  increased  spindle  speed  is  well  shown,  the  increase  amoun- 
ting to  0.6  h.  p.  for  a  speed  of  575  r.  p.  m. 

In  the  tests  recorded  in  Fig.  38,  holes  were  drilled  at  four  dif- 
ferent feeds  and  six  different  speeds.  For  the  two  lower  the  back 
gears  were  engaged.  It  is  interesting  to  note  that  the  two  lines  of 
direct  and  geared  drive  are  practically  parallel  for  the  different  feeds 
and  show  constant  power  absorption  for  the  back  gears  for  all  dif- 
ferent spindle  speeds,  since  the  speed  of  the  back  gears  is  constant, 
but  the  power  absorption  of  these  gears  varies  almost  directly  with 
the  rate  of  feed,  being  about  400  watts  for  0.041-inch  feed,  270  watts 
for  0.0256-inch  feed,  and  160  watts  for  0.013-inch  feed.  It  will  be 
recalled  that  both  the  torque  and  thrust  increased  in  practically  a 
direct  ratio  with  the  feed;  so  this  increase  in  power  consumption  of 
the  back  gears  is  due  to  the  increased  pressure  imposed  upon  them 
by  the  increased  torque  or  thrust,  or  both.  The  purpose  these  re- 
sults serve  is  to  indicate  the  total  power  required  for  drilling  or  for 
removing  a  certain  amount  of  metal  under  varying  conditions  of  feed 
and  speed.  These  values,  of  course,  apply  only  to  this  specific  set-up, 
each  apparatus  for  drilling  having  its  own  power  characteristics. 

In  Fig.  39  are  shown  the  efficiencies  for  the  different  points  il- 
lustrated by  Fig.  37.  These  values  show  the  influence  of  the  back- 
gearing  on  efficiency,  and  also  give  an  idea  as  to  the  absolute  values 
which  may  be  obtained  for  the  higher  rates  of  drilling. 

The  values  of  Fig.  38  have  been  used  in  still  another  manner  as 
shown  by  Fig.  40  in  which  power  is  plotted  against  rate  per  minute 
for  both  total  and  net  powers  of  drilling.  The  lower  curves  of  net 
power  are  interesting  as  a  basis  for  studying  the  question  of  the  best 
feed  and  speed  combination  for  the  removal  of  metal.  If  a  vertical 
line  of  constant  rate  of  drilling  is  taken,  it  will  be  found  to  intersect 
the  curves  of  power  and  feed  relation,  and  to  show  varying  power  re- 
quirements for  removing  the  same  amount  of  metal  per  minute.  In- 
stead of  rate  per  minute,  the  abscissae  could  as  well  be  cubic  inches  of 
metal  removed  per  minute,  since  the  drill  diameters  are  the  same, 
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Fig.  40.     The  Variation   of  Power  for  Varying  Eates   of  Metal  Ebmoval 
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and  the  same  relative  curves  would  be  given.  These  curves  show 
clearly  that  it  requires  less  net  power  to  remove  metal  with  a  heavy 
feed  and  slow  speed  than  with  light  feed  and  high  speed,  the  power 
difference  running  as  high  as  one  hundred  per  cent  for  the  lower 
rates  of  feed.  Other  tests,  which  were  run  for  a  different  purpose, 
were  used  in  checking  this  observation  and  will  be  found  plotted  in 
Fig.  41.  In  Fig.  40  the  curvature  of  the  lines  of  feed  and  power  seems 
to  be  due  to  irregularity  in  test  material,  since  the  curves  of  Fig.  41 
are  practically  straight  lines  and  show  this  power  difference  very 
pronouncedly.  Still  another  set  of  test  values  is  shown  plotted  in 
a  different  manner  in  Fig.  42.  In  this  case  the  horse-power  con- 
sumed in  removing  one  cubic  inch  of  metal  with  a  one-inch  drill  at 
different  rates  of  drilling  has  been  plotted  against  the  rate  per  min- 
ute. The  families  of  curves  for  different  feeds  per  revolution,  there- 
fore, represent  holes  drilled  at  different  speeds.  The  three  points 
marked  with  crosses,  almost  on  the  0.041-inch  curve,  represent  holes 
drilled  at  a  feed  of  0.061  inches  per  revolution,  and  show  that  the 
gain  in  efficiency  by  using  a  heavier  feed  than  0.041  inches  is  slight. 
In  fact  there  is  but  little  gain  in  using  a  feed  heavier  than  0.0256 
inches  per  revolution.  It  will  be  noted  that  there  is  a  slight  decrease 
in  power  due  to  the  increased  speed;  thus  the  findings  shown  in  Fig, 
32  are  corroborated  although  the  principal  saving  is  due  to  the  in- 
creased feed.  This  variation  of  power  with  feed  is  shown  by  the 
dashed  line  and  heavy  points,  which  is  a  curve  of  constant  speed 
drawn  through  the  average  value  for  the  power  at  each  feed.  It 
will  be  noted  that  the  total  power  saving  by  the  use  of  the  heavier 
feeds  may  amount  to  0.8  h.  p.  in  drilling  at  the  rate  of  three  inches 
per  minute. 

Although  the  drill  itself  uses  less  power  when  drilling  with  the 
heavier  feeds  and  slower  speeds,  the  rule  for  the  total  power  is  not 
so  simple.  If  it  were  possible  to  use  the  direct  gearing  to  obtain  the 
whole  range  of  speed,  the  relations  for  gross  power  would  probably 
be  the  same  as  for  net  power.  The  introduction  of  the  back  gears, 
however,  varies  the  relation  considerably  for  the  lower  rates  of 
drilling,  as  will  be  seen  from  Fig.  40.  The  gross  values  given  on  this 
chart  have  been  transferred  to  different  coordinates  in  Fig.  43,  which 
shows  a  family  of  curves  of  power  for  different  rates  of  drilling  and 
which  signifies  at  what  feed  per  revolution  it  is  most  economical  to 
remove  metal.    A  number  of  these  values  are  taken  from  extrapola- 
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tions  of  the  curves  of  Fig,  40,  and  represent  combinations  beyond  the 
range  of  the  press.  The  circled  points  shown  are  actual  tests  which 
were  drilled  at  a  rate  closely  approximating  the  rates  of  the  curves, 
and  seem  to  check  fairly  well  the  tendencies  shown.  A  general  rule 
for  drilling  economically  with  this  set-up  seems  to  be  that  the  feed 
per  revolution  shall  increase  with  the  rate  per  minute,  being  never 
less  than  0.0133  inches  per  revolution  when  drilling  in  cast  iron. 

The  individual  characteristic  power  and  feed  relations  of  dif- 
ferent drilling  apparatus  are  shown  by  Fig.  44,  in  which  a  number 
of  test  curves  from  different  experimenters  is  presented.  It  will  be 
noted  that  the  power  curves  on  the  same  set-up  do  not  necessarily 
show  the  same  trend ;  thus,  for  example,  the  two  Westinghouse  curves 
take  opposite  curvatures,  and  a  few  indications  by  Hallenbeck  show 
that  for  the  heavier  feeds  the  curvature  would  also  be  reversed.  The 
Bickford  and  University  of  Illinois  tests  are  both  at  comparatively 
low  powers ;  so  the  straight  lines  shown  might  change  their  tendencies 
in  the  higher  regions. 

The  variations  of  power  and  efficiency  with  varying  feeds  per 
revolution  may  be  observed  by  referring  to  Fig.  45.  These  tests  were 
drilled  at  a  constant  speed  and  with  eight  variations  of  feed.  The 
effect  of  the  back  gearing  in  the  feed  system  is  perceptible,  although 
of  no  practical  importance,  since  the  power  absorption  of  these  gears 
is  relatively  slight.  The  power  used  at  the  drill  point,  which  was 
determined  from  the  test  cards,  varies  almost  in  direct  ratio  with  the 
feed  per  revolution.  This  power  was  subtracted  from  the  total  input 
to  determine  the  power  absorbed  by  the  motor  and  drill-press.  The 
change  in  total  efficiency,  ratio  of  power  absorbed  in  useful  work  at 
the  drill  point  to  the  total  electrical  input,  is  a  function  of  the  vary- 
ing power  absorption  of  the  press  and  of  the  relation  of  the  total 
power  input  to  the  power  absorbed  in  running  the  press  idle.  This 
latter  effect  is  most  pronounced  at  the  lower  rates  of  drilling,  when 
the  useful  power  is  small  as  compared  with  the  absorbed  or  ''over- 
head" power.  If  the  drill  is  dulled  so  that  it  absorbs  more  power, 
the  efficiency  of  the  apparatus  will  increase,  owing  to  the  increase  in 
net  power  consumption.  This  efficiency  curve  is  a  strong  argument 
for  the  higher  rates  of  drilling,  or,  at  least,  for  having  the  apparatus 
so  proportioned  that  it  will  be  working  at  nearly  full  capacity  most  of 
the  time.  " 

As  has  been  mentioned,  the  increase  in  torque  and  thrust  affects 
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-/:_:-  -  :  -:  ,  t  1  r  the  driE-:  v  -  7 :  ^  :Lse  of  tiie  ineFeased 
pi^sure  on  the  bearmgs  and  in  Uie  gears.  Thk  inerease  k  not,  liow- 
evear,  direetly  proportional  to  the  increasse  in  torque  and  IlinKt^  as 
is  seen  from  the  eorves  of  Fig.  45.  Vario^  attempts  were  made  to 
segi^ate  tiie  ^ecls  of  throst  and  torq^ae  variations,  bnt  flie  r^ulls 
were  too  diverse  to  admit  of  analj^k.  It  was  not  known  jost  how 
mneh  power  was  absorbed  hy  1flie  motor  and  how  mncb  by  the  press, 
and  the  very  sli^t  variations  below  feeds  of  0.0202  ira^^  per  revohir 
fion  gave  few  values  for  tbe  development  of  corves.  Some  of  llie 
general  resolls  are  shown  in  Fig.  46,  whieb  presemts  the  resolts  of 
tests  in  whidi  an  effort  was  made  to  vary  the  thrust  independearitly 
of  the  torque  by  dulling  the  cbkel  point,  by  drilling  into  a  pilot  hide, 
and  by  imng  a  drill  with,  an  insuffieient  eoiter  d^earanee.  By  these 
means  the  thrust  was  varied  as  mneh  as  430  per  eent  mMle  tiie  torque 
was  varied  only  about  five  or  six  per  eoit.  "Wlisi  the  driO.  eiz ^.-^  —nr 
ground  strai^t,  it  was  passible  to  vary  the  torque  about  1-^7:17  7  tI 
eoit  while  the  throat  varied  coJIy  ten  or  twelve  per  eeaot.  Se.:  :  :  -7 
analyst  was,  however,  not  po^ible,  and  the  only  general  1:1  ij. : : : : :  _ 
was  that  the  increase  in  power  was  about  as  the  cube  root  It  1:1- 
erease  in  tbm^  times  the  torque.  Probably  tbe  curves  of  F:  ^  - !  —H 
be  nseful  a&  indicating  the  possible  power  saving  throng  :  1  r  i~  i  :  i 
pilot  hol^  which  at  the  higher  feeds  reduce  tbe  total  po^:  7  :ii. 
or  twelve  per  eoit.  The  estra  power  required  udiQi  the  diw  '^  di^ 
is  improperly  ground,  or  has  the  cutting  angle  increased  throu^  poor 
point  thinning  k  shown  in  curves  B,  D,  and  E  r^peetrrilv  Frr 
ttr    ^J:z--~e3it  curv^  at  th?  ".'^41-i;:?^  5rri.  ^b-  t!:m?*  s^i  T.irzir 
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'-  —  '-     i :  :  T-pomids  S50    pooads 

Z-  —  L-i:    iv-:.i-poosdte  2700   'pomuis 

'E  —  72   foatipoorads  2990   poirads 

Test  "D"  was  seareely  comparable  with  tiie   -.Thfr 
irHled  for  eompazkon  witb  a  drill  having  a  135-t   . 
gave  values  for  this  feed  and  speed  of  65  f oot-j :  iz^ 
2S50  poun&  tbn^L    The  diffoieiice  ia  torque  wss  7  i 
i^e  of  a  different  drill  from  that  isri  in  :t-:s  .L   Z . 
partly  to  the  differoit  iest  block  usri     TIt  -  --.z  Tjrr 


AN    INVESTIGATION    OF    TWIST   DRILLS 


75 


76  ILLINOIS  ENGINEERING  EXPERIMENT  STATION 

power  absorbed  by  the  drill-press  are,  however,  partially  compara- 
tive. It  will  be  seen,  for  example,  that  the  power  to  be  saved  by  the 
use  of  a  properly  ground  drill  instead  of  a  poorly  ground  one  may 
be  greater  than  the  power  saved  by  first  drilling  pilot  holes.  The 
pilot  hole,  however,  has  its  advantage  in  reducing  thrust  forces  which 
might  be  sufficient  to  break  the  drill-press  in  heavy  drilling. 
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IV.     Tests  to  Determine  Drill  Endurance 

18.  Influence  of  the  Helix  Angle  on  Drill  Endurance. — A  large 
number  of  holes  was  drilled  to  determine  the  effect  of  helix  angle  on 
drill  power.  The  last  five  of  each  set  of  twenty  holes  were  drilled  at 
a  feed  of  0.041  inches  per  revolution,  at  speeds  of  92,  233,  367,  456, 
and  575  r.  p.  m.  The  two  highest  of  these  speeds  are  excessive  for 
a  one-inch  drill  in  cast  iron,  and  the  behavior  of  the  drills  in  drill- 
ing at  these  speeds  is  considered  in  the  study  of  endurance.  At  the 
lower  rates  of  feed  at  these  speeds  the  attempt  was  made  to  run  all 
five  holes  without  sharpening  the  drill,  and  this  was  possible  in  al- 
most every  case  with  no  increase  in  the  torque  which  might  have 
been  due  to  dullness,  although  one  or  two  indications  of  dulling  are 
noted,  and  once  or  twice  it  was  thought  advisable  to  sharpen  the 
drill  after  the  456  r.  p.  m.  test  before  drilling  the  575  r.  p.  m.  test. 
Several  times  in  the  0.041-inch  tests  it  was  necessary  to  sharpen  the 
drills,  and  once  or  twice  it  was  impossible  to  drill  the  last  hole,  be- 
cause the  drill  burned  as  it  entered  the  block. 

With  the  118-degree  point  grinding  drill  ''A"  did  not  need  to 
be  re-sharpened  for  any  hole.  Drill  ''B"  was  dulled  by  two  of  the 
575  r.  p.  m.  holes  (with  the  10-and  12i4-degree  clearance).  Drill 
"C"  was  dulled  by  one  of  the  holes,  drill  "D"  by  none,  drill  "E" 
by  one,  and  drill  ''F"  by  two.  Drill  ''G"  was  so  badly  burned  on 
one  hole  that  it  was  impossible  to  drill  more  than  an  inch  deep  with 
it.     Two  other  high-speed  holes  had  already  dulled  this  drill  badly. 

With  the  138-degree  point  grinding  the  indications  of  dullness 
were  more  numerous.  Drill  ''A,"  however,  was  not  dulled  by  any 
hole  drilled.  Drill  ''B"  was  dulled  by  three  of  the  holes  (only  twen- 
ty holes  were  drilled  with  this  point  angle  as  against  120  for  each 
drill  with  the  118-degree  point  angle).  Drill  ''C"  was  dulled  by 
two  holes,  and  so  badly  burned  at  the  last  two  holes  that  they  could 
not  be  drilled  more  than  an  inch  deep.  Drill  "D"  was  dulled  by 
two  holes,  burned  on  one  hole,  and  failed  to  complete  its  set  by  two 
holes.  Drill  ''E"  was  dulled  by  one  hole  and  slightly  burned  by 
another.  Drill  "  F  "  was  dulled  by  three  holes,  being  slightly  burned 
in  one  of  these.  Drill  "G"  was  dulled  by  four  holes,  and  failed  to 
complete  its  set  by  one  hole. 

In  general,  drill  '^A"  showed  up  remarkably  well  for  endurance 
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and  consumed  a  relatively  small  amount  of  power.  The  other  drills 
showed  somewhat  uniform  tendencies.  For  the  118-degree  point  the 
drills  showed  progressively  better  with  increasing  helix  angles  until 
the  32-degTee  angle  was  reached  and  then  they  became  progressively 
worse  with  further  increases  in  the  helix  angle.  For  the  138-degree 
point  the  drills  showed  progressively  better  until  the  35-degree  angle 
was  reached  and  then  progressively  worse  with  further  increases. 
Other  tests  indicated  that  the  drill  "C"  was  not  so  well  tempered  as 
the  other  drills,  since  it  showed  poorer  endurance  than  other  drills 
exactly  similar  in  form.  It  wall  be  noted  that  the  35-degree  helix 
angle  performed  well  under  all  conditions,  averaging  slightly  better 
than  drill  "F"  and  considerably  better  than  the  32-degree  drill. 
Drills  ' '  E "  and  "  F "  gave  the  best  average  performance  of  all  the 
drills  in  both  power  and  endurance  indications,  although  endurance 
results  are  by  no  means  conclusive.  The  differences  in  test  materials, 
in  the  quality  and  tempering  of  the  drill  metal,  and  possibly  in  the 
slight  burning  of  the  drills  during  grinding  render  the  degree  of 
reliability  of  the  endurance  tests  open  to  question.  If  the  drills  had 
been  run  at  normal  speeds  and  worn  to  dullness  instead  of  being 
burned,  the  results  might  have  been  different. 

19.  Influence  of  Clearance  Angle  on  Endurance. — The  results 
of  the  tests  referred  to  in  the  preceding  discussion  of  the  effect  of 
the  helix  angle  on  endurance  may  again  be  employed  in  obtaining 
indications  of  the  effects  of  the  clearance  angle  on  endurance.  Six 
different  clearance  angles  were  used  on  all  drills  for  the  tests  with 
the  118-degree  point  angle. 

"With  the  2-degree  clearance  angle  no  drill  was  dulled  in  drilling 
any  hole.  Likewise  with  the  41/^-  and  7-degree  clearances  all  the 
drills  stood  up.  With  a  10-degree  clearance,  drills  were  dulled  by 
three  of  the  holes.  With  a  12i/^-degree  clearance,  drills  were  slightly 
dulled  by  four  holes.  With  a  15-degree  clearance,  drills  were  slightly 
dulled  in  several  holes,  badly  dulled  in  two  holes,  and  burned  in  two 
more.  The  endurance,  consequently,  lessens  with  increase  in  the 
clearance  angle,  although  the  performance  of  the  drills  in  the  121/2- 
degree  clearance  tests  was,  if  anything,  a  trifle  better  than  in  the 
10-degree  clearance  tests. 

A  partial  series  of  tests  was  run  with  a  standard  drill  at  a  speed 
of  456  r.  p.  m.  and  a  feed  of  0.041  inches  per  revolution  to  determine 
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the  effect  of  clearance  on  endurance.  In  each  case  the  object  was  to 
ran  the  drill  to  a  degree  of  dullness  approximating  an  increase  of 
ten  pounds  in  torque.  This  rapid  testing  is  faulty,  however,  because 
the  greatest  damage  is  apparently  done  just  as  the  drill  enters  the 
block  at  high  speed.  A  drill  may  finish  one  hole  in  good  shape,  but 
burn  upon  entering  the  block  on  the  next  test.  The  total  number  of 
inches  drilled  is  so  small  that  this  entrance  effect  is  important.  At 
a  slower  rate,  the  damage  at  entrance  would  be  less  and  the  total 
amount  of  drilling  greater;  so  more  nearly  correct  values  would  be 
obtained.  Indications  from  a  number  of  tests  of  the  rapid  drilling, 
however,  gave  the  following  average  results :  for  a  4-degree  clearance 
the  total  distance  drilled  was  141/4  inches,  for  a  6-degree  clearance 
251/2  inches,  for  a  9-degree  clearance  18%  inches,  and  for  a  12-de- 
gree  clearance  173/2  inches.  The  6-degree  and  12-degree  clearances 
and  the  4-degree  and  9-degree  clearances  were  drilled  in  the  same 
test  blocks.  Apparently  a  clearance  of  6  degrees  is  preferable  to 
12,  and  9  degrees  to  4. 

A  series  of  endurance  tests  at  moderate  speeds  was  started,  in- 
volving different  point  and  clearance  angles  with  the  same  drill. 
These  were,  however,  interrupted  and  not  resumed,  so  that  the  results 
are  fragmentary  and  may  be  applied  to  point  or  clearance  angle 
analysis  without  certainty  of  the  proportionate  effect  of  either  angle. 
With  15-degree  clearance  and  124-degree  point,  the  drill  went 
through  about  240  inches  of  soft  cast  iron  with  no  perceptible  in- 
crease in  dullness.  It  was  then  started  on  an  unusually  hard  block, 
in  which  it  broke  down  after  drilling  ten  inches.  "With  a  4i/2"<i6gree 
clearance  and  112-degree  point  this  drill  went  through  240  inches  of 
the  soft  cast  iron  (half  of  each  block  was  used  for  each  drill),  drilled 
40  inches  in  the  hard  block  mentioned,  and  then  continued  until  it  had 
drilled  through  about  three  thousand  lineal  inches  of  iron,  at  which 
point  the  power  required  had  increased  about  35  per  cent.  At  2400 
inches  the  power  had  increased  about  25  per  cent,  which  was  the  extent 
of  dullness  adopted  as  standard.  With  a  12-degree  clearance  and  118- 
degree  point,  the  drill  went  through  about  1400  inches  of  iron  before 
attaining  the  25  per  cent  increase  in  power.  Practically  all  these 
tests  were  unsatisfactory  and  the  results  probably  would  have  been 
more  nearly  uniform  if  a  uniform  grade  of  steel  had  been  used  instead 
of  east  iron.     On  the  basis  of  the  test  data,  however,  the  indications 
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favor  a  combination  of  a  small  clearance  angle  with  a  small  point 
angle. 

Incidentally  a  portion  of  these  tests,  with  the  124-degree — ^7-degree 
combination  and  the  llS-degree— 12-degree  combination,  was  run 
parallel  mtli  tests  of  a  drill  having  a  26-degree  helix  angle  as 
against  the  32-degree  angle  of  this  drill.  In  the  first  case  85  inches 
were  drilled  by  the  26-degree  drill  against  720  inches  by  the  32-degree 
drill.  In  the  second  test  the  26-degree  drill  went  through  360  inches 
against  the  1400  inches  of  the  32-degree  drill. 

20.  Influence  of  Point  Angle  on  Endurance. — In  addition  to 
the  combination  point  angle  and  clearance  angle  tests  referred  to, 
the  group  of  tests  employed  for  studying  the  effects  of  helix  angle 
variations  was  used  for  a  study  of  the  effects  of  different  point 
angles.  For  the  group  of  tests  having  a  7-degree  clearance  and  a  118- 
degree  point,  only  a  few  holes  dulled  the  drill  slightly.  For  the  same 
clearance  and  138-degree  point  angle  four  holes  burned  the  drill  so 
that  they  could  not  be  advanced  more  than  a  fraction  of  an  inch  in 
depth.  Eight  other  holes  dulled  the  drill,  and  in  three  others  the 
drill  lips  were  perceptibly  burned,  although  the  hole  was  advanced 
to  a  depth  of  two  or  three  inches.  For  the  group  having  a  7-degree 
clearance  and  a  98-degree  point  angle  no  drill  was  perceptibly  dulled 
by  any  hole,  although  there  was  a  tendency  to  chip  the  lip  edges  and 
the  chisel  point,  because  of  the  insufficient  backing  of  metal.  In  the 
98-degree  tests  drill  ''A"  broke  under  a  feed  of  0.041  in.  per  rev. 
and  a  speed  of  92  r.  p.  m.,  although  it  had  drilled  this  same  hole  and 
four  others  at  the  same  feed  with  points  of  118  and  138  degrees.  This 
failure  probably  was  due  to  a  weakening  of  the  drill  by  the  removal 
of  chisel  edge  support. 

21.  Influence  of  Bounded  Corner  on  Endurance. — A  number 
of  rapid  endurance  tests  was  run  at  a  speed  of  575  r.  p.  m.  and  a 
feed  of  0.041  in.  per  rev.  in  soft  cast  iron,  with  pairs  of  drills,  one 
of  which  had  rounded  corners.  The  results  of  two  of  these  tests  are 
shown  graphically  in  Fig.  47.  On  the  basis  of  the  number  of  inches 
drilled  for  a  given  increase  in  torque  an  endurance  ratio  of  about 
four  to  one  in  favor  of  the  rounded  corners  is  shown  in  one  case,  and 
about  eight  to  one  in  the  other.  Other  tests  were  run  in  blocks  of 
varying  hardnesses  which  showed  a  ratio  in  favor  of  the  rounded 
corners  of  about  ten  to  one  in  the  harder  materials,  and  three  and 
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Fig.  47.     Test   Cards   Showing   Eemarkable   Increase   in   Drill   Endurance 
Obtained  by  Bounding  Drill  Corners 
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four  to  one  in  tlie  softer  materials.  The  apparent  effect  was  to  render 
the  corners  immune  to  burning,  so  that  the  dullness  began  with  the 
chisel  point  and  gradually  extended  out  along  the  cutting  lip.  The 
rounding  of  the  corners  was  done  by  hand  grinding  and  it  is  probable 
that  each  corner  removed  in  drilling  a  different  quantity  of  metal, 
so  reducing  the  endurance  somewhat  from  the  value  of  a  perfectly 
rounded  corner.  This  modification  of  the  drill  corner  does  not  in 
the  least  aft'ect  the  size  of  the.  hole  drilled.  The  hole  is  cleaned  out  to 
size  by  the  cutting  edge  above  the  corners,  so  that  no  extreme  accu- 
racy of  corner  grinding  is  necessary.  There  should,  however,  be  suf- 
ficient clearance  behind  the  rounded  corner  to  prevent  rubbing 
action. 

22.  Comparative  Endurance  Tests  of  Different  Kinds  of  Drills. — 
A  short  series  of  comparative  endurance  tests  was  run  in  soft  cast 
iron  at  high  speed  and  heavy  feed  on  several  milled  drills,  a  forged 
twist  drill,  and  a  flat-twist  drill.  The  results  are  plotted  in  Fig. 
48.  The  test  points  for  the  forged  drill  are  shown,  and  the  aver- 
age curves  are  given  for  the  other  drills.  It  will  be  seen  from  the 
results  of  the  forged  drill  test  that  the  power  indications  as  the  drill 
begins  to  burn  are  irregular,  although  it  is  possible  to  plot  fairly 
regular  curves.  The  reversed  curves  for  the  three  drills  which 
showed  the  greatest  endurance  are  pronounced,  while  the  curves  for 
the  drills  with  the  least  endurance  show  fairly  regular  increases  of 
power  at  the  drill  point  as  drilling  advances.  A  general  similarity  of 
behavior  of  the  drills,  however,  is  to  be  noted  in  that,  following  in- 
itial drilling,  the  tool  "settles  to  a  cutting  edge"  and  does  its  most 
effective  work  after  the  initial  sharpness  is  worn  oft".  This  effect  was 
evident  also  in  the  longer  endurance  tests  previously  mentioned,  the 
drill  very  often  running  through  five  to  eight  hundred  inches  of  cast 
iron  with  no  variation  in  the  average  power  curve,  after  the  first 
gradual  dulling  had  taken  place.  The  rapid  rise  in  power  after  the 
drill  has  once  started  to  burn  is  logical,  as  each  increment  of  dullness 
adds  to  the  friction  of  cutting  thereby  heating  the  drill  and  destroy- 
ing its  resistance. 

Comparative  endurance  tests  of  this  sort  are  more  satisfactory 
than  endurance  tests  in  which  different  drill  angles  are  tested,  for 
in  the  latter  there  is  likely  to  be  a  variation  in  the  drill  endurance, 
even  when  the  same  drill  is  used  for  each  test,  because  drills  tend  to 
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vary  in  character  from  point  to  tang  througli  uneven  tempering  or 
variation  in  the  metal.  A  number  of  drills  was  tested  for  hardness 
at  various  points  along  their  length  with  the  Shore  scleroscope.  All 
the  drills  except  one  showed  variations  of  from  two  to  ten  points  in 
hardness,  generally  beiiig  softer  toward  the  tang.  One  drill  showed 
a  distinct  ring  about  an  inch  from  the  point  which  was  five  to  six 
points  harder  than  the  point,  while  one  drill  was  about  eight  points 
softer  in  the  middle  than  at  either  end.  The  average  hardness  at 
the  drill  points  was  about  86,  only  two  drills  being  above  90,  of 
which  one  was  92  and  the  other  91.  One  drill  which  produced  aver- 
age results  in  endurance  tests  had  the  surprisingly  low  value  of  78. 
Some  of  the  drills  were  so  skillfully  tempered  that  the  entire  length 
of  the  flutes  tested  about  84,  but  the  hardness  dropped  to  40  or  45  at 
the  point  at  which  the  drill  attained  its  full  diameter  at  the  end  of 
the  flutes.  Other  drills  were  hard  almost  to  the  tang.  In  1908  the 
Lincoln-Williams  Twist  Drill  Company*  made  a  number  of  endur- 
ance tests  to  show  the  relation  between  hardness  and  endurance 
(drilling  in  tool  steel),  but  found  no  regularity  in  results.  They 
found  that  the  average  hardness  of  high-speed  drills  was  about  86, 
while  that  of  carbon  drills  was  about  89.  The  best  high-speed  drill 
tested  was  the  hardest,  and  the  poorest  was  the  softest,  but  the  varia- 
tions between  these  extremes  showed  almost  no  regularity. 

The  variations  in  drill  hardness  practiced  by  the  different  makers 
are  not  more  pronounced  than  the  variations  in  helix  angles  and 
angles  of  point  grinding  of  the  drills.  A  number  of  standard  drills 
was  measured  and  their  characteristics  recorded  as  shown  in  the 
following : 


Manufacturer 

Type 

Clearance 
Degrees 

Point 
Degrees 

Helix  Angle 
Degrees 

Detroit  Twist  Drill  Co 

Milled 

Milled 

Milled 

Milled 

Flat-twist 

Flat-twist 

Flat-twist 

Flat-twist 

Milled 

Milled 

Milled 

Milled 

13K 
7 

4K 
2 
6 
5 
5 
6 
5 
5 
4 
6     ■ 

60 

61 

58 

58 

63 

59K 

59K 

59 

58 

60 

59K 

59 

32  to  27 

Detroit  Twist  Drill  Co 

25  to  20 

Union  Twist  Drill  Co 

22 

Morse  Twist  Drill  Co 

26 

Gelfor  Twist  Drill  Co 

32 

Whitman  &  Barnes 

29  to  26 

Pratt  &  Whitney 

30  to  25 

Lincoln-Williams 

30 

Lincoln-Williams 

26  to  21 

Union  Twist  Drill  Co. 

24 

New  Process 

22 

Whitman  &  Barnes 

26 

*See   Appendix   V   for    discussion   of   experiments   by   other   investigators. 
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On  the  special  drills  used  in  tests  to  determine  the  influence  of  the 
helix  angle  the  clearances  were  4I/2,  5,  5i/^,  and  6  degrees,  and  the 
point  angles  were  all  120  degrees.  The  edge  angles  of  various  drills 
showed  variation  between  117  and  135  degrees. 
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V.     LIiNOR  Investigations 

There  has  been  some  discussion  concerning  the  effect  of  different 
helix  angles  on  chip  removal  in  deep  holes;  so  from  the  number  of 
tests  run  for  the  power  determinations  with  different  helixes  a  set 
of  four  cards  was  chosen.  The  values  from  these  are  shown  trans- 
ferred to  rectangular  coordinates  in  Fig.  49,  the  torque  and  thrust 
values  being  plotted  side  by  side.  All  these  holes  were  drilled  with 
a  speed  of  570  r.  p.  m.  and  a  feed  of  0.041  in.  per  rev.  All  drills 
were  similarly  ground,  and  all  but  the  first  were  advanced  to  a  depth 
of  about  41/2  inches  in  cast  iron.  The  drill  with  the  10-degree  helix 
seemed  to  give  the  best  performance,  although  this  may  have  been 
due  more  to  its  large  chip  space  than  to  the  helix  influence,  since  the 
drill  with  the  22-degree  helix  shows  a  steady  rise  in  torque  as  the 
depth  increased.  The  32-degree  drill  had  an  increase  twist  to  give 
it  better  chip  clearance  at  the  greater  depths,  but  its  performance 
was  not  appreciably  better  than  that  of  the  40-degree  drill.  The 
increase  in  torque  as  the  depth  increases  is  in  every  case  more  pro- 
nounced than  the  increase  in  thrust.  The  sudden  rise  in  the  thrust 
values  at  the  beginning  of  each  hole  may  be  due  to  the  greater  hard- 
ness of  the  metal  near  the  surface  or  to  a  surge  of  fluid  in  the  dyna- 
mometer resulting  from  the  sudden  application  of  the  load. 

The  fact  that  all  these  holes  were  run  at  high  speed  seems  to 
have  been  a  factor  affecting  chip  disposal,  since  results  of  tests  run 
at  a  speed  of  233  r.  p.  m.  and  feed  of  0,041  in.  per  rev.  show  a  much 
more  rapid  increase  in  torque  as  depth  increases  (see  Fig.  50).  In 
these  233  r.  p.  m.  tests  the  10-  and  22-degree  drills  showed  rapid  in- 
creases in  torque  with  increases  in  depth.  The  32-degree  increase- 
twist  drill  showed  well  to  a  depth  of  about  two  inches,  while  beyond 
this  the  torque  increased  rapidly.  With  the  uniform  helix  of  40  de- 
grees there  was  a  steadj^  increase  in  torque  with  depth,  but  this  drill 
averaged  better  than  any  other.  These  results  seem  to  indicate  in 
general  that  all  drilling  should  be  done  at  as  high  speeds  as  possible 
and  that  the  larger  values  of  helix  angle  are  better  for  deep  hole 
drilling  than  the  more  nearly  straight  drills. 

That  the  effect  of  depth  on  torque  is  governed  by  other  condi- 
tions than  the  helix  angle  and  the  drill  speed  is  shown  by  the  results 
presented  in  Fig.  51,  cards  "A"  and  "B,"  the  firet  of  which  shows 
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DR  LL  HAVING  10°    HELIX    ANGLE. 

I  1,1 

FEED-0.041  IN./ REV. 


SPEED  OF    570R.  P.  M.    IN  C.  1 


DEPTH-INCHES. 


DEPTH— INCHES. 


CARD  B 
DRILL  HAVING  22"     HELIX   ANGLE, 


FEED— 0.041  IN./ REV. 

II  I  I 

SPEED  OF  570  R.  P   M.    IN  C.  I. 


DEPTH— INCHES. 


DEPTH-INCHES. 


DRILL  HAVING  32o-     HELIX  ANGLE. 


DEPTH— INCHES. 


DEPTH— INCHES. 


DRJLL  HAVING  40°     HELIX   ANGLE 


TH  OF  HOLE-INCHEJ 


DEPTH  OF  HOLE— INCH 


Fig.  49.     Test  Cards  Showing  Corresponding  Torque  and  Thrust  for  Dif- 
ferent Helix  Angles 
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Fig.  51.     Test  Cards  Showing  Corresponding  Torque  and  Thrust  for  Dif- 
ferent Conditions  for  Drilling 
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results  of  drilling  with  a  freshly  sharpened  drill,  and  the  second 
drilling  with  a  drill  that  was  perceptibly  dulled.  It  may  be  noted 
that  beyond  a  depth  of  several  inches  the  torque  of  the  dull  drill 
rises  much  more  rapidly  than  that  of  the  freshly  sharpened  drill. 
These  two  tests  were  drilled  with  the  32-degree  increase-twist  drill.  In 
general  the  results  show  the  same  general  characteristics  as  those 
presented  in  Figs.  49  and  50,  that  is,  uniform  torque  for  several 
inches,  after  which  the  torque  beings  to  rise  fairly  abruptly. 

Card  "C"  of  Fig.  51  shows  the  effect  of  drilling  through  the 
skin  on  cast  iron.  The  thrust  at  first  rises  almost  instantaneously  to 
a  little  above  1000  pounds  and  then  drops  to  about  700  pounds  before 
the  drill  shows  perceptible  penetration.  With  the  lower  feeds  this 
effect  was  still  more  pronounced;  thus  for  a  feed  of  0.013  inches  per 
revolution  the  thrust  rose  to  a  value  of  800  pounds  and  then  dropped 
to  600  pounds.  For  a  feed  of  0.00364  in.  per  rev.  the  thrust  rose  to 
550  pounds,  dropped  to  250  pounds,  and  then  rose  to  about  450 
pounds.  Apparently  the  hard  elastic  skin  resists  penetration  at  first, 
but  the  instant  it  is  punctured  the  thrust  drops  in  value.  The  ad- 
vantage of  removing  the  skin  before  running  a  drill  into  the  work 
is  shown  by  the  fact  that  after  one  of  these  test  holes  had  been  drilled, 
examination  of  the  drill  showed  that  the  lips  were  scarred  and 
chipped,  although  all  holes  were  drilled  at  the  slowest  speed;  so  the 
destructive  effect  of  shooting  a  drill  through  this  hard  surface  at  a 
high  rate  of  speed  may  be  understood. 

Card  "D"  shows  a  typical  record  obtained  when  drilling  into 
a  small  pilot  hole  for  about  two  inches,  striking  the  bottom  of  this 
hole,  and  then  drilling  in  the  solid  for  about  an  inch.  It  will  be 
seen  that  the  torque  takes  practically  its  full  value  instantaneously  in 
a  hole  of  this  sort,  giving  a  peak  that  was  probably  due  to  fluid  surge 
in  the  dynamometer.  The  effect  of  the  pilot  on  thrust  begins  to  lessen 
after  an  inch  or  so,  owing  to  filling  up  this  small  hole  with  the  finer 
particles  of  iron  removed  by  the  large  drill.  For  a  hole  about  0.25 
inches  in  diameter  this  filling  is  not  so  marked,  and  the  thrust  rises 
almost  instantaneously  at  the  bottom  of  the  smaller  hole. 


AN   INVESTIGATION    OF    TWIST   DRILLS  91 

VI.     Conclusions 

A  study  of  the  results  presented  in  the  preceding  pages  relating 
to  drilling  in  east  iron  seems  to  justify  the  following  conclusions : 

(1)  With  the  usual  angles  of  grinding  the  power  used  at 
the  drill  point  decreases  as  the  helix  angle  increases  until  the 
value  of  the  helix  angle  reaches  35  degrees,  above  which  there  is 
no  further  decrease  in  power.  Above  40  degrees  the  power  be- 
gins to  increase.  A  helix  angle  of  30  to  35  degrees  seems  also  to 
give  the  best  average  endurance  in  cast  iron. 

(2)  For  corresponding  speeds  and  rates  of  feed  the  varia- 
tion in  torque  for  point  angles  between  108  and  138  degrees  is 
slight,  but  torque  increases  for  point  angle  values  below  108 
degrees.  The  variation  in  thrust  for  point  angles  between  98  and 
118  degrees  is  slight,  but  the  thrust  increases  rapidly  as  the  point 
angle  increases  above  118  degrees.  Drills  with  point  angles 
greater  than  118  degrees  show  less  endurance  than  drills  with 
point  angles  smaller  than  118  degrees,  while  drills  with  point 
angles  less  than  118  degrees  show  less  susceptibly  to  burning  of 
the  corners,  although  a  greater  liability  to  chipping  of  the  cut- 
ting edge  and  a  general  weakness  of  the  drill  due  to  the  removal 
of  metal  backing  the  chisel  point.  In  general,  a  point  angle  of 
about  110  degrees  seems  more  satisfactory  than  an  angle  of  118 
degrees. 

(3)  Variations  in  the  clearance  angle  at  the  drill  periphery 
and  variations  in  the  clearance  at  the  drill  center  (as  indicated 
by  the  value  of  the  edge  angle)  seem  to  affect  the  net  power 
very  slightly.  Unless  the  peripheral  clearance  is  less  than  two 
degrees,  variations  in  its  value  have  very  slight  effect  on  the 
values  of  torque  or  thrust,  but  if  the  edge  angle  is  less  than  120 
degrees,  the  thrust  tends  to  increase,  showing  a  more  rapid  rate 
of  increase  for  the  heavier  rates  of  feed.  A  peripheral  clear- 
ance of  about  six  or  seven  degrees  seems  to  be  the  most  satis- 
factory value  as  affecting  drill  endurance.  An  edge  angle  of 
130  degrees  is  recommended  for  all  but  the  heaviest  feeds  (above 
0.041  in.  per  rev.).  This  angle  should  not  vary  with  variations 
in  peripheral  clearance,  but  may  be  varied  with  the  feed  per 
revolution,  decreasing  for  light  feeds  and  increasing  for  heavy 
feeds. 
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(4)  The  power  required  at  the  drill  point  and  the  drill  en- 
durance seem  to  be  much  affected  by  the  form  of  the  chip  space 
and  the  form  of  the  cutting  lip.  Drills  having  the  greatest  chip 
spaces  and  concave  cutting  edges  seem  to  give  good  results  under 
all  conditions  of  work  and  point  grinding.  Attempts  to  increase 
chip  space  near  the  hilt  of  the  drill  by  decreasing  the  helix  angle 
are  apparently  of  small  value,  and  the  decreased  helix  angle  as 
the  drill  is  ground  away  causes  increases  in  the  power  required 
and  lessened  endurance. 

(5)  In  soft  cast  iron  the  torque  does  not  increase  so  rapidly 
as  the  feed  per  revolution,  although  the  variation  of  torque  with 
feed  is  so  nearly  direct  that  it  may  for  all  practical  purposes  be 
so  considered.  For  the  correct  angles  of  drill  grinding  the 
thrust  should  increase  directly  with  the  feed  per  revolution. 

(6)  In  soft  cast  iron  the  torque  decreases  as  the  speed 
increases,  although  there  is  little  advantage  in  running  a  one- 
inch  drill  faster  than  350  r.  p.  m.  The  saving  in  power  re- 
sulting from  increasing  speed  may  amount  to  ten  or  fifteen  per 
cent.  Thrust  decreases  as  speed  increases  for  corresponding 
rates  of  feed,  although  the  advantages  to  be  gained  by  running 
a  one-inch  drill  faster  than  400  r.  p.  m.  are  slight.  The  decrease 
in  thrust  may  amount  to  fifteen  per  cent. 

(7)  Drilling  a  pilot  hole  the  diameter  of  which  is  equal 
to  the  width  of  the  chisel  edge  reduces  the  thrust  of  the  large 
hole  by  sixty  or  seventy  per  cent,  the  reduction  being  greatest 
for  the  heavier  feeds.  The  torque  of  the  larger  drill  varies  ac- 
cording to  the  area  of  metal  removed  by  the  pilot  drill.  For 
the  average  drill  this  means  a  saving  in  net  power  of  one  per 
cent. 

(8)  The  power  loss  in  the  back  gears  of  a  drill-press  in- 
creases directly  as  the  feed  per  revolution  and  may  be  from  five 
to  eight  per  cent  of  the  total  power  consumed.  The  efficiency 
of  the  drilling  apparatus  increases  with  the  rate  of  drilling,  and 
for  these  tests  varied  between  eight  and  sixty  per  cent.  The 
net  power  for  a  given  rate  of  drilling  varies  with  the  feed  used, 
being  greater  for  the  light  feeds  and  less  for  the  heavy  feeds, 
although  there  is  very  slight  advantage  in  using  a  feed  greater 
than  0.041  in.  per  rev.  The  gross  power  is  a  function  of  several 
variables,  including  the  variation  in  net  power,  the  power  con- 
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sumption  of  the  drill  when  running  idle,  the  increase  in  torque 
and  thrust  for  the  heavier  feeds,  and  the  means  of  gearing  for 
different  speeds.  For  general  good  efficiency  of  drilling  with 
this  apparatus  in  east  iron,  the  feed  should  not  be  less  than  0.013 
in.  per  rev.  and  should  increase  with  the  rate  of  drilling  to  0.041 
in.  per  rev.  for  a  rate  of  nine  inches  per  minute.  So  far  as  power 
consumption  is  concerned,  whether  net  or  gross,  the  best  way  to 
remove  metal  with  a  given  drill  is  with  as  high  a  speed  and  as 
heavy  a  feed  as  the  drill  will  stand. 

(9)  By  first  drilling  a  pilot  hole  with  a  diameter  equal 
to  the  thickness  of  the  drill  web,  the  gross  power  when  drilling 
the  larger  hole  may  be  reduced  ten  or  twelve  per  cent.  A  blunt 
drill  increases  the  gross  power  by  reason  of  the  greater  thrust 
which  causes  greater  losses  in  the  drill-press.  A  drill  with  a 
point  angle  greater  than  118  degrees  or  a  drill  with  an  edge 
angle  less  than  130  degrees  will  increase  the  gross  power  for 
the  same  reason. 

(10)  The  endurance  of  a  drill  may  be  increased  300  to 
1000  per  cent  by  the  simple  process  of  rounding  the  sharp  cor- 
ners at  the  drill  periphery. 

(11)  For  drilling  holes  at  the  depths  of  more  than  three 
inches  a  drill  with  a  large  helix  angle  gives  best  results.  Such 
holes  should  be  drilled  at  as  high  a  speed  as  possible,  for  then 
the  screwing  action  of  the  drill  flutes  removes  the  chips  more 
nearly  completely. 
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APPENDIX  I 

Development  of  the  Twist  Drill 

To  produce  holes  in  hard  materials  seems  to  have  been  one  of 
the  early  needs  of  the  human  race,  since  evidences  are  found  of 
many  early  and  crude  devices  for  drilling.  Almost  invariably  the 
primitive  drill  took  the  form  of  a  sharp  iron  or  stone  point  attached 
to  a  wooden  shaft.  The  drilling  action  of  this  device  was  one  of 
scraping  or  crushing  rather  than  of  true  cutting.  The  motion  was 
imparted  directly  by  rolling  the  wooden  shaft  between  the  palms  of 
the  hands  or  indirectly  through  the  medium  of  a  bow  or  a  stick-and- 
string  arrangement.  In  any  case  the  motion  was  a  reciprocating 
one,  and  the  whole  process  required  patience  and  care.  The  usual 
requirement  was  to  produce  a  hole  in  wood,  but  not  infrequently  the 
pump  and  bov/  drills  were  used  in  operations  on  glass,  stone,  and 
crockery.  Among  a  few  tribes  was  found  a  heavy  two-man  drill 
capable  of  piercing  iron. 

23.  Flat  Drills. — -The  direct  progenitor  of  the  present  twist 
drill  was  the  old  style  flat  drill,  made  usually  of  carbon  steel  in  a 
blacksmith  shop  and  shaped  according  to  the  ideas  of  the  maker. 
Such  a  drill  could  usually  be  forged  in  a  few  minutes.  A  length  of 
square  stock  was  flattened  at  one  end  and  given  a  rough  diamond 
shape,  possibly  with  the  edges  turned  over  a  bit  to  form  a  sort  of 
hooked  lip  and  then  by  means  of  a  file  or  grindstone,  the  cutting  lips 
and  point  were  sharpened  and  the  drill  was  brought  to  its  final  form. 
Drills  of  this  type  may  be  found  in  use  at  the  present  time,  and  al- 
though very  inefficient  they  possess  certain  advantages  due  to  the 
fact  that  they  may  be  made  with  an  extra  long  shank  for  deep  holes 
or  made  in  odd  sizes. 

The  usual  flat  drill  was  made  of  square  stock,  but  sometimes  flat 
stock  was  used,  probably  because  it  was  easier  to  forge  and  to  grind 
and  provided  more  space  for  the  disposal  of  chips.  Then  some  artisan 
tried  twisting  the  drill  while  it  was  hot  from  the  forge  and  discovered 
that  he  had  a  tool  which  gave  noticeably  better  service.  The  idea 
of  the  twisted  drill  led  in  time  to  the  development  of  a  tool  more 
or  less  similar  to  the  modern  flat-twist  drill,  but  it  was  still  in  a  crude 
state.     Only  when  drills  began  to  be  made  as  a  special  product  (The 
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Morse  Twist  Drill  Company  in  1862  was  the  first  manufacturer), 
did  tliey  assume  any  uniformity  of  design  or  attain  any  real  degree 
of  efficiency.  Then  experimentation  began  with  the  different  forms 
of  milled  flutes,  with  the  helix  angle  of  the  flutes,  with  forms  of  point 
grinding,  and  with  the  composition  of  the  steel  used.  Practically 
only  in  the  last  decade  has  any  other  than  carbon  steel  been  used,  but 
previous  to  that  the  drill  had  been  given  a  certain  uniformity  of  de- 
sign. The  disadvantages  of  the  drills  used  previous  to  the  last  decade 
lay  in  the  fact  that  they  had  to  be  kept  cool  to  prevent  drawing  the 
temper;  this  condition  in  turn  meant  either  that  the  drill  had  to  be 
run  slowly  or  that  some  special  provision  had  to  be  made  for  supply- 
ing a  cooling  and  lubricating  medium.  Such  a  tool  did  not  meet 
the  requirements  of  modern  large  and  rapid  production;  so  after 
high-speed  steels  had  proved  their  value  in  lathe  and  planer  tools, 
attempts  were  made  to  use  them  in  the  form  of  twist  drills. 

24,  The  High-Speed  Steel  Drill. — Twist  drills  of  high-speed 
steel  are  still  in  the  process  of  development,  both  with  reference  to 
the  metals  used  and  the  form  of  the  drill.  The  principles  of  design 
determined  for  carbon  steel  drills  have  to  a  large  extent  governed 
in  the  making  of  the  high-speed  drill.  Experiments  are  still  neces- 
sary to  establish  the  proper  helix  angle,  flute  space,  web  thickness, 
and  point  grinding.  The  steel  used  varies  according  to  the  formulas 
of  the  different  drill  makers.  It  has  been  determined  by  analysis 
that  the  composition  varies  widely  and  that  even  the  carbon  content 
shows  no  regularity.  The  carbon  content  varies  from  0.25  to  0.60 
per  cent,  manganese  from  0.25  to  0.60  per  cent,  chromium  from  0 
to  5.0  per  cent,  tungsten  from  10.0  to  20.0  per  cent,  and  cobalt,  vana- 
dium, and  silicon,  etc.  within  narrow  limits  according  to  the  ideas 
of  the  different  steel  and  drill  makers.  This  matter  of  the  most  de- 
sirable alloy  has  not  been  thoroughly  investigated,  nor  have  the 
equally  important  questions  of  forging  and  heat  treatment.  The 
large  number  of  variables  in  the  different  alloys  and  the  possibility 
of  many  methods  of  treatment  greatly  complicate  the  matter  of  test- 
ing. The  testing  itself  is  tedious,  since  it  is  necessary  to  make  a  com- 
plete drill  for  each  material  tested  and  to  make  provision  for  some 
special  test  apparatus,  whereas  the  testing  of  lathe  tools  requires 
only  a  small  piece  of  the  material  and  only  a  standard  lathe  as  a 
test  machine.     Unfortunately  the  qualities  required  in  drills  cannot 
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be  readily  determined  from  lathe  tool  tests,  because  of  the  form  of 
the  cutting  edges,  the  different  conditions  affecting  the  point,  and 
the  difficulties  of  proper  cooling.  Even  at  the  present  stage  of  the 
development,  however,  the  advantages  of  the  high-speed  drill  are  ap- 
parent especially  where  rapid  production  necessitates  high  speeds 
and  heavy  feeds. 

25.  Analysis  of  Drill  Form. — The  modern  drill  consists  of  a 
straight  metal  shank  carrying  at  one  end  two  equal  cutting  lips  and 
at  the  other  some  means  of  attaching  the  drill  to  a  device  which  will 
impart  the  necessary  rotary  motion  to  it.  The  earlier  types  of  drills 
were  simple  affairs,  as  may  be  seen  by  reference  to  Fig.  52-A,  with 
the  lips  usually  so  shaped  that  a  reciprocating  rotary  motion  could  be 
used.  Small  drills  of  this  type  may  be  made  of  wire  nails  or  other 
pieces  of  round  scrap.  The  only  requirement  is  a  sharp  point  which 
will  make  a  hole  bigger  than  the  drill  shank,  without  particular  uni- 
formity in  hole  diameter  or  outline.  The  drills  shown  in  Fig.  52-B 
are  a  logical  development  from  these  early  types,  being  merely  larger 
and  stronger,  made  of  better  material,  probably  a  little  more  carefully 
forged  and  sharpened,  and  capable  of  producing  a  hole  approximately 
true.  The  flat-twist  drill  shown  is  twisted  by  hand  while  hot  from 
the  forge,  and  the  twist  is  neither  uniform  nor  directed  to  any  par- 
ticular angle.  This  design  was  supposed  to  facilitate  removal  of  the 
chips  by  screwing  them  out  of  the  hole,  but  it  was  only  approximately 
successful,  because  the  diameter  at  the  cutting  lips  is  appreciably 
greater  than  the  shank  diameter.  Efforts  to  make  the  helix  of  a 
uniform  angle,  to  provide  adequate  chip  space,  and  to  combine 
strength  with  economy  of  material  resulted  in  the  production  of  the 
milled-twist  drill.  The  first  of  these  drills,  made  about  1850',  proved 
disappointing  in  its  weakness  and  lack  of  endurance,  and  it  was  not 
until  Morse  in  1864  produced  a  drill  having  more  obtuse  point  and 
cutting  edge  angles  that  the  milled-twist  drill  demonstrated  its 
worth. 

The  form  of  flutes  necessary  to  give  best  results  is  still  a  sub- 
ject for  discussion,  various  manufacturers  using  different  forms. 
Three  forms  of  flute  are  shown  in  Fig.  52-C.  The  requirements  are 
that  this  space  shall  shape  the  chips  to  a  compact  helix  when  drilling 
steel  and  that  it  shall  afford  adequate  space  for  their  disposal.  Usu- 
ally the  milling  cutters  are  so  shaped  that  in  connection  with  a  118- 
degree  included  point  angle  the  cutting  lip  will  be  a  straight  edge. 
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Apparent!}^  there  is  no  reason  to  believe  that  the  straight  cutting  edge 
is  more  efficient  than  a  convex  or  concave  edge,  but  the  sentiment 
in  favor  of  the  straight  edge  is  firmly  established.  Practice  with  re- 
gard to  the  helix  angle  also  varies  within  certain  limits,  there  being 
standard  drills  with  a  uniform  helix  angle  of  20  degrees  and  others 
with  a  helix  angle  of  32  degrees.  General  practice  .seems  to  favor  a 
drill  with  a  helix  of  about  25  degrees,  sometimes  uniform  from  tang 
to  point  and  sometimes  varying  from  20  degrees  at  the  tang  to  25 
at  the  point.  The  theory  of  this  variable  or  ''increase"  twist  is  that 
it  provides  a  greater  chip  space  at  the  tang,  where  this  space  would 
otherwise  be  decreased  by  the  increasing  thickness  of  the  web.  Drills 
for  work  in  brass  or  similar  soft  material  give  best  results  when  the 
drill  flute  is  straight*  (helix  angle  equals  zero  degrees),  as  shown  in 
Fig.  52-D.  In  fact  it  is  logical  to  suppose  that  this  helix  angle  could 
well  have  different  values,  according  to  the  material  worked,  just 
as  the  grinding  angles  used  for  lathe  tools  operating  on  steel  are 
different  from  those  used  on  cast  iron.  Fig.  52-D  shows  the  straight 
flute  drill,  the  standard  25-  or  26-degree  drill,  and  a  special  drill 
having  a  helix  angle  of  45  degrees. 

The  workmanship  on  modern  twist  drills  is  of  a  high  order,  and 
it  is  not  unusual  to  find  the  cutting  diameters  guaranteed  to  within 
.0005  inches,  but  this  diameter  is  true  for  only  a  small  portion  of 
the  drill.  Back  of  each  advancing  edge  the  drill  may  be  concentric 
for  a  tenth  of  an  inch,  at  which  point  the  radial  clearance  begins, 
ranging  from  .01  to  .05  inches.  Usually  this  clearance  is  eccentric 
as  shown  in  Fig.  52-B,  and  is  produced  by  milling  or  grinding  with 
the  drill  slightly  off  center.  The  drill  has  also  a  longitudinal  clear- 
ance to  prevent  its  binding  in  deep  holes.  This  clearance  amounts  to 
about  .001  inches  per  inch  of  length  so  that  an  old  drill  is  almost 
invariably  undersize.  In  all  probability  there  is  no  need  for  such 
exactness  in  the  cutting  diameters,  since  a  drill  will  usually  cut  a 
hole  from  .002  to  .006  inches  oversize,  because  of  slight  inaccuracies  of 
grinding,  eccentricity  in  the  drill  shank,  or  expansion  from  tempera- 
ture rise. 

Wliile  the  standards  for  flute  form  and  helix  angle  are  neither  so 
well  established  nor  so  necessary  as  are  those  for  cutting  diameters, 
the  forms  of  drill  shank  have  come  to  definite  standards.  This  uni- 
formity is  necessary,  in  order  that  a  drill  purchased  from  any  maker 
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will  fit  the  spindle  of  any  lathe,  boring  mill,  or  drill-press.  There  are, 
however,  several  types  of  drill-shank  taper.  Of  these  the  Morse  taper 
is  the  oldest  and  most  widely  used.  Originally  it  was  probably  con- 
ceived as  a  uniform  taper  of  five-eighths  inch  per  foot,  but  inaccuracy 
in  the  first  set  of  gages  seems  to  have  led  to  slight  inaccuracies  in  the 
resulting  product.  The  Brown  and  Sharpe  taper  of  one-half  inch  per 
foot  is  optional  with  most  drill  makers.  There  are  various  forms  of 
special  sockets  on  the  market,  employing  keys,  pins,  and  other  posi- 
tive locks  for  driving  the  drill,  but  the  taper  shank  with  driving 
tongue  is  well  established  and  convenient. 

With  the  greater  use  of  high-speed  steels  an  old  type  of  drill 
has  been  revived,  namely  the  flat-twist  drill.  This  form  of  drill  has 
the  advantage  of  requiring  an  appreciably  smaller  quantity  of  high- 
speed metal,  since  the  twisted  flutes  may  be  firmly  welded  or  brazed 
into  a  soft  steel  shank,  or  the  flat  flute  may  be  extended  to  form  a 
special  shank.  This  drill  has  a  further  advantage  in  that  the  metal 
is  hammered  or  rolled  to  form  and  then  twisted;  thus  a  closer  and 
more  homogeneous  structure  is  given  to  the  steel  and  a  stronger  and 
tougher  product  results.  It  will  be  found  that  such  drills  require 
more  power  than  the  milled  drills  because  of  the  crude  form  of  the 
chip  space  and  the  poorly  shaped  cutting  edge.  Their  greater  en- 
durance and  strength  may,  hoM^ever,  more  than  offset  the  power  loss 
where  heavy  production  in  hard  metals  is  desired.  Fig.  52-F  gives 
an  idea  of  the  appearance  of  the  drill. 

A  further  improvement  in  this  drill  consists  in  shaping  the  bar 
of  high-speed  metal  so  that  the  twisting  process  will  give  a  resultant 
form  approximating  the  milled  drill.  "With  modern  facilities  for  this 
forging  and  twisting  process,  an  excellently  shaped  drill  is  made, 
the  final  finish  being  given  by  a  careful  grinding.  Such  a  drill  is 
more  expensive  to  make  than  the  milled  drill,  but  it  seems  to  combine 
all  the  advantages  of  the  milled  and  flat-twist  drills. 

26.  The  Helix  Angle. — The  standard  lathe  tool  for  operating 
on  cast  iron  has  a  back  slope  or  rake  of  eight  degrees,  a  front  slope 
or  clearance  of  six  degrees,  and  a  side  slope  of  fourteen  degrees. 
This  combination  results  in  a  lip  angle  of  sixty-eight  degrees.  For 
operation  on  steel  the  rake  and  clearance  angles  are  the  same,  but  the 
side  slope  is  twenty-two  degrees  which  gives  a  lip  angle  of  sixty-one 
degrees.    Fig.  53-C  shows  the  lathe  tool  as  applied  to  a  flat  surface 


100 


ILLINOIS  ENGINEERING  EXPERIMENT  STATION 


Fig.  53.    Standard  Cutting  Tools  Showing  the  Clearance  and  Cutting 

Angles 


AN   INVESTIGATION    OF   TWIST   DRILLS  101 

on  the  principle  of  a  drill  or  planer  tool  without  consideration  of  the 
side  slope.  Figs.  53-D  and  53-E  show  the  theoretical  application  of 
the  cutting  angles  of  the  tools  for  operating  on  cast  iron  and  steel, 
respectively.  It  will  be  noted  that  the  angles  of  back  slope  or  rake 
now  correspond  to  the  helix  angle  of  the  ordinary  milled  or  forged 
twist  drill.  Whereas  the  accepted  helix  angle  for  twist  drills  is  about 
twenty-six  degrees  at  the  drill  periphery,  this  application  of  lathe 
tool  design  would  indicate  angles  of  sixteen  and  twenty-one  degrees 
for  cast  iron  and  steel,  respectively.  That  this  interpretation  is  not 
necessarily  a  true  one  will  be  seen  from  an  examination  of  Figs.  53- 
F,  G,  and  H. 

Here  the  25-,  30-,  and  35-degree  angles  represent  the  helix  angle 
of  the  drill  at  the  periphery,  while  the  3^/2-,  4i^-,  and  5-degree  angles 
represent  the  corresponding  helix  angles  at  the  edge  of  the  chisel 
point  of  the  drill.  The  averages  of  the  angles  along  the  cutting  edge 
are  approximately  fourteen,  seventeen,  and  twenty  degrees. 

Assuming  that  this  average  angle  should  correspond  to  the  cut- 
ting angle  of  a  lathe  tool,  it  will  be  found  that  the  correct  drill  for 
cast  iron  will  have  a  helix  angle  of  twenty-eight  degrees  at  the  periph- 
ery, while  the  correctly  formed  drill  for  steel  will  have  a  correspond- 
ing helix  angle  of  forty  degrees.  The  drill,  therefore,  which  would,  ac- 
cording to  this  theory,  produce  the  best  results  on  both  cast  iron 
and  steel  would  have  a  helix  angle  of  thirty-four  or  thirty-five  degrees 
at  the  periphery.  This  theoretical  deduction  cannot,  however,  be 
relied  upon  for  practical  application,  since  the  entire  operation  of 
the  twist  drill  is  different  from  that  of  the  lathe  tool.  No  part  of  the 
cutting  edge  has  the  same  speed  as  any  other  part.  The  drill  point 
is  kept  cool  only  as  the  heat  is  conducted  away  by  the  metal  being 
cut.  The  support  given  the  drill  by  the  metal  upon  which  it  is  oper- 
ating, the  varying  clearance  of  the  cutting  edge,  and  the  difficulty  of 
cooling  and  of  chip  disposal  cause  drill  design  to  present  its  own  pe- 
culiar problems,  although  it  is  possible  that  much  may  be  learned 
from  the  lathe  tool  design.  It  is  reasonable  to  suppose  that  if  the 
carbon  steel  drill  would  give  satisfactory  service  with  an  angle  of 
twenty-five  degrees,  the  new  high-speed  drills  should  show  equal  en- 
durance with  a  sharper  cutting  edge,  that  is,  with  a  helix  angle  of 
from  thirty  to  thirty-five  degrees  at  the  drill  periphery. 

Fig.  53-1  shows  the  regular  carbon  steel  drill,  and  Fig.  53-J  a 
drill  of  high-speed  steel  which  has  lately  been  put  on  the  market. 
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In  this  liigh-speed  steel  drill  the  helix  angle  at  the  periphery  is  thirty- 
two  degrees  and  this  gives  approximately  a  4i/^-degree  rake  or  back 
slope  at  the  edge  of  the  chisel  point.  The  clearance  of  twelve  degrees 
shown  in  each  drill  is  excessive,  but  is  put  at  this  figure  by  the  drill 
manufacturers  in  order  to  assure  sufficient  clearance  for  even  poor 
hand  or  machine  grinding,  just  as  lathe  tool  practice  recommends  a 
clearance  of  from  ten  to  twelve  degrees  where  grinding  machines  are 
not  available,  or  where  the  tool  gages  are  likely  to  be  inaccurate  or 
carelessly  used.  The  usual  clearance  of  six  degrees  would  be  suf- 
ficient if  properly  designed  drill  grinders  were  always  used.  The  ten- 
dency is  to  allow  too  little  clearance  at  the  drill  center ;  so  this  large 
clearance  angle  is  designed  to  cover  possible  inaccuracies. 

In  tests  conducted  at  the  University  of  Illinois,  drills  were  used 
having  helix  angles  of  from  ten  to  forty-five  degrees,  which  in  con- 
junction with  clearance  angles  of  from  two  to  fifteen  degrees  gave 
cutting  lip  angles  of  from  thirty  to  seventy-eight  degrees  at  the 
periphery.  Such  a  range  of  cutting  angles  permitted  a  partial  ex- 
amination of  the  attendant  phenomena,  although  it  is  always  dif- 
ficult to  separate  angle  influence  from  variations  induced  by  varying 
flute  characteristics,  variations  in  drill  material,  structure  and  tem- 
per, or  variations  in  testing  material. 

27.  The  Angle  of  the  Cutting  Edge. — In  the  preceding  pages  it 
has  been  shown  how  the  helix  angle  of  the  drill  flutes  influences  the 
angle  of  the  cutting  edge,  but  this  angle  is  not  the  only  factor  which 
influences  the  form  and  action  of  the  cutting  edge.  Other  factors 
include  the  point  angle,  the  flute  form,  and  the  web  thickness  of  the 
drill,  as  well  as  the  peculiarities  of  point  grinding.  Of  course  it  is 
to  be  exj^ected  that  an  increase  in  clearance  angle,  by  forming  a 
sharper  edge,  may  result  in  a  slight  decrease  in  driving  power.  The 
larger  helix  will  also  act  in  the  same  way  to  produce  a  sharper  edge, 
and  may  possess  advantage  also  in  its  effect  upon  the  formation  of 
better  chip  helixes. 

Considering  the  actual  form  of  the  edge  as  shaped  by  the  average 
drill  grinder,  it  will  be  observed  that,  as  viewed  from  the  side,  it  has 
a  slight  convex  curve,  shown  to  an  exaggerated  extent  in  Fig.  54-A. 
The  end  view  of  the  standard  ground  drill  shows,  however,  that  the 
advancing  edge  is  straight.  This  is  true,  because  the  drill  makers 
have  designed  the  flute  millers  in  order  to  produce  this  straight  edge 
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in  combination  with  the  llS-degree  point  angle.  If  this  point  angle 
is  chginged,  the  edge  contour  is  no  longer  a  straight  line,  but  becomes 
concave  with  a  larger  angle  and  irregularly  convex  with  a  sharper 
angle,  as  shown  in  Fig.  54-B.  The  variation  of  the  point  angle,  how- 
ever, introduces  other  effects  which  may  or  may  not  be  beneficial.  It 
would  be  possible  so  to  design  the  flute  millers  that  the  advancing 
edge  would  present  a  straight  line  for  any  point  angle;  so  this  may 
be  neglected  for  the  present.  Let  the  included  point  angle  be  in- 
creased from  the  standard  118  degrees  to  150  degrees  and  then  the 
length  of  cutting  edge  will  be  decreased  by  about  twelve  per  cent. 
This  decrease  means  that  less  length  of  cutting  edge  is  removing  the 
same  amount  of  metal;  so  the  wear  should  be  proportionately  in- 
creased. The  more  nearly  flat  point  also  removes  a  thicker  chip  pro- 
portionate to  the  decreased  length  of  edge,  which  also  should  cause 
increased  wear.  The  angles  at  the  drill  periphery,  indicated  by  ''"W" 
in  Fig.  54-C,  also  become  more  acute  and  should  be  more  likely  to 
wear  since  they  have  the  highest  peripheral  speed  of  any  part  of  the 
cutting  edge.  The  angle  of  the  chisel  point,  furthermore,  is  more 
obtuse  and  the  action  more  nearly  approaches  rubbing,  rather  than 
the  scraping  cut  of  the  standard  point.  This  chisel  edge  at  best 
merely  scrapes  off  the  metal  but  the  further  debasing  of  the  action  is 
best  seen  if  it  is  supposed  that  the  point  angle  is  increased  to  180 
degrees.  Then  the  chisel  no  longer  even  scrapes.  It  must  be  forced 
through  the  metal  as  a  flat  surface,  crushing,  if  possible,  but  under  a 
tremendous  stress;  so  the  logical  conclusion  is  that  the  larger  point 
angles  are  unsatisfactory  from  several  standpoints. 

If,  on  the  other  hand,  the  point  angle  is  decreased,  the  length  of 
cutting  edge  is  increased,  and  this  increase  is  proportionately  greater 
than  the  decrease  in  cutting  edge  when  the  point  angle  is  increased; 
thus  the  length  of  edge  will  be  about  twenty-two  per  cent  greater 
for  a  decrease  of  thirty  degrees  of  point  angle;  whereas  an  increase 
of  thirty  degrees  over  the  standard  angle  gives  a  decrease  in  cutting 
edge  length  of  only  twelve  per  cent.  The  thickness  of  the  chip  also  is 
decreased,  the  angles  at  the  periphery  are  increased,  and  the  action  of 
the  chisel  edge  is  improved.  The  disadvantage  of  the  sharper  point 
angle  lies  in  the  fact  that  the  chisel  point  has  less  support  and  may 
chip  in  hard  material.  This  blunting  and  chipping  of  the  chisel  point 
may  also  lead  to  the  whole  drill  splitting,  because  of  the  increased 
pressure  necessary  for  cutting  and  danger  of  these  small  nicks  pro- 
viding a  starting  point  for  fracture. 
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The  value  of  the  longer  cutting  edge  and  of  the  thinner  chip  is 
shown  by  F.  W.  Taylor  in  his  treatise,  "On  the  Art  of  Cutting 
Metals,"  in  which  he  states  that  if  the  chip  thickness  is  reduced  to 
one-half,  the  cutting  speed  may  be  increased  to  li^  times  its  former 
value.  Taylor's  analysis  of  the  proper  form  of  cutting  edge  may 
in  some  respects  be  correlated  to  twist  drill  practice.  He  states  that 
the  straight  edged  tool  as  shown  in  Fig.  54-D  is  the  most  efficient 
form  and  would  be  widely  used  but  for  the  tendency  to  chatter.  The 
tool  shown  in  Fig.  54-E  is  a  modification  of  the  flat-edge  tool,  which 
is  given  a  slight  curvature  which  produces  a  chip  of  variable  thick- 
ness and  thus  reduces  the  chatter.  This  idea  of  the  curved  edge  he 
carried  still  further  by  producing  the  standard  round  nosed  tool  so 
widely  used  in  all  roughing  work.  The  edge  curvature  reduces  the 
efficiency,  however,  and  the  flat  tool  shows  an  endurance  1.3  times 
greater  than  the  round  tool.  It  will  be  noted  that  the  edges  of  all 
tools  terminate  in  rounded  corners.  Even  the  parting  or  cutting-off 
tools  have  the  corners  slightly  rounded.  The  great  disadvantage  of 
the  old  style  diamond  point  tool  lay  in  its  sharp  corner.  Examina- 
tion of  Fig.  54-D  will  disclose  the  analogy  to  drill  form:  here  the 
tool  is  advancing  in  the  direction  shown  by  the  arrow,  and  although 
the  tool  is  stationary,  the  work  turns  in  such  manner  as  to  give  the 
effect  of  a  left-handed  drill.  The  cutting  edge  corresponds  to  the 
lip  of  the  drill,  and  the  angle  "x"  corresponds  to  the  angle  "W" 
of  Fig.  54-C.  The  rounded  corner  according  to  Taylor  produces  a 
chip  which  thins  to  zero,  makes  the  tool  less  liable  to  destruction, 
and  prevents  injury  to  the  work  even  if  the  tool  is  broken  down  in 
service.  According  to  these  lathe  tool  principles,  it  will  be  seen  that 
the  slight  curvature  of  the  drill  lip  noted  in  Fig.  54-A  is  beneficial 
in  reducing  the  possibility  of  chatter  when  light  feed  and  high  speed 
are  used.  Theoretically,  then,  the  ideal  form  of  drill  lip  will  be 
variable  for  different  materials  to  be  drilled;  it  will  be  ground  to 
a  more  acute  point  angle  for  the  soft  materials  and  to  a  more  obtuse 
one  for  hard  materials.  The  matter  of  edge  contour  is  not  of  great 
importance  since  all  points  of  this  edge  lie  in  the  same  advancing 
plane.  The  corners  at  the  drill  periphery  should  be  rounded,  as 
shown  exaggerated  in  Fig.  54-E,  but  the  rounding  of  the  whole  drill 
end  would  not  be  desirable. 

28.  Composition  of  High-Speed  Steels. — "With  few  exceptions 
the  primary  metal  of  all  high-speed  steels  is  iron,  and  since  the  ulti- 
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mate  cost  of  the  steel  is  high  by  reason  of  the  alloys  used,  the  best 
grades  of  iron,  low  in  sulphur  and  phosphorus,  are  used.  Carbon 
was  for  a  long  time  the  principal  alloy  used,  and  the  product  was 
known  as  steel,  soft  steel,  hard  steel,  carbon  steel,  or  tool  steel  ac- 
cording to  the  variation  in  carbon  content.  Although  steel  has  been 
in  use  for  many  centuries,  it  was  not  until  1860  that  alloys  other 
than  carbon  were  used  intelligently  in  its  production.  Previous  to 
that  time  the  famous  Damascus  steels  are  known  to  have  contained 
tungsten,  nickel,  and  possibly  manganese,  although  these  were  present 
in  a  natural  alloyed  ore  and  were  not  added  by  the  makers.  In  1860 
Robert  Mushet  discovered  that  the  addition  of  tungsten  and  man- 
ganese in  fairly  large  percentages  would  produce  a  tool  steel  hard 
enough  for  use  without  the  usual  quenching  processes  but  needed 
only  to  be  cooled  in  the  air.  Steels  of  this  composition  are  known 
as  "self  hardening"  or  "air  hardening"  steels  and  were  the  imme- 
diate progenitors  of  the  modern  high-speed  steels.  Since  1880,  much 
experimenting  has  been  done  in  ascertaining  the  effect  on  steel  of 
adding  such  substances  as  tungsten,  chromium,  manganese,  silicon, 
vanadium,  cobalt,  and  even  copper,  and  -aluminium.  The  possibility 
of  so  many  alloys  in  so  many  percentages  and  the  peculiarities  pro- 
duced by  variations  in  the  forging  and  heat  treatment  open  a  wide 
field  for  investigation.* 

It  is  true  that  there  is  still  much  to  be  done  in  investigating  the 
effect  of  alloys  on  steel,  but  enough  has  been  done  to  warrant  certain 
definite  statements.  Taylor,  in  1907,  laid  down  certain  rules  for 
composition  and  treatment  for  lathe  tools  which  still  are  generally 
followed.  He  recommended  a  low  manganese  content,  a  carbon  con- 
tent of  not  more  than  0.86  per  cent,  about  six  per  cent  chromium, 
nineteen  per  cent  tungsten,  low  silicon  and  less  than  one  per  cent 
vanadium.    His  rules  for  heat  treatment  were : 

(a)  Heat  slowly  to  1500  degrees  F. 

(b)  Heat  rapidly  from  that  temperature  to  just  below  the 
melting  point. 

(c)  Cool  rapidly  to  below  1550  degrees. 

(d)  Cool  rapidly  or  slowly  to  room  temperature. 

(e)  Reheat  to  1150  degrees  for  about  five  minutes. 

(f)  Cool  to  room  temperature  rapidly  or  slowly. 


See  Bibliography,   page   138,   for  references  to  such  investigations. 
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He  further  stated  that  this  treatment  would  apply  to  any  high- 
speed steel  and  that  the  method  of  obtaining  these  temperatures  was 
of  small  importance,  provided  only  that  they  could  be  determined 
with  exactness  and  that  the  tool  was  not  allowed  to  oxidize.  A  fresh 
coal  fire  was  recommended  for  the  initial  heating  and  a  lead  bath 
for  the  reheating.  More  recent  writers  suggest  gas  muffle  furnaces 
for  the  initial  heating  and  salt  baths  for  tempering. 

That  Taylor's  formula  may  not  hold  for  twist  drills  is  sug- 
gested by  some  of  the  later  investigators.  In  drills  the  conditions 
are  such  as  to  call  for  slightly  different  qualities  in  the  metal,  notably 
a  greater  toughness  and  strength.  This  logically  leads  to  a  lower 
percentage  of  carbon.  Other  considerations  lead  to  a  somewhat 
lower  chromium  content,  and  recent  experiments  suggest  the  use  of  a 
cobalt  alloy  and  an  increase  in  the  percentage  of  vanadium.  C.  A.  H. 
Lantsberry*  suggests  as  the  result  of  a  study  of  a  series  of  drill  tests 
a  steel  containing  not  more  than  fourteen  per  cent  tungsten,  about 
four  per  cent  chromium,  one  per  cent  vanadium,  and  carbon  less 
than  0.60  per  cent.  Analyses  of  a  number  of  stock  American  drills 
as  determined  by  Norrisf  of  the  Westinghouse  Electric  and  Manu- 
facturing Company,  in  1911,  are  given  in  the  accompanying  table. 

Analyses  of  Stock  Drills  of  American  Makes  —  Norris 


Drill 

C 

.Si 

S 

P 

Mn 

W 

Cr 

A 

0.48 

0.20 

0.014 

0.010 

0.40 

15.86 

3.46 

B 

.41 

trace 

.017 

trace 

.57 

17.29 

3.24 

C 

.41 

trace 

.012 

.015 

.50 

17.84 

3.12 

D 

.25 

.19 

.014 

trace 

.50 

16.18 

3.05 

E 

.38 

.05 

.010 

.012 

.28 

19.98 

4.95 

F 

.43 

.32 

.012 

.018 

.27 

15.80 

2.28 

G 

.49 

.19 

.018 

.012 

.28 

19.45 

2.89 

H 

.44 

.14 

.016 

trace 

.32 

15.54 

3.14 

I 

.24 

trace 

.023 

.012 

.27 

19.43 

4.07 

J 

.48 

.14 

.017 

.037 

.21 

13.88 

2.96 

K 

.46 

trace 

.010 

.025 

.50 

14.98 

2.65 

L 

.32 

trace 

.018 

.045 

.35 

18.00 

3.05 

M 

.45 

.09 

.015 

.017 

.55 

17.80 

2.89 

N 

.54 

trace 

.014 

.015 

.28 

19.43 

3.10 

0 

.44 

.09 

.015 

.012 

.52 

17.76 

2.90 

P 

.57 

.48 

.017 

.020 

.60 

13.50 

4.08 

Q 

.43 

.19 

.018 

.038 

.28 

19.51 

3.00 

R 

.49 

.10 

.019 

.015 

.48 

18.79 

4.70 

S 

.55 

trace 

.012 

.017 

.48 

18.95 

3.01 

T 

.41 

.19 

.011 

.037 

.34 

10.31 

3.20 

U 

.45 

.19 

.015 

.017 

.55 

17.84 

2.88 

W 

.49 

.09 

.010 

.032 

.24 

18.39 

2.35 

*Ainerican   Machinist,    Vol.    34,    p.    719,    1911. 

t  Journal  West  of  Scotland  Iron  and  Steel  Institute,  Jan.  Feb.,   1915. 
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These  analyses  show  both  the  wide  variation  of  values  for  the  dif- 
ferent variables  and  the  tendency  toward  a  low  carbon  and  chromium 
content.  The  generally  larger  manganese  content  is  noticeable,  giv- 
ing, according  to  Lantsberry,  a  greater  hardness  and  a  resistance  to 
fire-cracking  or  cracks  in  hardening. 

Lantsberry  gives  analyses  of  three  of  the  most  satisfactory  of 
the  English  tool  steels  as  follows : 


c 

Si 

Mn 

W 

Cr 

V 

Mo 

0.60 
.064 
.063 

0.30 
0.00 
0.00 

0.04 
0.00 
0.16 

14.62 
14 .  76 
17.77 

3.58 
4.27 
2.51 

1.04 
1.00 
0.95 

0.54 
1.22 
0.00 

The  chemical  composition  of  the  steel  is,  however,  not  the  only 
factor  which  affects  its  performance,  even  when  the  heat  treatments 
are  identical.  It  has  been  established  that  the  forging  processes  may 
be  regulated  to  give  a  harder  and  tougher  product.  For  this  reason 
forged  flute  drills  and  many  flat  twist  drills  give  better  results  than 
milled  drills;  thus  of  the  drills  analyzed  by  Norris  the  low  tungsten 
drill  T  gave  greater  endurance  than  drill  E  which  is  high  in  tungsten, 
both  being  milled  drills,  but  drill  /,  also  a  high  tungsten  drill  but 
of  forged  flute  design,  was  practically  as  good  as  drill  T. 


AN  INVESTIGATION   OF   TWIST  DRILLS  109 

APPENDIX  II 

Drill  Grinding 

29.  Drill  Grinding  Machines. — In  1885  a  paper  was  presented 
before  the  American  Society  of  Mechanical  Engineers  by  W.  H. 
Thorne  in  which  were  discussed  the  tendencies  and  practices  of  that 
time  with  regard  to  twist  drills.  Special  attention  was  paid  to  the 
proper  form  of  point  grinding,  incidental  mention  being  made  of  the 
high  prices  of  drill  grinding  machines.  In  the  course  of  the  dis- 
cussion one  engineer  remarked  that  the  man  who  would  market  a 
drill  grinder  for  fifty  dollars  would  be  a  public  benefactor.  Twenty- 
four  years  later,  in  the  discussion  of  the  experiments  by  Dempster 
Smith,  the  following  statement  is  found: 

' '  With  regard  to  the  question  of  grinding  twist  drills,  drill  grinding  machines 
were,  with  the  exception  of  common  hack-saws,  perhaps  among  the  cheapest  ma- 
chines to  be  found  in  engineering  shops.  Was  there  any  good  reason  why  this 
should  be  the  case?  Why  should  twist  drill  grinding  machines  which  had  not 
even  enough  weight  of  metal  in  them  to  be  rigid,  and  some  of  which  were  sold 
at  ridiculously  low  prices,  be  used  at  all?  The  twist  drill  itself  might  probably 
be  iised  in  a  machine  costing  from  ten  to  twenty  times  as  much  as  the  grinding 
machine,  and  yet  the  efficiency  of  the  drill  and  the  drill-j)ress  was  limited  by  the 
inefficient  grinding  machine  employed." 

It  will  be  seen,  therefore,  that  some  great  changes  in  drill  grind- 
ing machines  have  been  made  in  the  last  quarter-century.  It  may 
be  stated,  however,  that  it  has  normally  been  possible  to  procure  a 
remarkably  efficient  grinder,  capable  of  grinding  drills  up  to  I14 
inches,  for  less  than  fifty  dollars.  Between  fifty  and  one  hundred 
dollars  there  is  a  wide  choice  of  the  highest  grade  machines  capable 
of  grinding  the  largest  and  smallest  drills.  Even  the  small  machine 
shop  can,  therefore,  profitably  have  as  part  of  its  equipment  an  ef- 
ficient drill  grinder. 

The  average  grinding  machine  is  extremely  simple  in  its  opera- 
tion. Several  types  are  automatic  in  their  adjustment  for  the  dif- 
ferent diameters  of  drills,  and  those  employing  a  calipering  method 
require  but  a  moment  for  adjustment.  Usually  an  adjustment  for 
the  clearance  angle  is  unnecessary,  the  point  angle  is  fixed  at  the 
59-degree  standard,  and  the  whole  design  of  the  machine  is  such  as 
to  give  the  most  efficient  form  of  point.    "With  hand  grinding  of  drills 
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larger  than  three-eigliths  of  an  incli  it  is  almost  impossible  to  get 
accurate  results.  The  length  of  each  cutting  edge  must  be  the  same, 
the  lip  angles  must  be  identical,  and  the  clearance  should  increase 
from  the  periphery  to  the  drill  center.  A  drill  without  these  re- 
quirements will  drill  a  larger  hole,  will  use  more  power,  will  intro- 
duce strain  on  the  drill-press,  and  is  likely  to  split  or  break.  A 
perfectly  ground  drill  will  perform  forty  per  cent  more  work  between 
grindings  than  a  hand  ground  drill,  and  the  amount  of  metal  removed 
at  each  grinding  will  be  less.  Machine  grinding  eliminates  the 
necessity  for  the  removing  of  metal  to  correct  initial  inaccuracies. 
Perhaps  no  tool  is  so  difficult  to  grind  by  hand  or  so  easy  to  grind 
accurately  by  machine. 

The  drill  grinder  used  in  these  tests  is  illustrated  by  the 
sketches  shown  in  Fig.  55.  The  principles  of  operation  briefly  are 
as  follows : 

"The  drill  to  be  ground  is  laid  in  the  V-rest,  E  (Fig.  55-A  and 
B),  the  drill  backing  against  the  stop  in  the  tail  block.  Near  the 
front  end  of  the  'V  is  a  slot  by  which  the  drill  may  be  held  while 
grinding  or  lifted  out  of  the  trough  as  required.  At  the  extreme 
front  end  of  the  V-piece  is  the  lip  rest  D  (Fig.  55-C)  against  which 
the  lip  of  the  drill  is  rolled,  thus  bringing  it  and  holding  it  in  correct 
position. 

"In  Fig.  55-B  is  seen  the  fixed  stud  A,  projecting  from  the  front 
of  the  frame  and  parallel  with  the  wheel  shaft.  On  this  stud  is  the 
split  sleeve  C  with  a  screw  to  clamp  it,  and  an  arm  extending  back- 
ward with  a  bearing  pointing  obliquely  forward  and  upward  in 
which  swings  the  bracket  which  carries  the  tool-holder.  The  grinding 
of  the  drill  is  done  by  the  swinging  of  the  drill-holder  in  this  inclined 
bearing.  The  apex  of  the  V-shaped  groove  in  the  drill-holder  is  in 
line  with  the  inclined  axis  of  the  journal,  so  that  when  the  drill-holder 
swings  from  side  to  side,  it  turns  on  this  point  as  a  pivot.  The  face 
of  the  grinding  wheel  being  at  an  oblique  angle  to  the  axis  of  the 
journal  supporting  the  holder,  any  parts  supported  in  the  drill- 
holder  will  be  ground  to  correspond  to  the  portion  of  the  surface  of 
a  cone;  consequently  a  small  drill  laid  in  the  'V  will  come  nearer 
the  apex  of  the  cone,  and  will  be  ground  to  conform  to  that  portion 
of  the  cone,  while  a  larger  drill  will  not  set  so  deep  in  the  'V  and 
will  be  ground  to  correspond  to  a  cone  with  a  larger  base,  thus  the 
size  of  the  drill  laid  in  the  holder  automatically  determines  and  se- 
cures the  correct  curvature." 
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It  may  be  remarked  that  although  the  grinder  is  accurate  and 
easy  to  operate,  constant  practice  in  drill  grinding  is  required  in 
order  that  the  effect  of  the  various  adjustments' may  be  fully  under- 
stood and  appreciated.  The  range  of  grinding  possible  with  this 
machine  is  shown  by  the  fact  that  in  these  tests  the  point  angle  was 
varied  from  44  to  74  degrees,  the  clearance  angles  from  2  to  15  de- 
grees, the  edge  angles  from  110  to  145  degrees,  and  the  helix  angles 
from  10  degrees  to  45  degrees.  • 

Carbon  drills  should  be  wet-ground,  since  it  has  been  proved 
that  it  is  almost  impossible  to  dry-grind  a  carbon  drill  without  draw- 
ing the  temper  on  the  cutting  edge.  "While  this  change  may  be  im- 
perceptible to  the  naked  eye,  a  strong  glass  will  bring  out  a  thin  blue 
edge.  Tests  have  shown  this  condition  to  diminish  the  efficiency  of 
a  drill  at  least  five  per  cent,  with  consequent  loss  of  production  and 
increase  in  power  consumption. 

High-speed  drills  are  usually  dry-ground,  although  there  is  some 
discussion  concerning  the  best  practice.  If  the  drills  are  ground  dry, 
there  is  a  possibility  of  heating  the  cutting  edge  to  such  a  point  as 
to  in  jure,  the  steel,  especially  if  the  grinding  wheel  has  become  glazed 
by  use.  Taylor  in  his  work,  ' '  On  the  Art  of  Cutting  Metals, ' '  says  of 
the  grinding  of  high-speed  lathe  tools : 

"The  writer  trusts  that  he  has  made  the  fact  clear  that  the  property  of 
the  red  hardness  of  tools  is  seriously  impaired  by  even  temporarily  raising  their 
temperature  beyond  1240  degrees  Pahr.  He  ventures  to  say  that  fully  half  of 
the  high-speed  tools  now  in  use  in  the  average  machine  shops  have  been  more 
or  less  injured,  and  are  therefore  lacking  in  uniformity,  owing  to  their  having 
been  overheated  in  the  operation  of  grinding.  Even  when  a  heavy  stream  of 
water  is  thrown  upon  the  nose  of  the  tool  throughout  the  operation  of  grinding, 
tools  can  be  readily  overheated  by  forcing  the  grinding  or  by  allowing  the  tool 
to  fit  closely  against  the  flat  surface  of  the  grindstone.  The  injury  is  the  more 
serious  because  there  is  no  way  of  detecting  it  except  through  finding  by  actual 
use  that  the  tool  has  become  of  inferior  quality.  The  writer  has  frequently  seen 
tools  which  were  ground  under  a  heavy  stream  of  water  heated  so  that  the  metal 
close  to  their  cutting  edges  showed  a  visible  red  heat." 

This  discussion  shows  that  even  the  red-hard  steels  may  be 
injured  in  the  same  manner  as  carbon  steels  and  that  care  is  required 
in  the  process  of  grinding.  Taylor  recommends  further  that  a  heavy 
stream  of  water  at  low  velocity  be  played  on  the  tool  while  grinding 
to  afford  ample  cooling  without  splash.  The  principles  of  lathe  tool 
grinding  may  be  also  applied  to  drill  grinding,  although  the  drill 
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has  an  aclvautage  in  that  it  is  constantly  moved  over  the  face  of  the 
wheel  and  has  only  a  line  contact  therewith.  Of  course  high-speed 
drills  should  never  be  ground  under  a  small  stream  of  water  or 
cooled  by  being  plunged  in  water  after  being  heated  in  grinding  or 
drilling.  Such  a  procedure  will  inevitably  start  small  surface  cracks 
which  will  reduce  the  efficiency  of  the  drill  and  may  lead  to  deeper 
cracks  which  will  destroy  the  drill. 

One  thing  which  is  often  overlooked  in  the  grinding  of  high- 
speed steels  is  the  degree  of  sharpness  of  the  edge.  An  expert 
machinist  will  recommend  that  after  the  drill  has  been  run  a  few 
minutes  the  edge  should  be  touched  up  with  a  stone  to  give  it  an 
even  polish.  The  drill  will  then  cut  well,  and  the  process  of  edge 
honing  seems  to  increase  the  endurance.  Whether  this  advantage  is 
real  or  imaginary  is  uncertain,  although  experiments  show  that  the 
first  sharpness  of  the  tool  is  transitory  and  the  real  serviceable  cut- 
ting edge  shows  slightly  rounded  under  the  glass.  The  tool  seems 
to  settle  to  a  cutting  edge  after  drilling  for  some  minutes,  and  the 
edge  honing  probably  helps  by  removing  irregularities  rather  than 
by  disturbing  the  rounded  edge.  This  rounded  edge  is  well  known 
in  lathe  tools  and  constitutes  one  difficulty  in  the  determination  of 
relative  dullness. 

30.  Point  Angles. — In  a  communication  Prof.  W.  W.  Bird  of 
the  Worcester  Polytechnic  Institute  states:  ''As  far  as  we  know,  the 
original  drill  grinder  was  made  to  duplicate  results  secured  by  good 
hand  work.  The  point  angle  of  59  degrees  was  simply  arbitrary; 
60  degrees  would  do  just  as  well.  Sentiment  seems  to  call  for  a 
straight  edge  or  lip,  and  sentiment  is  a  factor  in  selling  drills.  Stand- 
ard cutters  having  been  designed  for  the  59-degree  angle  and  a 
straight  lip,  a  change  of  angle  would  mean  either  new  cutters  or  a 
curved  lip.  .  .  .  As  it  is,  our  experiments  have  shown  that  a  few 
degrees  difference  in  the  point  angle  makes  but  very  little  difference 
in  results."  This  statement  of  Professor  Bird's  concisely  expresses 
the  present  status  of  the  point  angle,  which  is  practically  the  same 
for  the  modern  high-speed  steels  as  it  was  for  the  old  carbon  steel 
drills  thirty  or  forty  years  ago.  As  indicated  under  the  discussion 
of  cutting  edge  form,  there  are  certain  theoretical  advantages  in 
using  a  sharper  point  angle  and  it  is  probable  that  a  change  of  a  few 
degrees  in  grinding  would  result  in  a  more  durable  edge  without 
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materially  affecting  the  contour  of  the  edge  or  necessitating  new  flute 
millers. 

Some  of  the  possible  variations  from  standard  form  are  shown 
in  Fig.  56.  Sketch  A  shows  how  the  angle  of  the  cutting  edge  may- 
be made  more  obtuse  for  drilling  in  a  hard  material.  The  form 
shown  is  rather  extreme,  and  good  results  may  often  be  obtained  by 
merelj^  going  over  the  edges  with  a  hand  stone.  This  form  is  some- 
times found  efficient  in  drilling  soft  material,  such  as  brass,  where 
the  regular  point  has  a  tendency  to  "hog  in"  or  "grab."  Sketch 
B  shows  the  standard  method  of  point  thinning,  which  is  an  opera- 
tion requiring  care  and  experience,  since  the  tendency  is  to  spoil  the 
cutting  edges  by  giving  them  the  obtuse  angle  shown  in  Sketch  A. 
This  thinning  if  improperly  done  will  cause  the  center  to  be  ec- 
centric and  make  the  drill  cut  too  large,  or  may  so  weaken  the  web 
as  to  cause  it  to  split  in  service.  Sketch  C  shows  how  a  drill  was 
purposely  blunted  for  the  purpose  of  investigation,  the  cutting  action 
of  the  chisel  being  destroyed  and  reduced  to  merely  a  crushing  action. 
Sketch  D  shows  a  crude  attempt  at  point  thinning  on  a  flat-twist 
drill,  one  of  those  used  in  tests  at  the  University  of  Illinois.  No 
attempt  was  made  to  preserve  the  cutting  edge  in  good  form,  but  the 
semicircular  groove  was  ground  down  each  side  and  the  drill  used 
in  this  shape.  Rather  unexpectedly  the  drill  gave  very  good  results 
and  in  a  number  of  test  performed  better  than  a  high  grade  standard 
milled  drill. 

31.  Clearance  Angle. — The  question  of  clearance  angle  at  the 
drill  periphery  has  been  touched  upon  in  the  discussion  of  the  helix 
angle,*  in  which  it  was  shown  that  this  angle  influences  the  actual 
cutting  angle,  and  attention  was  called  to  the  fact  that  the  manufac- 
turers specify  an  angle  of  clearance  far  in  excess  of  the  actual  need 
in  order  to  compensate  for  poor  drill  grinding. 

That  the  clearance  angle  of  the  drill  should  increase  from  the 
periphery  toward  the  center  is  a  fact  generally  well-understood.  An 
attempt  has  been  made  in  Fig.  57  to  show  the  reasons  for  this.  At 
the  scale  used  the  sketch  represents  a  feed  of  0.25  inches  per  revolu- 
tion,— about  ten  or  twenty  times  the  feed  used  in  drilling.  The  in- 
crease toward  the  center  is,  however,  proportional,  the  difference 
between  angles  Z  and  Z^  shows  the  necessity  for  this  form  of  grind- 

*  See  page  29. 
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ing.  Most  drill  grinders  are  designed  to  give  this  increased  clearance 
at  the  center.  The  large  value  of  this  angle  for  even  ordinary  work 
may  be  seen  by  reference  to  Fig.  58,  which  shows  the  clearances  nec- 
essary on  a  one-inch  drill  for  various  rates  of  feed.  It  should  be 
remembered  that  the  angles  shown  are  only  the  angles  necessary  for 
the  drill  to  screw  itself  down  into  the  work  and  are  usually  increased 
by  four  or  five  degrees  to  allow  for  a  working  clearance. 

It  is  the  value  of  the  clearance  angle  at  the  center  which  largely 
determines  the  value  of  the  ' '  chisel  edge  angle  "  or  "  edge  angle. ' '  As 
the  clearance  at  the  center  increases,  this  edge  angle  also  increases. 
The  manufacturers  recommend  an  angle  of  135  degrees.  Just  what 
the  proper  value  for  the  peripheral  clearance  may  be  is  difficult 
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Fig.  57.    Demonstrating  the  Need  for  Increased  Clearance  at  the  Drill 

Center 

to  decide,  for  while  the  manufacturers  recommend  a  twelve-degree 
angle  they  clearly  state  that  it  is  excessive  for  a  well  ground  drill, 
and  drills  come  from  their  hands  with  clearance  angles  of  about  four 
and  five  degrees.  In  a  recent  publication*  the  superintendent  of 
Baker  Brothers,  Toledo,  Ohio,  gives  it  as  his  experience  that  drills 
perform  better  if  they  are  given  a  clearance  of  two  degrees  more 
than  that  given  by  the  drill  makers,  or  approximately  six  to  seven 
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degrees.  This  is  about  in  accord  with  the  findings  of  F.  W.  Taylor 
for  lathe  tools,  who  recommends  a  clearance  of  six  degrees  as  using 
no  more  power,  and  as  being  more  durable  than  a  greater  clearance 
angle  and  also  more  durable  than  even  a  five  degree  clearance,  which 
he  found  just  enough  too  small  to  prevent  the  tool  being  ground  away 
on  the  flank  below  the  cutting  lip. 

The  method  of  measuring  the  clearance  angle  exactly  is  illus- 
trated by  the  photograph,  Fig.  59.  This  method  is  described  and 
illustrated  by  Cornell  Eidderhoff.*  He  states  that  "the  outer  ends 
of  the  paper  are  slid  by  each  other  until  its  top  edge  is  parallel  with 
the  line  of  clearance  immediately  back  of  the  cutting  edge.  A  mark 
is  then  made  at  A,  the  paper  removed  and,  being  laid  flat,  a  line  is 
drawn  from  mark  A  to  corner  B  at  the  other  end.  The  angle  inter- 
cepted between  this  line  and  the  edge  of  the  sheet  is  the  angle  of 
clearance  on  the  drill."  It  may  be  further  stated  that  if  the  sheet  of 
paper  is  8^^  inches  long,  the  mark  A  should  be  one  inch  from  the 
edge  to  indicate  an  angle  of  seven  degrees,  while  a  mark  1%  inches 
from  the  edge  will  indicate  an  angle  of  twelve  degrees. 


*  American  Machinist,  Jan.   1,   1903,  p.  5. 


Pig.  59.     Method  of  Measuring  the  Clearance  Angle 
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APPENDIX  III 

Lubrication  of  Drills 

32.  Application  of  Lubricant. — As  early  as  1892  "there  is  men- 
tion of  a  twist  drill  having  oil-holes  in  the  metal,  these  being  formed 
by  first  drilling  small  holes  longitudinally  through  the  drill  blank 
and  then  twisting  and  milling  it.  Previous  to  this  date  there  had 
been  attempts  to  use  a  lubricant  at  the  drill  point  by  carrying  it 
through  small  brass  tubes  soldered  or  wired  to  the  drill  flutes  or 
through  channels  milled  in  the  outer  surface  of  the  flutes.  Most  of 
these  lubricating  drills  were  used  in  a  turret  lathe  or  similar  ma- 
chine in  which  the  work  revolved  and  the  drill  remained  stationary, 
since  this  permitted  the  easy  introduction  of  the  lubricating  fluid. 
The  modern  drill,  however,  with  its  oil  holes  can  be  used  in  an  or- 
dinary drill-press  very  satisfactorily  with  a  special  socket  now  made 
by  drill  manufacturers.  The  feature  of  this  socket  is  a  floating 
sleeve,  having  ground  joints,  which  remains  stationary  while  the 
drill  revolves  and  conveys  the  fluid  to  the  oil-hole  openings  in  the 
drill  shank.  The  use  of  such  a  drill  necessitates  a  constant  circula- 
tion pump  system  for  the  lubricant  with  means  for  catching  the  drip, 
and  straining  the  oil. 

Where  oil-hole  drills  and  their  adapting  sockets  are  not  used, 
the  problem  of  lubrication  is  a  more  difficult  one.  If  a  stream  of 
fluid  is  played  on  the  drill  where  it  enters  the  work  there  is  an  ex- 
cessive use  of  fluid,  which  tends  to  cause  splashing  and  makes  the 
work  more  difficult  and  messy.  It  is  also  probably  true  that  the 
fluid  is  of  very  little  value  after  the  drill  has  penetrated  to  a  depth 
of  several  inches.  For  slow  speed  drilling  and  for  shallow  holes 
this  method  may  prove  satisfactory.  A  recent  scheme  for  lubrica- 
tion has  been  suggested  in  which  jigs  are  used.  The  jig  is  fitted 
with  oil  leads  to  carry  the  fluid  to  the  spot  where  the  drill  enters  the 
work,  and  this  exact  directing  of  the  stream  tends  to  give  better 
results  than  the  haphazard  "flooding"  so  often  seen. 

"Where  the  drill  consists  of  the  duplicating  of  the  same  pro- 
cess for  a  great  number  of  pieces,  as  in  some  of  the  large  automobile 
factories,  lubrication  may  be  reduced  to  a  system.  Special  lubricat- 
ing jigs,  baths  of  fluid,  or  special  positioning  of  the  work  may  be 


122  ILLINOIS  ENGINEERING  EXPERIMENT  STATION 

employed.  Some  manufacturers,  have  found  that  very  good  results 
may  be  obtained  by  inverting  the  work — the  drill  running  up  into 
the  work  instead  of  down,  as  is  more  usual.  This  permits  the  lu- 
bricating fluid  to  drain  out  of  the  holes  quickly  and  completely, 
carrying  with  it  the  chips  and  giving  a  clean  hole  and  a  long-running 
drill.  This  method  has  the  further  advantage  that  the  work  does 
not  rest  in  a  pool  of  the  fluid,  but  is  drained  clean  as  soon  as  the 
drill  stops  and  allows  quick  removal  with  no  slop  or  waste.  Some 
manufacturers  place  the  work  horizontally,  as  in  the  standard  boring 
mill,  and  flnd  that  this  has  the  advantage  of  easy  positioning  of  the 
work,  quick  draining,  and  complete  chip  removal. 

It  is  the  usual  practice  to  use  a  liquid  as  the  cooling  and  lubri- 
cating medium,  but  sometimes,  and  particularly  when  the  material 
to  be  worked  is  cast  iron,  compressed  air  is  used.  This  can  be  ap- 
plied only  through  the  use  of  drills  with  longitudinal  holes  and 
special  sockets,  for  drill-press  work,  and  is  not  a  very  general  custom. 
Air  serves  to  cool  the  drill,  though  probably  very  slightly,  and  also 
blows  out  the  small  particles  of  iron.  Where  an  insufficient  stream 
of  water  or  other  liquid  only  causes  these  small  particles  of  iron  to 
form  a  swarf  which  grinds  away  the  drill,  the  air  removes  them  in 
a  dry  state,  clearing  the  hole  and  giving  a  free  cut.  If  a  heavy  stream 
of  water  is  used,  it  is  probably  superior  to  the  air  and  has  the  further 
advantage  of  requiring  no  elaborate  device  for  catching  the  dust 
and  chips.  There  seems  to  be  a  tradition  that  a  liquid  lubricant 
should  not  be  used  on  cast  iron,  but  the  probability  is  that  a  suf- 
ficient amount  of  liquid,  supplied  under  proper  pressure,  will  be 
found  superior  to  air.  More  recently  there  has  been  some  use  of  com- 
pressed air,  as  cooling  fluid,  in  the  drilling  of  deep  holes  in  steel.  In 
this  event  the  drill  lips  must  be  gashed  so  that  they  will  break  up 
the  chips,  a  fairly  heavy  feed  and  slow  speed  should  be  used,  and  the 
air  should  be  supplied  through  an  oil-hole  drill  at  a  considerable  pres- 
sure (seventy  or  eighty  pounds  per  square  inch).  It  is  reported  that 
in  machine  steel  this  process  gives  a  smooth  hole  and  the  drill  keeps 
quite  cool,  the  chips  being  removed  by  the  air  blast  as  soon  as  formed. 

33.  Action  of  Luhricant. — Among  the  users  of  drills,  or  in  fact 
of  any  of  the  machine  tools,  there  seems  to  be  a  considerable  difference 
of  opinion  whether  the  use  of  a  lubricant  decreases  the  power  nec- 
essary to  drive  the  tool.     That  it  increases  the  endurance  of  the  tool 
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is  niideniable,  but  that  it  also  decreases  the  power  is  not  so  generally- 
believed.  In  his  lathe  tool  experiments  F.  W.  Taylor*  found  that 
the  use  of  a  heavy  stream  of  soda-water  on  the  chip  at  the  tool  point 
permitted  an  increase  in  cutting  speed  in  steel  of  about  forty  per 
cent.  When  cutting  hard  east  iron,  the  increase  in  speed  through 
the  use  of  water  was  sixteen  per  cent.  Apparently  the  only  action 
here  was  one  of  cooling  the  tool  and  chip,  since  the  soda-water  fluid 
has  small  lubricating  effect.  Unfortunately  these  experiments  of 
Taylor's  are  practically  the  only  ones  on  any  type  of  tool  which  show 
the  effect  on  endurance  of  the  use  of  a  cooling  fluid.  The  use  of 
compressed  air  in  some  drilling  work  shows  that  the  combined  effect 
of  cooling  and  efficient  chip  removal  is  beneficial  under  certain  con- 
ditions. 

In  drill  tests  run  by  Smith  and  Poliakoff,t  no  attempt  was  made 
to  ascertain  the  effect  of  lubrication  on  drill  endurance,  but  various 
tests  were  run  to  find  the  effect  of  lubrication  on  power  consumption 
when  drilling  in  steel.  The  results  show  that  when  using  a  copious 
supply  of  a  solution  of  water  and  turning  oil  the  power  consumed 
was  from  seventy-two  to  ninety-two  per  cent  of  that  when  drilling 
dry,  the  greater  saving  being  shown  for  the  lower  feeds.  The  end 
thrust  on  the  drill  was  from  twenty-five  to  thirty-five  per  cent  less  for 
soft  and  medium  steels  and  twelve  per  cent  less  for  hard  steel.  The 
lessened  end  thrust  has  no  effect  on  the  power  consumption  of  the 
drill  itself,  but  lessens  the  power  input  to  the  drill-press.  The  sav- 
ing in  power  may  be  attributed  to  two  or  possibly  three  causes,  name- 
ly, the  lubrication  of  the  cutting  edge,  the  lubrication  of  the  chips  to 
reduce  their  friction  on  the  drill  and  to  facilitate  their  removal,  and 
the  washing  out  of  the  chips  by  the  stream  of  fluid. 

34.  Luhricants. — There  is  almost  as  little  uniformity  in  the 
lubricants  used  in  commercial  work  as  there  is  in  the  methods  of 
application.  A  common  lubricant  is,  of  course,  lard  oil,  but  the  ex- 
pense of  this  has  led  to  numerous  substitutes.  In  the  catalogues  of 
drill  makers  the  following  lubricants  are  recommended : 

For  Tool   Steel:   Lard   oil,   machine   oil,   turpentine,   soda- 
water,   kerosene. 

For  Soft  Steel :  Lard  oil,  machine  oil,  soda-water. 


*Taylor,    F.  W.,    "On   the  Art  of   Cutting  Metals,"   Folder    15,    N.    Y.,    1906. 
t  American  Machinist,  Vol.   32,  pp.   739,    830. 
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For  Cast  Iron:  Dry,  or  compressed  air. 
For  Brass :  Dry  or  paraffin-oil. 

For  Aluminum:  Kerosene,  soda-water,  and  aqualine  and 
soda-water. 

The  same  lubricants  are  generally  recommended  for  wrought  iron 
as  for  soft  steel.  That  the  lubricants  recommended  are  not  the  only 
desirable  ones  is  shown  by  an  investigation  of  general  practice.  Here 
are  suggested  various  compounds,  such  as : 

For  Steel:  Boil  together  lard  oil,  1/3,  and  soda-water,  2/3. 

For  Steel:  Heat  together  borax,  seven  pounds,  and  water, 
forty  gallons.     When  cool,  add  seven  gallons  of  lard  oil. 

For  Steel :  A  thin  drilling  compound  —  almost  water  — 
enough  compound  to  make  smooth  and  to  prevent  rust. 

For  Aluminum:  Half  kerosene  and  half  lard  oil. 

In  many  places  the  most  used  fluid  is  a  solution  of  about  one  gallon 
of  soluble  cutting  oil  to  fifteen  gallons  of  water.  It  is  probable  that 
this  solution  would  prove  satisfactory  for  most  work,  since  a  drilled 
hole  does  not  usually  require  the  perfect  surface  that  can  be  given 
only  by  a  solution  rich  in  lard  oil.  Almost  any  machinist  knows  the 
value  of  turpentine  as  a  lubricant  in  drilling  very  hard  steel,  al- 
though just  why  it  has  this  value  is  not  well  known.  It  is  suggested 
that  it  exercises  a  local  softening  effect  or  that  the  fluid  may  possibly 
penetrate  the  pores  of  the  metal  and  afford  a  more  intimate  contact 
of  lubricant  with  drill  edges  and  chip. 
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APPENDIX  IV 

Deill  Testing 

35.  MetJiods  of  Testing. — Drills  and  drilling  processes  may  be 
tested  to  determine  the  following  cliaracteristics : 

(1)  Endurance  of  drills 

(2)  Power 

Inpnt  at  the  motor 

Used  at  the  drill  point 

Absorbed  by  the  driving  mechanism 

(3)  Composition  of  steel  used  in  drills 

(4)  Forms  of  drills 

The  tests  to  determine  the  endurance  of  drills  are  simple  and 
easy  to  conduct.  They  consist  merely  of  driving  the  drill  through 
steel  or  iron  at  desired  speeds  and  rates  of  feed  until  failure,  and 
noting  the  effects  of  the  process  upon  the  drill.  By  using  a  uniform 
material  for  the  test  drilling  and  by  arranging  a  definite  series  of 
increasing  rates  of  feed,  it  is  possible  to  compare  a  number  of  differ- 
ent drills.  A  difficulty  to  be  met  in  this  sort  of  test  lies  in  the  fact 
that  the  influence  of  the  different  characteristics  cannot  be  deter- 
mined; thus  the  whole  drill  may  be  quite  strong,  yet  an  increasing 
bluntness,  possibly  made  more  pronounced  through  improper  tem- 
pering, may  cause  the  drill  to  break  sooner  than  a  weaker  drill  which 
holds  its  edge  better,  or  one  of  the  drills  may  run  into  a  bit  of  segre- 
gated manganese  or  carbon  in  the  test  block  and  fail,  but  without 
giving  any  indication  whether  the  cause  lay  in  the  drill  or  in  the 
block.  This  test  requires  a  powerful  drill-press  and  considerable 
power.  Modifying  the  test  by  running  the  drills  merely  to  bluntness 
has  its  objections  in  the  difficulty  of  estimating  exactly  the  degree 
of  bluntness  from  the  appearance  of  the  drill  or  of  bringing  two  drills 
to  the  same  appearance  at  different  times. 

The  second  method  of  testing  involves  the  use  of  meters  for 
recording  or  indicating  the  electrical  input  to  the  motor  driving  the 
drill-press.  This  method  also  presents  difficulties  in  connection  with 
the  determination  of  the  definite  effects  of  the  different  influencing 
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factors.  It  has  been  customary  in  sncli  tests  to  run  the  motor  and 
drill-press  idle  at  different  spindle  speeds  to  determine  the  power 
absorbed  by  the  driving  mechanism  and  then  tests  are  made  for  the 
total  power  consumption.  Subtracting  the  first  set  of  readings  from 
the  second  set  is  supposed  to  give  the  power  consumed  by  the  drill 
alone.  The  fact  is,  however,  that  the  result  of  this  subtraction  also 
includes  extra  power  absorbed  by  the  bearings  of  the  motor  and  press 
due  to  the  increase  in  torque  and  thrust,  so  that  the  drill  is  repre- 
sented as  consuming  more  power  than  it  really  does.  This  method 
of  testing,  therefore,  is  most  useful  when  confined  to  the  total 
power  consumption,  the  results  then  being  accurate,  but  the  re- 
sults obtained  from  such  tests  are  specific  rather  than  general,  for 
different  drill-presses  will  consume  different  amounts  of  power  in  do- 
ing the  same  work  at  the  drill  point,  because  of  different  arrange- 
ments of  the  drive  and  feed  gears,  of  the  number  and  type  of  bearings, 
and  of  the  variations  in  feed  and  speed  of  the  drill. 

Tests  to  determine  the  power  delivered  to  the  drill  point  elim- 
inate discrepeneies  due  to  mechanical  diff'erences  in  drill-presses  and 
yield  results  which  are  of  definite  practical  value  and  which  are  to 
a  large  extent  comparable  with  results  of  other  tests  conducted  in 
a  similar  manner.  Power  variations  in  the  drill  due  to  diff'erences  in 
drill  form,  sharpness,  angles  of  griudiug,  speed,  feed  and  other  fac- 
tors may,  in  these  tests,  be  noted  by  means  of  dynamometers  mounted 
to  record  the  power  delivered  to  the  point.  Exact  indications  of 
drill  endurance  may  be  obtained,  and  if  failure  is  due  to  faults  in 
the  test  blocks  this  fact  may  be  detected  from  the  test  records  ob- 
tained. The  fact  is  to  be  recognized,  however,  that  tests  which  in- 
volve the  determination  only  of  the  power  at  the  drill  point  do  not 
yield  results  on  the  basis  of  which  the  efficiencj'  or  performance  of 
the  drill-press  may  be  studied.  There  is  a  tendency  also  to  lay  down 
exact  laws  and  formulas  for  drill  performance  based  on  such  tests, 
since  indications  obtained  may  be  exact,  and  to  overlook  the  fact  that 
there  may  not  be  uniformity  in  the  metals  drilled.  Particularly  is 
this  true  if  cast  iron  is  used,  for  what  may  be  termed  soft  cast  iron 
in  England  may  be  medium  cast  iron  in  America.  The  differences 
in  methods  of  different  experimenters  will  also  influence  results,  even 
in  so  slight  a  matter  as  the  thickness  of  the  test  blocks,  or  the  removal 
of  the  casting  skin,  or  in  the  depth  to  which  the  hole  is  drilled. 

Tests  in  which  only  point  di^Tiamometers  were  used  have  yielded 
results  which  give  the  best  insight  into  the  matter  of  drill  design, 
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and  it  is  to  be  expected  that  the  intelligent  development  of  this 
method  will  give  further  useful  results.  When  this  method  of  test- 
ing is  combined  with  the  method  in  which  the  power  input  into  the 
drill-press  is  noted  and  records  are  kept  of  the  total  power  consump- 
tion, the  consumption  of  the  motor  and  press  running  idle  at  dif- 
ferent speeds,  and  the  power  consumed  in  useful  work  at  the  drill 
point,  the  analysis  of  the  entire  process  of  drilling  becomes  more 
nearly  complete. 

While  such  a  set-up  would  give  a  close  analysis  of  the  processes 
of  drilling,  it  would  not  completely  investigate  the  effect  of  increased 
torque  and  thrust  on  the  power  consumed  by  the  drill-press,  as  these 
two  quantities  tend  to  maintain  a  fixed  relation  to  each  other  and 
cannot  be  separated  without  difficulty.  For  an  investigation  solely  of 
the  drill-press  there  would  be  needed  an  apparatus  whereby  the 
torque  and  thrust  could  be  varied  independently  of  each  other  from 
zero  to  a  maximum.  For  the  torque  variation  it  might  be  possible 
to  fit  up  something  resembling  a  Prony  brake  on  the  drill  spindle, 
thus  varying  the  torque,  measuring  its  value  exactly,  and  showing  the 
power  absorbed  at  the  spindle,  while  electrical  readings  would  give 
the  total  power  input.  To  vary  the  thrust  it  would  be  desirable  that 
the  spindle  advance  as  in  actual  drilling;  so  some  system  would  be 
necessary  which  would  allow  for  this  feed  while  applying  a  steady 
thrust  of  known  value.  Possibly  this  could  be  done  by  allowing  the 
spindle  to  compress  a  series  of  springs  or  by  lifting  a  certain  weight 
through  a  system  of  pulleys.  Such  an  apparatus,  correctly  and  care- 
fully designed,  would  allow  of  complete  drill-press  investigation,  for 
it  would  duplicate  the  forces  of  actual  drilling  and  keep  them  uni- 
form, separate,  and  completely  under  control. 

36.  Tests  to  Determine  the  Composition  of  Drill  Steel. — Tests 
to  determine  the  structure  and  composition  of  the  steel  of  which  drills 
are  made  occupy  an  important  place  in  the  commercial  world.  Every 
drill  manufacturer  maintains  a  laboratory  in  which  analyses  of  the 
chemical  composition  of  the  steels  are  made  and  the  structure  of  the 
material  determined  by  microscopic  examination  of  etched  surfaces 
and  breaks.  The  task  of  testing  certain  percentages  of  the  finished 
drills,  driving  them  at  certain  speeds  and  feeds  through  a  uniform 
test  material,  and  judging  of  their  quality  by  the  number  of  inches 
of  material  they  penetrate  before  they  become  too  dull  for  further 
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work  devolves  upon  the  laboratory  of  the  manufacturer.  Some 
manufacturers  also  use  a  form  of  point  dynamometer  to  get  more 
nearly  accurate  data  on  the  drill  performance.  It  has  been  found, 
however,  that  the  chemical  composition  of  the  steel  is  not  a  positive 
indication  as  to  its  fitness  for  drill  making.  Two  steels  exactly  alike 
in  composition  may  vary  widely  in  performance  when  made  into 
drills.  The  microscopic  examination  is  more  reliable  if  made  by  an 
expert.  Examination  of  the  break  in  steel  is  very  useful,  and  the 
sclerescope  test  gives  useful  indications,  but  the  ultimate  criterion 
seems  to  be  the  performance  of  the  drill  under  actual  working  con- 
ditions. 

37.  Tests  to  Determine  the  Influence  of  Drill  Form  on  the  Power" 
Required  and  on  Endurance. — Tests  to  determine  the  influence  of 
drill  form  on  the  power  required  and  on  endurance  include  a  study 
of  the  effects  of  the  helix  angle,  the  point  and  clearance  angles,  the 
shape  of  the  drill  flutes,  and  the  method  of  making  the  drill,  whether 
milled,  forged,  or  flat-twisted.  The  general  investigation  of  the 
forged,  milled,  and  twisted  drills  is  mainly  one  of  comparative 
strength;  so  the  method  of  endurance  testing  is  mostly  used.  Where 
the  effect  of  drill  form  upon  power  input  is  desired  the  use  of  meters 
is  employed.  Slight  variations  in  power  may  be  observed,  since  the 
flat-twist  drill  usually  puts  a  greater  load  on  the  drill-press  than 
other  types.  For  the  investigation  of  the  effects  of  the  angles  of 
grinding  upon  the  power  required  and  upon  endurance  some  form 
of  point  dynamometer  must  be  used.  It  will  be  seen,  therefore,  that 
each  method  of  drill  testing  has  some  particular  field,  depending  upon 
the  feature  of  drilling  that  is  to  be  dealt  with. 
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APPENDIX  V 

EXPEEIMENTS    ON    TwiST   DRILLS   BY    OtHER    INVESTIGATORS 

38.  Tests  to  Determine  the  Power  Input  Required.— The  most 
notable  series  of  tests  on  drills  in  which  the  electrical  power  input 
was  determined  was  that  conducted  by  H.  M.  Norris  of  the  Cincin- 
nati Bickford  Tool  Company,  Cincinnati,  Ohio.  In  1902,  when  this 
concern  was  known  as  the  Bickford  Drill  and  Tool  Company,  Norris 
first  began  his  tests,  and  his  most  recent  contribution  was  in  August, 
1914.  Most  of  these  tests  have  been  reported  in  the  American  Ma- 
chinist and  are  noted  specifically  in  the  Bibliography,*  although  the 
most  recent  test  is  the  only  one  which  need  be  discussed  here,  it  being 
the  most  comprehensive  of  the  series. 

Drilling  was  done  with  drills  of  from  one  to  three  inches  in 
diameter  in  steel  and  cast  iron.  Graphic  records  of  the  total  power 
input  were  obtained,  from  which  was  subtracted  the  power  con- 
sumption of  the  motor  at  different  speeds.  The  resultant  power  was 
taken  as  representing  that  consumed  by  the  drill  and  drill-press. 
The  purpose  seems  to  have  been  to  establish  a  basis  of  comparing 
these  gross  values  with  the  net  values  obtained  by  a  previous  experi- 
menter, Dempster  Smith,  although  there  were  some  difficulties  to  be 
met  because  of  the  different  trains  of  gears  used  in  obtaining  different 
speeds.  The  essential  differences  of  results  are  slight,  however,  and 
the  work  of  Norris  may  be  taken  as  affording  a  very  practical  inter- 
pretation of  Smith's  results..  The  tests  of  Norris  also  possess  the 
added  value  of  showing  the  important  losses  due  to  the  use  of  back 
gears  and  of  giving  a  general  idea  of  the  gross  power  needed  to  drive 
a  drill-press  in  an  average  machine  shop.  In  one  test  Norris  notes 
a  power  saving  of  about  twenty-three  per  cent  which  he  suggests  may 
be  due  to  the  use  of  ball-thrust  bearings  behind  the  gears  of  one  ma- 
chine. His  conclusion  is  that  the  gross  power  absorbed  by  a  machine 
of  this  (radial)  type  driving  various  sized  drills  may  be  calculated 
fairly  exactly  from  the  formula: 

ff.P.  =  c[r- 348(^^)3.08] 

in  which  ^'c"  is  a  constant  varying  with  drill  diameter  and  feed, 
and  obtainable  from  Norris'  formulas  for  different  sized  drills  and 

*  See  page    138. 
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for  different  materials,  "r"  is  the  number  of  revolutions  per  minute, 
and  " d"  is  the  drill  diameter.  This  formula  gives  powers  varying 
from  1.84  for  a  one-inch  drill  in  east  iron  at  0.013  in.  per  rev.  feed 
and  229  r.  p.  m.  to  19.90  for  a  three-inch  drill  in  machinery  steel  at 
0.018  in.  per  rev.  feed  and  127  r.  p.  m. 

In  1909  some  tests  were  run  by  Baker  Brothers,  of  Toledo,  Ohio,* 
the  results  of  which  showed  the  power  consumption  of  motor,  press, 
and  drill  for  varying  feeds  and  speeds  in  steel.  Some  observations 
of  thrust  are  recorded,  although  no  mention  is  made  of  the  apparatus 
used  in  recording  them,  and  some  work  was  done  in  observing  the 
most  advantageous  speeds  of  the  drill  for  different  feeds.  The  con- 
clusions are  that  the  thrust  tends  to  increase  in  direct  ratio  with  the 
feed  per  revolution,  that  the  thrust  first  increases  and  then  decreases 
with  increasing  speed;  thus  the  conclusions  conform  with  the  ob- 
servation that  the  permissible  feed  is  higher  if  the  speed  is  increased 
beyond  300  r.  p.  m.  It  is  also  shovni  that  the  total  power  increases 
in  a  decreasing  ratio  for  feeds  lower  than  0.010  in.  per  rev. ;  whereas 
with  heavier  feeds  the  tendency  seems  to  be  for  the  power  to  increase 
in  an  increasing  ratio  for  increasing  speed.  The  conclusion  is  that 
best  results  are  to  be  obtained  by  drilling  at  comparatively  high 
speeds  and  moderate  feeds. 

In  1910  the  American  Locomotive  Works  f  tested  three  radial 
drill-presses,  using  flat-twist  drills  from  one  inch  to  one  and  one-half 
inches  in  diameter  and  recording  only  the  total  power  input.  All 
drilling  was  done  in  hammered  steel  billets  of  about  0.70  carbon  con- 
tent, and  the  drills  driven  to  destruction  by  burning  or  breaking 
without  injuring  the  drill-press.  One  of  these  radial  drills  required 
an  average  of  about  14  h.  p.  to  remove  one  pound  of  metal  per  min- 
ute. Another  required  an  average  of  about  17  h.  p.  and  the  third  re- 
quired about  19  h.  p.  to  do  the  same  work.  The  first  press  reached  a 
maximum  h.  p.  of  38.3  while  driving  a  l^/^-inch  drill  at  300  r.  p.  m.  and 
0.0207  in.  per  rev.  feed.  The  second  press  reached  a  maximum  of 
57.6  h.  p.  while  driving  a  l^e-inch  drill  at  312  r.  p.  m.  and  0.0323 
in.  per  rev.  feed.  The  third  press  reached  a  maximum  of  67.3  h.  p. 
while  driving  a  1%-inch  drill  at  284  r.  p.  m.  and  0.40  in.  per  rev. 
feed.    The  motor  was  rated  at  20  h.  p. 

The  general  conclusion  is  that  best  results  in  endurance  and 


*  Iron  Trade  Review,  Apr.  29,   1909,  p.  797. 

t  Bocorselski,  P.  E.,  American  Machinist,   Vol.   33,   Part  I,   p.   481. 
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power  in  steel,  with  high-speed  drills  of  the  flat  twist  type  may  be 
obtained  by  running  a  1-inch  drill  at  300  r.  p.  m.  and  0.015  in.  per 
rev.  feed  and  a  li/^-inch  drill  at  225  r.  p.  m.  and  0.02  in.  per  rev. 
feed.  For  lubricating  the  drills,  a  thin  cutting  compound  was  found 
superior  to  a  good  cutting  oil  containing  about  forty  per  cent  lard 
oil. 

In  1911  some  tests  were  run  by  E.  R.  Norris  of  the  "Westinghouse 
Electric  and  Manufacturing  Company.  A  large  number  of  drills 
was  given  comparative  tests,  their  chemical  composition  having  been 
previously  determined.  They  were  given  power  tests  in  cast  iron 
and  steel  and  finally  tested  to  destruction  in  steel,  their  power  ef- 
ficiency and  endurance  efficiency  both  being  noted.  The  total  elec- 
trical power  was  noted,  and  from  this  was  subtracted  the  power  re- 
quired to  run  the  motor  and  press  idle  at  the  different  speeds.  This 
resultant  power  was  assumed  to  be  the  power  consumed  by  the  drill. 
In  addition  to  determining  the  most  efficient  drill  (for  both  power 
and  endurance)  the  tests  yielded  results  which  may  be  summarized 
as  follows :  More  power  is  needed  to  drive  flat  twist  drills  than  uiilled 
drills.  Milled  driUs  fail  by  breaking  and  flat  twist  drills  by  burning. 
The  drill  endurance  is  affected  by  the  method  of  manufacture,  since 
forged  drills  stand  up  best.  In  steel  the  power  increases  more  rapidly 
as  the  amoimt  of  metal  removed  per  minute  increases.  In  general, 
with  a  properly  constructed  machine  it  is  better  to  run  at  high  speed 
and  small  feed,  thereby  prolonging  the  life  of  the  drill,  as  the  total 
power  consumption  is  nearly  constant,  regardless  of  whether  heavy 
feed  and  low  speed  or  light  feed  and  high  speed  are  used.  In  the 
first  ease  the  drill  consumes  more  power  and  the  machine  less,  while 
in  the  second  case  the  drill  consumes  less  power  and  the  machine 
more,  but  in  both  cases  the  power  consumed  and  the  work  done  are 
about  the  same. 

Other  experiments  have  been  made  to  determine  the  power  re- 
quired to  drive  certain  drill-presses  when  doing  work  at  various  rates, 
and  some  of  these  data  may  be  useful  in  the  design  of  drill-presses 
or  in  determining  the  power  installation  required  in  shops.  The 
chief  value  of  this  method  of  testing  lies  in  the  disclosures  regarding 
drill  endurance.  They  show  that  production  is  generally  run  ''to 
a  power  limit  rather  than  the  tool  limit,"  although  very  often  the 
limitation  is  found  in  the  design  of  the  drill-press,  as  an  individual 
motor  drive  permits  carrying  a  great  overload  for  the  short  time  re- 
quired to  driU  a  hole. 
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39.  Tests  Employing  Point  Dynamometers. — The  first  attempt 
to  determine  the  forces  at  the  drill  point  by  means  of  dynamometers 
was  made  by  Prof.  L.  P.  Breckenridge  of  Lehigh  University,*  in  1888. 
In  this  test  only  the  thrust  of  the  drill  was  determined.  The  dyna- 
mometer consisted  of  a  vertical  cylinder  closed  at  the  bottom  and  fitted 
with  a  ram  having  an  area  of  ten  square  inches.  On  this  ram  the 
work  to  be  drilled  was  mounted  and  the  thrust,  transmitted  to  a 
liquid  in  the  cylinder,  was  recorded  by  a  pressure  gage  on  an  or- 
dinary steam  engine  indicator  card.  The  results  are  interesting  his- 
torically, and  this  type  of  apparatus  has  been  elaborated  by  later 
experimenters  who  have  studied  the  whole  question  of  thrust  varia- 
tion. 

The  next  experiments  of  any  note  in  which  a  point  dynamometer 
was  used  were  those  of  M.  Codron,  published  in  "Bulletin  de  la  So- 
eiete  D 'Encouragement  pour  I'lndustrie  Nationale,  1903,"  and  also 
in  book  form  as  "Experiences  sur  le  Travail  des  Machines  Outils 
pour  les  Metaux. "  These  experiments  constituted  a  complete  and 
careful  series,  but  since  no  full  translation  has  been  published 
in  English,  the  work  has,  in  this  country,  not  been  accorded  the  im- 
portance it  deserves.  The  apparatus  was  in  the  form  of  a  horizontal 
boring  mill,  with  the  drill  held  in  a  rotating  spindle  and  the  work 
held  on  a  circular  plate.  The  thrust  was  recorded  on  one  scale,  by  the 
compression  of  a  spring,  while  on  another  scale  the  depth  of  the 
hole  was  noted.  The  torque  was  transmitted  by  a  rope  couple  around 
the  circular  base-plate  and  recorded  on  two  dynamometers.  A  ball- 
bearing transmitted  the  thrust  without  affecting  the  torque.'  The 
entire  process  of  drilling  a  hole  was  analysed  and  formulas  were  de- 
veloped for  the  coefficients  of  resistance  to  thrust  and  cutting 
pressures.  These  coefficients,  B  for  thrust  and  B^  for  torque,  were 
ultimately  expressed  in  actual  values  and  general  formulas  stated 
for  drilling  different  metals  as  follows : 

For  cast  iron,  B  =121    -{-}it      tons  per  square  inch. 

i2'=  103.5-1- M  f  tons  per  square  inch. 
For  tool  steel,  B  =254    +Ki  t     tons  per  square  inch. 

i^'  =  387  +^2t  tons  per  square  inch. 
For  hard  steel,  B  =  171    +^^5 1  tons  per  square  inch. 

i?'  =  286    -i-Ht      tons  per  square  inch. 


*  Journal,    Lehigh    University    Eng.    Society,    1888. 
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In  wliicli  t  is  the  feed  per  revolution  in  inches.  The  summary  of 
conclusions  states  that  a  drill  worked  well  with  an  included  point 
angle  varying  from  90  to  180  degrees,  although  the  thrust  increases 
with  the  angle  and  the  torque  decreases.  The  power  variations  with 
increases  in  speed  and  feed  were  found  to  follow  a  "straight  line" 
law,  and  the  torque  and  thrust  were  unaffected  by  variation  in  the 
speed  of  the  drill. 

In  America,  in  1904,  Bird  and  Fairfield,  of  the  Worcester  Poly- 
technic Institute*  conducted  a  series  of  tests  in  which  the  horizontal 
type  of  apparatus  was  used,  the  dynamometer  being  separate  from 
the  milling  machine  which  was  used  to  drive  the  drill.  All  experi- 
ments were  made  on  cast  iron  with  a  %-inch  drill.  Conclusions  were 
reached  to  the  effect  that  the  torque  does  not  increase  as  rapidly  as 
the  feed,  while  the  thrust  increases  faster  than  the  feed;  and  that 
increasing  the  point  angle  results  in  a  rapid  increase  in  the  thrust,  but 
does  not  appreciably  affect  the  torque  value.  The  torque  values  for 
drilling  brass,  tool  steel,  and  machine  steel  are  given,  respectively,  as 
0.715,  1.67,  and  2.44  times  that  required  to  drill  cast  iron.  The  cor- 
responding thrust  values  are  0.575,  1.7,  and  2.6. 

In  1907  a  series  of  experiments  was  made  with  this  same  ap- 
paratus, slightly  modified  as  to  the  means  of  recording  torque,  by 
Frary  and  Adams  of  the  Worcester  Polytechnic  Institute.!  Tests 
were  made  with  drills  from  %  to  %  inches  in  diameter  in  cast  iron, 
at  feeds  varying  from  0.0045  in.  per  rev.  to  0.0225  in.  per  rev.  In 
the  analysis  of  results  it  is  stated  that  the  thrust  increases  in  prac- 
tically a  direct  ratio  with  both  feed  per  revolution  and  drill  diameter. 
Torque  increases  almost  proportionally  with  the  feed.  Thrust  de- 
creases with  decreasing  point  angle  from  150  degrees  to  90  degrees 
and  then  increases  with  further  angle  decrease.  The  minimum  torque 
was  given  by  a  point  angle  of  130  degrees. 

Probably  the  most  careful  and  comprehensive  tests  which  have 
been  conducted  on  twist  drills  were  those  by  Smith  and  Poliakoff  at 
the  Manchester  Municipal  School  of  Technology,  Manchester,  Eng- 
land.! Drills  from  %  to  3  inches  in  diameter  were  run  in  soft, 
medium,  and  hard  cast  iron  and  in  soft,  medium,  and  hard  steel 
under  varying  conditions  of  feed,  speed,  point  angle,  lubrication,  etc. 


*Traiis.  A.  S.  M.  E.  Vol.  26,  p.  355,  1905. 
t  American  Machinist,  Vol.  30,  pp.  210,  598. 
i  Proceedings,   Institution  of  Mechanical  Engineers,    Paris   1   and  2,    1909. 
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Most  of  tlie  tests  were  run  at  ten  revolutions  per  minute,  and  the 
greatest  speed  used  was  about  130  r.  p.  m.  The  apparatus  used  con- 
sisted of  a  reconstructed  milling  machine  fitted  with  a  120  h.  p.  motor 
and  a  point  dynamometer.  A  speed  variation  of  5  to  150  r.  p.  m,  and 
a  feed  of  0.0025  in.  per  rev.  to  0.05  in.  per  rev.  were  possible.  The 
thrust  was  transmitted  through  a  thin  metallic  diaphragm  and  dis- 
tilled water  reservoir  to  a  carefully  calibrated  gage.  Torque  was 
measured  by  an  arm  bolted  to  the  ball-bearing  face  plate  to  which 
the  work  was  secured  and  by  an  accurate  platform  scale.  Every  part 
of  the  apparatus  was  carefully  made  and  calibrated,  all  observations 
were  as  accurate  as  possible,  and  the  whole  series  of  tests  was  con- 
ducted with  precision  and  care.  No  attempt  was  made  to  measure 
the  gross  power,  and  all  values  represented  the  net  effect  at  the  drill 
point.  Equations  to  cover  the  different  conditions  of  drilling  were 
developed.  The  experiments  were  run  in  two  series  and  the  results 
published.*  The  conclusions  as  stated  in  the  original  paper  are  as 
follows : 

Part  I 

(a)  The  net  horse-power  for  a  given  diameter  of  drill  and 
feed  is  proportional  to  the  revolutions  or  the  cutting  speed. 

(b)  The  net  horse-power  is  proportional  to  the  torque,  and 
for  a  given  drill  and  speed  does  not  increase  as  fast  as  the  feed. 

(c)  Since  the  torque  is  practically  proportional  to  the 
diameter  of  the  drill  squared,  the  horse-power  for  a  given  feed 
and  cutting  speed  is  directly  proportional  to  the  diameter  of 
the  drill  squared, 

(d)  The  net  horse-power  per  cubic  inch  of  metal  removed 
per  minute  is  inversely  proportional  to  the  feed  and  independent 
of  the  size  of  drill  and  cutting  speed. 

(e)  The  work  required  to  drill  a  given  hole,  when  one  drill 
only  is  used,  is  greater  than  that  required  to  drill  the  same  hole 
in  two  operations  with  drills  of  different  diameters.  The  greater 
the  difference  in  the  drill  diameters,  the  greater  is  the  saving  in 
work,  speed  and  feed  remaining  the  same  throughout.  This  is 
due  to  the  fact  that  the  mean  cutting  angle  of  the  single  drill 
is  greater  than  the  average  angle  in  use  for  the  two  drills,  and 
that  the  cutting  pressure  is  proportional  to  the  angle. 

(f)  With  twist   drills  having  the  usual   proportions,   the 

*  Proceedings,   Institution   of  Mechanical  Engineers,    1909,   pp.   378-381. 
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cutting  angle  is  not  sufficiently  keen  to  drag  the  drill  into  the 
work  when  enlarging  a  hole  in  cast  iron  or  steel. 

Part  II 
Conclusions : 

(g)  Conclusion  (b)  confirmed.  The  net  horse-power  when 
operating  on  soft  cast  iron  or  medium  steel  varies  as  t^-''  for  a 
given  drill  and  speed. 

(h)  The  net  horse-power  for  a  given  feed  and  speed  does 
not  increase  as  fast  as  the  diameter  but  varies  as  cZ"-^. 

(i)  The  torque  and  horse-power  when  drilling  medium 
steel  is  about  2.1  times  that  required  to  drill  soft  cast  iron  with 
the  same  drill  speed  and  feed. 

(j)  The  net  horse-power  per  cubic  inch  of  metal  removed 
is  inversely  proportional  to  d^-^  t°-^  and  independent  of  the 
revolutions;    thus    the    net    horse-power    per     cubic     inch     of 

"^'^^^  =  33000  X^dHN  =  dP^^   ^^^'^  '  ^^^  ^  ^''  constants. 

If  the  diameter  of  the  drill  remains  constant  and  feeds  of 
0.0025,  0.01,  and  0.04  inches  be  taken,  the  corresponding  horse- 
power will  be  in  the  order  of  1,  0.66,  and  0.435,  which  is  the 
ratio  of  the  cutting  pressures.  If  t  remains  constant  and  values 
of  d  =  y2,  2  and  4  inches  be  taken,  then  the  horse-power  for 
each  successive  drill  will  be  in  the  order  of  1,  0.76,  and  0.66. 

(k)  The  net  power  required  to  enlarge  a  hole  may  be 
estimated  from  the  cutting  pressures    given    by    the    equation 

0.44 

iron,  and  2.1  times  that  for  medium  steel. 

(1)  In  a  two-lipped  drill  the  actual  depth  of  cut  taken  by 
each  lip  is  t/2;  in  a  three-lipped  drill  is  t/S  and  so  on. 

If  the  number  of  lips  is  increased  and  t  kept  the  same,  the 
cutting  pressure  is  equivalent  to  that  for  a  proportionately  de- 
creased feed. 

If  the  lips  in  a  two-lipped  drill  are  unequally  ground,  so 
that  one  lip  does  all  the  work,  the  cutting  pressure  is  the  same 
as  that  obtained  by  doubling  the  feed. 

By  gashing  the  cutting  lips  of  a  two-lipped  drill  so  that  the 


/  =  ^033    X  cutting  angle,  where  /  =  tons  per  sq.  in.  for  cast 
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cut  taken  by  one  lip  is  the  metal  left  by  the  other,  the  cutting 
pressure  is  the  same  as  that  given  for  twice  the  feed. 

It  is  shown  that  the  finer  the  feed  the  greater  the  propor- 
tionate cutting  pressure,  and  consequently  the  greater  the  net 
horse-power  per  cubic  inch  of  metal  removed. 

(m)  The  end  thrust  when  operating  on  cast  iron  or  steel 
does  not  increase  in  proportion  to  the  feed  for  a  given  diameter 
of  drill  or  in  proportion  to  the  diameter  for  a  given  feed. 

(n)  Whilst  the  chisel  point  scarcely  affects  the  torque,  it 
is  responsible  for  about  twenty  per  cent  of  the  end  thrust.  (It 
should  be  noted  here  that  the  width  of  chisel  point  used  by  Smith 
was  only  half  the  web  thickness,  the  drills  having  been  point- 
thinned  for  all  these  tests.) 

(o)  The  lubricated  trials  on  steel  when  compared  with  the 
dry  tests  show  a  diminution  in  the  torque  and  net  horse-power, 
varying  from  28  per  cent  with  the  0.0025-inch  feed  to  8  per  cent 
with  the  0.0286-inch  feed.  This  may  be  due  to  the  lubricant 
washing  away  the  small  metal  chips,  which  tend  to  jam  between 
the  walls  of  the  hole  and  the  drill,  ,and  to  the  preserved  cut- 
ting edge.  The  diminished  frictional  resistance  of  the  shaving 
across  the  lip  together  with  the  lubricant  reduces  the  end  thrust 
by  about  25  per  cent  for  all  feeds.* 

(p)  The  drill  most  commonly  adopted  in  practice  has  an 
included  angle  at  the  point  of  120  degrees.  If  this  angle  is  in- 
creased, the  torque  diminishes  but  the  end  thrust  increases, 
whilst  if  this  angle  is  decreased  the  reverse  is  the  result.  So  far 
as  economy  in  power  is  concerned,  the  torque  is  the  factor  to  con- 
sider, as  the  feeding  horse-power  is  only  about  one  per  cent  of  the 
whole  in  small  drills  and  very  much  less  for  the  large  sizes.  From 
this  point  of  view  the  drill  with  the  larger  point  angle  is  to  be 
preferred.  The  accompanying  increased  end  thrust,  however, 
strains  the  machine  parts  in  proportion.  When  the  point  of  the 
drill  breaks  through  the  metal  at  the  bottom  of  the  hole,  a  con- 
siderable portion  of  the  end  load  is  removed.  The  strain  due  to 
the  load  is  partly  released,  thereby  causing  the  drill  to  advance 
more  than  its  rated  feed  and  possibly  break  the  drill.  The  drill 
with  the  greater  included  angle  will  be  most  likely  to  give  trouble 


*The   lubricant   was    a   mixture    of   turning   oil    and    water    in    the   proportions   of 
one   to    fifty. 
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in  this  direction,  both  on  account  of  the  increased  strain  and 
cut,  and  conversely. 

(q)  By  decreasing  the  helix  of  the  drill  a  keener  cutting 
angle  with  a  decreased  end  thrust  and  torque  can  be  obtained 
without  altering  the  point  angle  above  the  accepted  standard  of 
120  degrees.  This  would,  however,  affect  the  durability  of  the 
drill. 

(r)  With  a  small  included  point  angle  there  is  little  metal 
to  support  the  cutting  edge  of  the  drill  at  the  chisel  point,  and 
trouble  due  to  the  blunting  of  this  part  is  to  be  expected. 

(s)  In  estimating  the  time  required  to  drill  a  hole  of  given 
depth,  the  length  of  the  point  must  be  taken  into  account.  The 
length  of  the  point  for  different  point  angles  is :    • 

90  degrees  =  0.5  cZ 
120  degrees  =  0.29  d 
150  degrees  =  0.134  (Z 

The  discussion  following  the  presentation  of  the  paper  before 
the  Institution  of  Mechanical  Engineers  brought  out  much  interesting 
information  and  many  suggestions.  J.  T.  Nicholson  remarked  that 
what  was  now  needed  was  an  investigation  for  gross  horse-power  and 
investigation  concerning  the  most  economical  speeds  and  feeds  when 
the  durability  of  the  drill,  time  of  grinding,  and  gross  power  were 
all  considered. 

In  addition  to  the  point-dynamometer  experiments  noted  there 
have  been  minor  investigations  carried  on  by  different  manufacturing 
concerns.  A  point  dynamometer  was  used  by  Baker  Brothers  of 
Toledo  in  their  investigations,  and  in  1901  a  dynamometer  was  used 
by  the  Cleveland  Twist  Drill  Company  in  some  tests  of  their  drills 
for  the  determination  of  correct  flute  -form.  The  apparatus  of  the 
Worcester  Polytechnic  Institute  has  been  often  used  in  testing  for 
commercial  purposes. 
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TESTS  TO  DETERMINE  THE  RIGIDITY  OF  RIVETED 
JOINTS  OF  STEEL  STRUCTURES 


I.     Introduction 

1.  Object  of  Tests.— The  object  of  these  tests  was  to  determine 
the  rigidity  of  riveted  joints  which  connect  the  members  of  steel- 
framed  structures. 

If  the  geometrical  element  of  a  frame  is  a  triangle,  the  members 
may  be  joined  with  frictionless  hinges  and  the  frame  will  resist  ex- 
ternal forces.  If,  however,  the  geometrical  element  of  a  frame  is 
a  rectangle,  shear  in  the  frame  due  to  external  loads  produces  turning 
moments  on  the  connections,  and  in  order  to  prevent  the  frame  from 
collapsing  the  connection  must  be  designed  to  resist  moment.  The 
distribution  of  the  stresses  in  a  rectangular  frame  depends  upon  the 
rigidity  of  the  connections.  In  analyzing  the  stresses  in  such  a  frame 
it  is  customary  to  assume  that  the  connections  are  perfectly  rigid.  If 
the  connections  are  not  perfectly  rigid,  it  is  apparent  that  the  actual 
stress  may  not  be  equal  to  the  computed  stress.  In  addition  to  de- 
termining the  rigidity  of  riveted  connections,  analyses  have  been 
made  to  determine  the  effect  of  lack  of  rigidity  upon  the  distribution 
of  stresses  in  a  frame. 

Although  there  are  other  structures  in  which  the  rigidity  of 
the  connections  affects  the  distribution  of  the  stresses,  the  discussion 
in  this  bulletin  is  limited  to  a  discussion  of  the  effect  of  the  rigidity 


Fig.   1.     Diagram  of  Defoemation  of  Eectangular  Frame 

of  connections  upon  the  distribution  of  the  stresses  in  a  rectangular 
frame  subjected  to  shear  (Fig.  1).  The  most  important  example  of 
this  type  of  frame  is  the  wind  brace  in  steel  skeleton  buildings. 
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Fig.  4.     Test  Piece  AS 
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Fig.  7.    Test  Piece  AQ 


II.    Description  of  Tests 

3.  Description  of  Test  Pieces. — The  test  pieces  are  shown  in 
Figs,  2  to  7,  inclusive.  Two  pieces  of  each  type  were  used,  tests  on 
similar  pieces  being  made  simultaneously. 

In  selecting  the  test  pieces  it  was  the  aim  to  use  connections  of 
types  which  are  common  in  engineering  structures  and  which  resist 
loads  and  moments  by  methods  which  are  fundamentally  different. 
Test  pieces  Al  and  A2  are  types  of  connections  used  when  the  mo- 
ment to  be  resisted  is  large;  A4  is  a  type  used  when  the  moment  is 
comparatively  small  and  when  the  center  lines  of  the  columns  and 
girdles  do  not  intersect;  A3,  A5,  and  A6  are  designed  primarily  to 
resist  shear  and  are  not  intended  to  resist  moment.  For  all  speci- 
mens except  Al,  relative  rotation  between  the  columns  and  girders  can 
occur  by  virtue  of  the  deflection  of  a  comparatively  thin  member  in 
cross-bending.  In  the  case  of  A3,  for  example,  the  portion  of  the 
vertical  leg  of  the  top  lug  angle  between  the  lower  rivet  and  the 
horizontal  leg  of  the  lug  angle  acts  as  a  cantilever,  and  by  bending 
the  vertical  leg  the  angle  pulls  away  from  the  column.  In  a  similar 
manner  for  A2,  A4,  A5,  and  A6,  bending  of  the  outstanding  legs  of 
the  connection  angles  permits  the  girders  to  rotate  relatively  to  the 
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coluinns.  The  connection  of  test  piece  Al  permits  rotation  of  the 
girder  relative  to  the  column  only  by  virtue  of  the  axial  strain  in  the 
metal  or  by  virtue  of  the  slip  of  the  rivets. 

Rivets  which  are  usually  driven  in  the  shop  were  driven  with 
a  press  riveter ;  rivets  which  are  usually  driven  in  the  field  were  driv- 
en with  an  air  gun.  Test  pieces  Al,  A2,  and  AS  were  fabricated  by 
the  American  Bridge  Company ;  test  pieces  A4,  A5,  and  A6  were  fab- 
ricated by  the  Burr  Company  of  Champaign,  Illinois.  The  I-beams 
of  AS  were  used  in  making  A4  and  JL6,  and  the  girders  and  columns 
of  A2  were  used  in  making  A5.  The  rotation  of  the  girders  relative 
to  the  columns  in  A4,  A 5,  and  A6  was  due  to  the  strain  in  the  con- 
nection angles,  and  these  connection  angles  had  not  been  previously 
stressed.  It  is  therefore  improbable  that  the  rotation  of  the  girders 
relative  to  the  columns  in  J.4,  A5,  and  A6  was  affected  in  any  way  by 
the  fact  that  the  main  members  of  which  the  test  pieces  were  com- 
posed had  been  stressed  as  members  of  pieces  A2  and  AS. 

The  structural  details  of  the  girders  and  columns  of  the  test 
pieces  are  given  in  Table  1. 
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Table  1 
Properties  of  Columns  and  Girders 


Test 
Piece 

Column 

Girder 

For  Frame  15  Feet  High  and 
20    Feet    Wide.     K=~ioT 

Girder,    wX  = -p  for  Column 

Section 

/for 
Gross 
Section 

Section 

/for 

Gross 

Section 

I 

nK  (for  col.) 

K  (for  girder) 

n 

Al 

l-PZ-14xS< 
4-L5  5x3x5^ 

584 

i -Ls  5x3xVs 

1966 

3.25 

8.20 

.4 

A2 

Same  as  A 1 

684 

Same  as  A 1 

1966 

3.25 

8.20 

.4 

A3 

12" -J- 31. 5 

215.8 

12-1-31.5 

215.8 

1.20 

.90 

1.33 

Ai 

12"  Flat -2-31.5 

9.5 

12 -J -31. 5 

215.8 

.05 

.90 

.055 

A5 

Same  as  A 1 

584 

Same  as  A 1 

1966 

3.25 

8.20 

.4 

AQ 

8" -7?— 39 

139.5 

12-7-31.5 

215.8 

.78 

.90 

.86 

4.  Apparatus  and  Methods  of  Testing. — The  test  pieces  de- 
scribed were  tested  in  pairs  in  a  300,000-pound  Olsen  four-screw 
testing  machine.  Fig.  8  shows  the  arrangement  of  a  pair  of  test 
specimens,  and  Fig.  9  is  a  reproduction  of  a  photograph  of  a  pair  of 
test  specimens  in  the  machine.  The  column  of  each  test  specimen 
was  supported  by  a  half-round  piece  of  steel,  F  and  J,  (Fig.  8)  which 
in  turn  was  supported  by  the  table  of  the  testing  machine.  Tie  rods 
at  the  bottom  T,  T,  and  a  strut  at  the  top,  8,  8,  held  the  test  pieces 
in  the  position  shown.  Load  was  applied  by  the  cross-head  of  the 
testing  machine  through  rollers,  G  and  H,  to  the  ends  of  the  beams. 
The  half-round  bearings,  F  and  /,  the  knife-edge  ends  of  the  strut, 
8,  S,  the  flexibility  of  the  long,  slender  tie  rods,  T,  T,  and  the  rollers, 
G  and  H,  permitted  free  rotation  of  the  specimens  and  insured  an 
equal  distribution  of  load  between  the  two  specimens. 

The  strain  measurements  include  the  rotation  of  the  beam  relative 
to  the  column,  the  slip  of  rivets,  and  the  deformation  of  angles  used 
in  making  the  joint.  The  rotation  of  a  beam  with  respect  to  a  column 
was  measured  by  determining  for  one  or  more  points  the  change  of 
slope  of  the  beam  with  respect  to  the  column  and  then  comparing 
this  change  of  slope  with  the  change  in  slope  due  to  elastic  strain. 
The  apparatus  for  measuring  this  change  of  slope  is  shown  in  Fig. 
8.  The  arm,  OE,  is  rigidly  attached  at  0,  the  junction  of  the  axis 
of  the  beam  with  the  axis  of  the  column,  and  the  arm,  AD,  is  attached 


Fig.  9.     General  View  of   Test  Pieces  ^1  in   Testing  Machine 


W'^^ 
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rigidly  at  A,  some  point  on  the  neutral  axis  of  the  beam.  AD  and, 
OE  are  equal  in  length.  If  no  rotation  of  A  with  respect  to  0  takes 
place,  the  ends  D  and  E  will  remain  a  constant  distance  apart,  but 
if  rotation  does  take  place,  the  change  of  distance  between  D  and  E 
will  be  a  measure  of  this  rotation,  and  if  the  magnitude  of  this  change 
of  distance  is  denoted  by  A^,  the  angle  of  rotation  is  denoted  by  6, 

and  the  length  of  arm  by  a,  then  tan0==  ■<,  — - 

\    q 

The  motion  of  D  with  respect  to  E  is  measured  by  means  of  a 

micrometer  fastened  at  E.    This  micrometer  consists  of  a  drum  one 

inch  in  circumference  carrying  a  pointer  moving  over  a  dial.    Around 

the  drum  is  wound  a  No.  36  insulated  copper  wire  kept  taut  by  a 

weight  and  fastened  at  D.    The  motion  of  the  pointer  over  the  dial 

indicates  the  magnitude  of  movement  of  D  with  respect  to  E*     A 

similar  apparatus  is  used  to  measure  the  rotation  of  points  in  the 

column.     The  arms  carrying  the  dials  are  clamped  to  the  webs  of 

the  beams,  or  the  columns,  with  bolts  and  pipe  fittings  as  shown  in 

Fig,  8.       Slip  of  rivets,  change    of  form  of    connecting  angles,  and 

other  small  deformations  were  measured  by  means  of  strain  gages 

and  attached  micrometer  dials,  f    Figs.  10  to  15,  inclusive,  show  the 

location  of  the  instruments  for  measuring  changes  of  slope  on  the 

specimens. 


*For  a  more  detailed  description  of  the  wire-wound  dial  micrometer  see  Proc.  A.  S. 
T.    M.,    p.    607,    1907. 

fFor  a  description  of  the  strain  gage  and  directions  for  its  use  see  "Tests  of  Re- 
inforced Concrete  Buildings  under  Load,"  Univ.  of  111.,  Eng.  Exp.  Sta.,  Bui.  64,  1913. 
and  Proc.  A.  S.  T.  M.,  p.  1019,  1913. 
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III.    Discussion  op  Eesults 

5.  Definition  of  Slip. — It  is  customary  in  analyzing  the  stresses 
in  a  stiff  structure  to  assume  that  the  connections  are  perfectly  rigid. 
This  assumption  is  equivalent  to  saying  that  if  tangents  are  drawn 
to  the  elastic  curves  of  two  intersecting  members  at  the  point  where 
the  curves  intersect,  these  tangents  do  not  rotate  relatively  to  each 
other  when  the  connection  is  stressed.  If  the  tangents  to  the  elastic 
curves  at  their  point  of  intersection  rotate  relatively  to  each  other, 
the  connection  is  said  to  slip. 

It  is  also  customary  in  analyzing  the  stresses  in  a  stiff  structure 
to  consider  that  where  a  column  and  girder  intersect,  both  members 
maintain  a  constant  cross-section  up  to  the  point  of  intersection  of 
the  elastic  curves  of  the  members,  a  condition  impossible  to  obtain 
exactly,  except  for  members  having  a  width  of  zero. 

If  a  column  or  a  girder  is  subjected  to  flexure,  a  point  in  the 
elastic  curve  rotates  relatively  to  other  points  in  the  elastic  curve  by 
virtue  of  the  strain  in  the  material  even  if  the  material  is  continuous. 
For  this  reason,  when  the  connection  between  a  column  and  a  girder 
is  subjected  to  a  moment,  a  point  in  the  elastic  curve  of  the  column 
rotates  relatively  to  the  point  of  intersection  of  the  elastic  curves  of 
the  two  members.  Similarly  a  point  in  the  elastic  curve  of  a  girder 
rotates  relatively  to  the  point  of  intersection  of  the  elastic  curves  of 
the  two  members ;  therefore  the  rotation  of  a  point  in  the  elastic  curve 
of  the  girder  relative  to  a  point  in  the  elastic  curve  of  the  column 
may  be  due  partly  to  the  slip  in  the  joint  and  partly  to  the  strain  in 
the  material.  In  determining  the  slip  in  the  connections  from  the 
tests,  the  computed  rotation  of  a  point  in  the  girder  relative  to  a 
point  in  the  column  due  to  the  strain  in  the  material  was  subtracted 
from  the  measured  rotation  of  one  point  relative  to  the  other.  In 
computing  the  relative  rotation  of  the  two  points  due  to  the  strain 
of  the  material  both  members  were  considered  as  having  constant 
cross-sections  up  to  the  point  where  the  elastic  curves  of  the  two 
members  intersect ;  thus  what  is  really  obtained  in  the  analysis  is  not 
the  error  due  to  slip  alone  but  rather  the  combined  error  resulting 
from  two  assumptions,  one  that  the  connection  is  perfectly  rigid,  and 
the  other  that  both  members  maintain  a  constant  cross-section  up  to 
the  point  of  intersection  of  the  two  elastic  curves. 
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The  rotation  of  a  point  in  the  elastic  curve  of  a  member  relative 
to  another  point  in  the  elastic  curve  of  the  same  member  due  to  the 
strain  of  the  material  can  be  determined  from  the  following  propo- 
sition: For  a  member  in  flexure  the  change  in  slope  between  two 
points  in  the  elastic  curve  of  the  member  is  equal  to  the  area  of  the 

—  diagram  for  the  portion  of  the  member  between  the  two  points. 
EI 

6.  Th&  Effect  of  the  Slip  in  Connections  upon  a  Eectangular 
Frame. — Fig.  16  represents  a  rectangular  frame  subjected  to  a  shear 


Fig.   16.    Diagram  of  Eectangular  Frame  with  Pin  Joints 


parallel  with  one  side  of  the  frame.  If  the  connections  at  the  corners 
of  the  frame  are  frictionless  hinges,  the  frame  will  collapse  as  shown 
by  the  dotted  lines.  If,  however,  the  connections  at  the  comers  are 
capable  of  resisting  a  moment,  the  frame  will  take  the  form  shown  in 
Fig.  1.  The  rigid  connections  between  the  vertical  and  horizontal 
members  hold  the  ends  of  the  vertical  members  in  a  nearly  vertical 
position  and  thus  prevent  the  frame  from  collapsing. 

If  the  connections  at  the  comers  of  the  frame  represented  by 
Fig.  1  are  not  rigid  but  permit  the  vertical  members  to  rotate  slightly 
relatively  to  the  horizontal  members,  because  of  the  slip  in  the  con- 
nections, a  vertical  member  will  be  deflected  from  a  vertical  through 
its  lower  end  more  than  if  the  connections  are  perfectly  rigid.  When 
all  the  connections  slip,  moreover,  by  the  same  angular  amount,  the 
stresses  in  the  frame  are  the  same  as  when  all  the  connections  are 
perfectly  rigid;*  but  if  the  angular  slip  is  greater  in  one  or  more 
connections  than  in  the  other  connections,  the  stresses  in  the  frame 

*  See  page   30. 
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are  not  the  same  as  when  all  the  connections  are  perfectly  rigid,  that 
is,  slip  in  the  connections  of  a  rectangular  frame  increases  the  de- 
flection of  the  frame  and,  unless  all  connections  slip  by  the  same 
amount,  makes  the  stresses  in  the  frame  different  from  the  stresses 
in  a  similar  frame  having  rigid  connections. 

7.  Method  of  Determining  the  Magnitude  of  the  Change  in  the 
Deflection  and  in  the  Distribution  of  the  Stresses  in  a  Eectangular 
Frame  Due  to  Slip  in  the  Connections. — In  order  to  determine  the 
magnitude  of  the  change  in  the  deflection  and  in  the  distribution  of 
the  stresses  in  a  rectangular  frame  due  to  slip  in  the  connections,  the 
following  formulas  are  derived: 

Let 

Mji^s  =  moment  at  A  in  member  AB. 

Qj^  =  change  in  slope  of  the  elastic  curve  of  the  member 

at  the  point  A. 
^g  =  change  in  slope  of  the  elastic  curve  of  the  member 

at  the  point  B. 

d  =  deflection  of  one  end  of  the  member  relative  to  the 
other  end,  measured  in  a  direction  normal  to  the 
original  position  of  the  member. 

I     =  length  of  the  member  in  inches. 

E   =  modulus  of  elasticity  of  the  material. 

/       moment  of  inertia    „      ,,  , 

K  =  ^  = , ^ lor  the  member. 

I  length 

It  has  been  proved  that  the  moment  at  the  end  A  of  the  member 

AB,  Fig.  1,  is  given  by  the  equation  * 

M^,=  2EK   {2d^-\-d^~3B)      .      .      .      .      (1) 

The  moment  at  the  end  of  a  member  may  be  expressed  in  terms  of 

the  changes  in  the  slopes  of  the  ends  of  the  member  and  the  deflection 

of  one  end  of  the  member  relative  to  the  other  end. 

If  the  frame  has  perfectly  rigid  connections,  and  y  for  A  B  and 

I 

C  D  is  represented  by  K,  and  y  for  A  D  and  B  0  by  nK,  then,  from 

equation  (1) 


*See    "Wind    Stresses    in    the    Steel    Frames    of    Oi^ce    Buildings,"    Univ.    of    111.    Eng. 
Exp.    Sta.,    Bnl.    80,    Equation    A,   p.    13,    1915. 
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M^^=  2  E  K    [26^   +  6s~(SR  =  0)   ]      .      .      (2) 

M^o  =■--  2  E  nK  \  3  e,,   -]-  do  —  SR'\ (3) 

Mnc=2EK    ^2dn+ea  —  {SR  =  0)]      .      .      (4) 

MoA  =  2  E  nK  \  2  dn  +  Oa  —  ^r] (5) 

The  point  A  is  in  equilibrium ;  therefore  Mab  +  Mad  =  0, 
and  likewise  Mj^a  +  M^c  =  0.  Since  the  frame  is  symmetrical 
about  a  vertical  center  line,  the  sum  of  the  moments  at  the  top  and 
at  the  bottom  of  AD  is  equal  to  one-half  of  the  shear  in  the  frame 
multiplied  by  the  height  of  the  frame,  that  is, 

MAn+  MoA  +  ^  =  0 (6) 

Equating  the  right  hand  members  of  equations  (2)  and  (3)  gives 

2eA{l  +  n)  -\-  dB  +  nej,—  SnR  =  0 (7) 

Likewise  from  equations   (4)   and   (5) 

2ej){l^n)  ^dc  +nd^  —  SnR  =  0 (8) 

From  the  conditions  assumed,  dg  =  6a  and  dc  =  do. 

Substituting  these  values  of  63  and  dc  in  equations  (7)  and 
(8)  gives. 

^.,  (3+2;i)  +   ndo  —  SnR^O .      (9) 

nd^  +  doiS  -\-2n)~3nR  =  0 (10) 

Substituting  the  values  of  Mad  and  Mda  from  equations  (3)  and 
(5)  in  equation  (6)  gives 

e_,+e,=.2R  =  -^^      (11) 

Solving  equations     (9),  (10),  and    (11)  for    Oa,  Od,  and  R  gives 
^^=   Y4.EK ^^^^ 

1     Fh  1 

R= (1  +  -) (14) 

2^  EK  n 
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Substituting  these  values  of  6^,  &d,  and  R  in  equations  (2)  and 
(4)  gives 

M^5  =  l/4   P/i      .     .      . (15) 

ilf^c==  1/4   Ph      . (16) 

Assuming  that  each  member  maintains  a  constant  section  up 
to  the  neutral  axis  of  the  member  which  it  intersects,  equations  (14), 
(15),  and  (16)  give  the  deflection  and  the  moments  in  the  frame 
when  the  connections  are  perfectly  rigid. 


Fig  17.    Diagram  of  Eectangular  Frame  with  Slip  at  Joints 

Consider  now  a  rectangular  frame  having  connections  which 
slip.  Such  a  frame  is  represented  by  Fig.  17,  The  changes  in  the 
slopes  at  the  ends  of  the  member  AB  are  represented  by  6^  at  A 
and  Bb  at  B;  likewise  for  the  member  CD  the  change  in  slope  at  C 
is  represented  by  dc  and  at  D  by  Od,  for  the  member  AD  the 
change  in  slope  at  A  is  represented  by  ds  and  at  D  by  dg,  and  for 
the  member  BC  the  change  of  slope  at  B  is  represented  by  dp  and 
at  C  by  do,  that  is,  the  angular  slip  at  A  equalt  Be  —  Qa,  the  an- 
gular slip  at  B  equals  dp  —  Ob,  the  angular  slip  at  C  equals  Bq 
—  dc,  and  the  angular  slip  at  D  equals  Oh  —  do. 

Represent-pfor  AB  and  CD  by  K,  and-y  for  AD  and  BC  hj  nK. 

Applying  equation  (1),*  equating  the  sum  of  the  moments  at  each 
of  the  points  A,  B,  C,  and  D  to  zero,  and  equating  the  sums  of  the 
moments  at  the  ends  of  the  two  members  AD  and  BC  to  zero  gives 


"^The  presence  of  slip  does  not  invalidate  equation   (1). 
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2EK  {26^+  Ob)  +2EnK  {2dE  +  ^5  — 3E)=0  .  .  (17) 

2EK  {2dB  +  9^) +2EnK  {2dp  +   da—SB)=0  .  .  (18) 

2EK  i2dc  +   do)  -i-2EnK  {2da  +  ^i.— 3E)=0  .  .  (19) 

2EK  {2dn   +    dc)  +2 EnK  (2^^  +  ^^  —  3i2)  =  0  .  .  (20) 

2  EnK  (29^  +  9^  —  3R  +  29^   +  9^  —  3R  +  29p  +  9q 
—  ?,R  -\-2eG  +  9f  —  2>R)  +  Ph  =  0 (21) 

Letting  A  represent  the  quantity,  slip  at  A  divided  by  R,  and 
letting  B,  C,  and  D  represent  the  corresponding  quantities  at  the 
points  B,  C,  and  D,  respectively,  gives 

A    _       ^E  9a 


B  = 

C  = 
D  = 


R  R 

9a  9c 

R  R 

9h  9r, 

R  R 


Substituting  the  values  of  9^,  9p,  9g,  and  9^  from  these  equations 
in  the  preceding  equations  gives 

^    (l+^)  +  |  +^    =n(3-2A-i))  .  .  (22) 

^(H-n)+|-+^=n  (3-25-D)  .  .  (23) 

^    (l  +  n)+^+^    =n  iS-2C-B)  .  .  (24) 

^   (1  +  n)  +  |-  +  ^    =n  (3-2D-A)  .  .  (25) 


2EnKR  = 


1/3  Ph 


^+f+f-+f+4-(A+5  +  C  +  Z)).     (26) 


These  five  equations  contain  four  unknown  angles  and  one  un- 
known deflection.  Solving  these  equations  and  substituting  the  values 
for  the  9  's  and  R  in  the  expressions  for  the  moments  gives 
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M     ^   ^  ^^ 

^"^      3    4-(4+5+C+D) 

rw2(6^+3B-9)+n(16A+5B+4C+5Z)— 30)  +  (6A+3D-9)' 


MnA  = 


(n+3)     (3n+l) 
1  Ph 


(27) 


3    4-(A+S+C+i)) 

nH6Z)+3C-9)+n(16i)+5C+4g+5yl-30)+(6Z)+3^-9) 

(n  +  3)     (3n  +  l) 


(28) 


^^^^       3     4-(A+5+(7+i)) 

[71^6^+3^-9) +n(16^+5^+4£)+5C-30)  +  (6^+3C-9)] 
[                                      (n+3)     (3n+l)  J  ^^^^ 

_  j^ P^^ 

^^~     3    4-(A+5+C+i)) 

r  n^(6C+3£)-9)+n(16C+5i)+4A+5^-30)  +  (6C+3B-9)  1 
!_  (n+3)     (3n  +  l)  J^*^"^ 

The   values   of  Oa,  Ob,    Be,    and   do,    determined    from   equations 
R    R     R  R 

(22)  to  (25)  substituted  in  equation  (26)  give 

R=^  (RA+RB+RC+RD)+^Ph-^^^^      .     .     (31) 

In  this  equation  RA,  RB,  RC,  and  RD  represent  the  slips  in  the  con- 
nections at  A,  B,  C,  and  D,  respectively.  If  the  slips  are  measured, 
R  can  be  computed  from  equation  (31).  Knowing  R  and  the  slip, 
the  values  of  A,  B,  C,  and  D  can  be  computed.  Substituting  the 
values  of  A,  B,  C,  and  D  in  equations  (11)  to  (14),  inclusive,  the 
moments  in  a  frame  having  connections  which  are  not  rigid  can  be 
determined. 

A  comparison  of  the  moments  given  by  equations  (27)  to  (30) 
with  the  moments  in  a  similar  frame  having  rigid  connections,  de- 
termined by  equations  (15)  and  (16),' will  give  the  changes  in  the 
moments  due  to  the  slip  in  the  connections.  A  comparison  of  the  de- 
flection of  the  frame,  as  given  by  equation  (31),  with  the  deflection 
in  a  similar  frame  having  rigid  connections,  as  given  by  equation 
(14),  will  give  the  change  in  the  deflection  due  to  the  slip  in  the 
connections. 
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If  A,  B,  C,  and  D  of  equations  (27)  to  (30),  inclusive,  are  equal 
to  each  other,  that  is,  if  the  slips  in  all  the  connections  of  the  rec- 
tangular frame  represented  by  Fig.  17  are  equal,  equations  (27)  to 
(30)  reduce  to  the  following  forms: 

M^^  =  l/4P/i •  .  (27a) 

M^^  =  l/4P/i (28a) 

M«c=l/4P/i (29a) 

McB=l/4:Ph (30a) 

These  moments  are  the  same  as  the  moments  given  by  equations 
(15)  and  (16). 

That  is,  if  the  slips  in  all  the  connections  of  the  rectangular 
frame  shown  in  Fig.  17  are  equal,  the  stresses  in  the  frame  are  the 
same  as  they  are  in  a  similar  frame  having  connections  which  are  per- 
fectly rigid. 

8.  Graphic  Records. — The  quantities  measured  in  the  tests 
are  recorded  graphically  in  Figs.  20  to  25.  In  these  diagrams,  meas- 
ured quantities  are  represented  by  full  lines,  and  computed  quan- 
tities by  broken  lines. 

9.  Strength  of  Test  Pieces.-z—An  engineer  is  interested  in  the 
rigidity  of  a  connection  at  usual  working  stresses  or  at  stresses 
slightly  higher.  In  computing  the  allowable  working  loads  upon 
the  test  pieces  the  following  unit  stresses  were  used : 

Axial  bending  stress  .  .  .  16,000  pounds  per  square  inch. 
Shear  on  rivets  ....  12,000  pounds  per  square  inch. 
Bearing  on  rivets  ....     24,000  pounds  per  square  inch. 

The  computed  working  loads  are  given  in  Column  3  of  Table  2. 
Methods  of  computing  the  working  loads  on  connections  of  the  types 
used  in  the  test  pieces  have  not  been  standardized.  The  methods 
used  in  computing  the  working  loads  given  in  Table  2  are  as  follows : 
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Table  2 
Loads  on  Test  Pieces 


Test 
Piece 

Load  at 
Failure 
on  One 
Girder 
Lb. 

Working 
Load 
Lb.l 

1.5  Times 

Working 

Load 

Lb.2 

Load  at  1 

Failure  ' 

Divided 

by  Working 

Load 

Moment 

on 

Connection 

at  Failure 

In.     Lb. 

Manner  of  Failure 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

Al 

44,450 

17,500 

26,250 

2.54 

5,334,000 

Column  buckled 

A2 

37,500 

18,540 

27,800 

2.02 

4,500,000 

Gusset  plate  buckled 

A3 

10,250 

3,030 

4,545 

3.38 

537,000 

Lug  angle  opened 

A4: 

13,550 

5.000 

7,500 

2.71 

570,000 

Column    buckled    and 
angle  opened 

A5 

19,000 

3,400 

5,100 

5.59 

1,860,000 

Connection    angle 

opened.  Rivet  failed 

in  tension 

A6 

11,250 

2,750 

4,125 

4.10 

606,000 

Connection    angles 
opened 

1  Based  upon  the  following  unit  stresses: 

Axial    bending    stress,  16,000    lb:,   per    sq.    in. 

Shear   on    rivets,  12,000      "        "      "      " 

Bearing,    Rivets,  24,000     "        "      "      " 

2  Corresponding  to   allowable   working   stresses   for   wind  loads. 


Al. — The  strength  of  the  connection  of  test  piece  Al  to  resist 
moment  is  considered  to  be  the  moment  of  a  couple  composed  of  two 
horizontal  forces,  one  force  is  applied  at  the  centroid  of  each  flange; 
the  magnitude  of  each  force  is  the  working  strength  in  bearing  of 
the  eleven  rivets  connecting  each  flange  of  the  girder  to  the  gusset 
plate.  The  working  load  on  the  girder  is  the  load  which  applied  at 
the  outer  end  of  the  girder  produces  the  given  moment  on  a  vertical 
section  through  the  outer  row  of  rivets  in  the  gusset  plate.  The 
vertical  shear  is  considered  to  be  taken  by  the  vertical  splice  plates 
connecting  the  girder  web  to  the  gusset  plate. 

A2. — The  working  load  for  test  piece  A2  was  determined  in  the 
same  manner  as  for  test  piece  Al. 

A3. — The  strength  of  the  connection  of  test  piece  AS  to  resist 
moment  is  considered  to  be  the  moment  of  a  couple  composed  of  two 
horizontal  forces ;  one  force  is  applied  at  the  top  surface  of  the  girder 
and  the  other  at  the  bottom  surface  of  the  girder.  The  magnitude 
of  each  force  is  the  working  strength  in  shear  of  the  two  rivets  con- 
necting the  lug  angle  to  the  girder.     The  working  load  on  the  girder 
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is  the  load  whieli  applied  at  the  outer  end  of  the  girder  produces  the 
given  moment  on  a  vertical  section  through  the  rivets  connecting 
the  lug  angles  to  the  girder. 

J.4. — The  strength  of  the  connection  of  test  piece  A4:  to  resist 
moment  is  determined  by  the  same  method  as  for  test  piece  A3.  The 
working  load  on  the  girder  is  the  load  which  applied  at  the  outer  end 
of  the  girder  produces  the  given  moment  on  a  vertical  section  through 
the  middle  rivet  connecting  the  lug  angle  to  the  girder. 

A5. — If  the  strength  of  the  connection  of  test  piece  A5  to  resist 
moment  is  regarded  as  determined  by  the  strength  to  resist  moment 
of  the  rivets  attaching  the  connection  angles  to  the  girder,  if  the 
outer  rivet  at  each  end  of  the  connection  angles  is  considered  to  be 
in  double  shear,  if  the  strength  of  the  intermediate  rivets  is  con- 
sidered as  determined  by  bearing  on  the  web  plate  of  the  girder,  re- 
duced one-third  for  the  loose  fill,  and  if  the  stress  in  the  rivets  varies 
as  the  distance  from  the  center  of  gravity  of  all  the  rivets,  the  work- 
ing load  on  the  girder  is  the  load  which  applied  at  the  outer  end  of 
the  girder  produces  the  given  moment  on  a  vertical  section  through 
the  rivets  attaching  the  connection  angles  to  the  girder.  The  vertical 
stress  upon  the  rivets  is  neglected. 

A6. — Consider  the  strength  of  the  connection  of  test  piece  A6  to 
resist  moment  to  be  determined  by  the  strength  of  the  rivets  attach- 
ing the  connection  angles  to  the  girder  web,  consider  the  stress  on 
each  rivet  due  to  moment  to  vary  as  the  distance  from  that  rivet  to 
the  center  of  gravity  of  all  the  rivets,  and  consider  the  vertical  shear 
to  be  evenly  distributed  over  all  the  rivets.  The  working  load  upon 
the  girder  is  the  load  which  applied  at  the  outer  end  of  the  girder 
produces  on  a  vertical  section  through  the  center  of  gravity  of  the 
rivets  attaching  the  connection  angles  to  the  girder  web  a  moment 
equal  to  the  resisting  moments  of  the  rivets. 

The  unit  stresses  which  have  been  used  in  determining  the  work- 
ing loads  on  the  girders  as  given  in  Column  3  of  Table  2  are  the 
usual  allowable  working  stresses  due  to  dead  and  to  live  loads.  This 
type  of  connections  for  the  test  pieces  is  used  largely  for  building 
frames  in  which  the  bending  stresses  are  due  to  wind  loads.  When 
wind  load  stresses  are  combined  with  dead  and  live  load  stresses,  the 
allowable  working  stresses  are  usually  fifty  per  cent  greater  than 
the  allowable  working  stresses  for  dead  and  live  loads  alone.  In  dis- 
cussing the  results  of  the  tests,  loads  one  and  one-half  times  the  work- 
ing loads  for  dead  and  live  loads  alone,  corresponding  to  wind  load 
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working  stresses,  are  used.  These  loads  are  given  in  Column  4  of 
Table  2. 

10.  Interpretation  of  Results. — For  the  curves  of  Figs.  20  to  25, 
the  relation  of  the  deviation  of  the  full  lines  from  the  dotted  lines 
to  the  deviation  of  the  dotted  lines  from  the  vertical  axis,  that  is,  the 
relation  of  the  slip  to  the  elastic  strain,  is  meaningless  inasmuch  as 
the  direction  of  the  dotted  line,  or  the  magnitude  of  the  elastic  strain, 
is  dependent  upon  the  distances  of  the  points  A,  B,  and  C  from  0, 
Fig.  8.  In  order,  to  determine  the  practical  significance  of  the  slip 
in  the  analysis  of  the  wind  stresses  in  the  frame  of  an  office  building, 
the  deflection  and  the  stresses  in  a  rectangular  frame  were  computed 
for  the  case  in  which  the  connections  are  assumed  to  be  perfectly 
rigid  and  for  the  case  in  which  the  connections  slip  by  the  amounts 
del:ermined  in  the  test. 

The  change  in  the  deflection  and  the  change  in  the  distribution 

of  the  moments  in  a  frame  due  to  slip  depend  upon  the  —  of  the  mem- 
bers of  the  frame,  that  is,  they  depend  upon  the  lengths  as  well  as 
upon  the  sections  of  the  members.  In  the  discussion  of  the  effect  of  slip, 
a  frame  fifteen  feet  high  and  twenty  feet  long  is  considered.  This  frame 
corresponds  to  average  practice  in  office  building  construction. 

The  effect  of  slip  upon  the  distribution  of  stresses  in  a  rectan- 
gular frame  depends  upon  differences  in  the  slips  rather  than  upon 
the  slips  themselves.  If  more  specimens  had  been  tested,  it  is  prob- 
able that  greater  differences  might  have  been  found  in  slips  than 
in  the  slips  obtained  from  the  two  specimens  of  each  type  tested. 
This  fact  must  be  kept  in  mind  in  considering  the  interpretation  of 
the  results. 

Two  methods  have  been  used  in  interpreting  the  results  of  the 
tests.  In  Sections  11  to  16,  the  stresses  were  determined  in  a  rec- 
tangular frame  for  which  the  slips  in  the  connections  were  taken 
equal  to  the  slips  corresponding  to  the  loads  given  in  Column  4  of 
Table  2,  as  measured  in  the  tests.  In  Section  17  the  stresses  were 
determined  in  a  rectangular  frame  for  which  the  slips  in  two  con- 
nections M^ere  taken  equal  to  the  maximum  slip  corresponding  to  the 
loads  given  in  Column  4  of  Table  2  as  measured,  and  the  slips  in  the 
other  two  connections  were  taken  equal  to  one-half  of  the  maximum 
slip.  In  other  words,  the  differences  in  the  slips  were  taken  equal  to 
one-half  of  the  maximum  measured  slip. 
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The  interpretation  of  the  results  in  Sections  11  to  17,  inclusive, 
are  therefore  based  upon  arbitrarily  fixed  conditions,  and  that  fact 
must  be  kept  in  mind  in  considering  the  interpretations  presented. 

11.  Test  Piece  Al. — The  ang-ular  strains  for  test  piece  Al  are 
shown  graphically  in  Fig.  20.  The  strain  measured  by  dial  UN8 
should  equal  the  sum  of  the  strains  measured  by  dials  iV4  and  UNI. 
A  similar  relation  exists  between  the  strains  measured  by  dials  LN8, 
N4:,  and  LNl;  US8,  M,  and  USl;  and  L88,  84:,  and  LSI.  These 
quantities  which  should  be  equal  are  approximately  equal,  indicating 
that  the  angular  strains  as  measured  are  at  least  reasonably  accurate. 
The  fact  that  the  observed  quantities  for  UN8,  LN8,  US8,  and  L88 
are  on  smooth  curves  and  the  fact  that  the  curves  are  so  nearly  alike 
are  additional  reasons  for  believing  that  the  angular  strains  meas- 
ured bj"  these  dials  are  reasonably  accurate.  The  discussion  which 
follows  is  based  upon  the  angular  strains  as  measured  by  dials  UN8, 
LN8,  US8,  and  LS8. 

In  Fig.  20,  comparing  the  full  line  curves  with  the  broken-line 
curves,  it  is  apparent  that  for  small  loads  the  angular  strain  of  C 
and  B  relative  to  A  (Fig.  8),  as  measured  and  as  computed,  agree 
very  closely,  but  that  as  the  load  increases,  the  difference  between 
the  measured  and  the  computed  strains  increases  very  rapidly. 

If  the  slip  corresponds  to  a  load  one  and  one-half  times  the  usual 
working  dead  and  live  loads,  the  load,  as  given  in  Column  4  of  Table 
2,  is  26,250  pounds.  Reading  from  the  curves  of  Fig.  20,  the  slip 
measured  in  radians,  that  is,  the  quantities  represented  by  the  hori- 
zontal distances  between  the  full  lines  and  the  broken  lines,  corre- 
sponding to  a  load  of  26,250  pounds  are  .0010  for  UN8,  .0013  for  LN8, 
and  .0025  for  US8  and  LS8.  The  properties  of  the  columns  and 
girders  are  given  in  Table  1. 

A  load  of  26,250  pounds  on  the  end  of  a  girder,  as  tested,  pro- 
duces a  moment  of  3,150,000  inch-pounds  on  the  connection  between 
the  column  and  the  girder.  With  a  rectangular  frame  subjected 
to  a  shear  as  shown  in  Fig.  1,  if  the  moment  on  each  connection  is 
3,150,000  inch-pounds,  since  the  total  shear  on  the  frame  times  the 
height  of  the  frame  equals  the  sum  of  the  moments  on  all  four  con- 
nections, Ph  =  4:x  3,150,000  =  12,600,000  inch-pounds. 

From  the  tests  the  slips  in  the  connections  due  to  a  load  upon  the 
girder  of  26,250  pounds  as  measured  by  dials  UN8,  LN8,  U88,  and 
LS8  and  as  given  previously  are  .0010,  .0013,  .0025,  and  .0025.    These 
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quantities  correspond  to   BA,  BB,  BC,   and  BD   of  equation  (3.1). 

From  Table  1: 
K  =  8.2 
nK  =  3.25 

n  =  A 

B  =  1/4  [.0073 +  .0802  1   =  .009375. 

d  =  180X  .009375  =  1.688  inches,  horizontal  deflection  of 

the  top  of  the  frame  relative  to  the  bottom. 

If  all  the  connections  are  perfectly  rigid, 

JS  =  1/4  X  .0302  =  .0075,  and 
d  =  180  X  .0075  =  1.35  inches. 

The  increase  in  the  deflection  of  the  columns  from  the  vertical 
due  to  the  slip  is  therefore  1.688  — 1.350  =  .388  inches,  or  25  per 
cent. 

Eef erring  to  Equation  (31),  d,  the  horizontal  deflection  of  the 
frame  which  equals  i^  X  ^^  is  made  up  of  two  quantities,  one  quantity 
contains  the  slip  in  the  connections  and  the  other  quantity  contains 
n  and  K.  The  first  quantity  is  the  deflection  due  to  slip ;  the  second 
quantity  is  the  deflection  due  to  the  elastic  strain  of  the  material.  The 
first  quantity  is  independent  of  the  sections  of  the  members ;  the  sec- 
ond quantity  decreases  as  both  n  and  K  increase.  The  actual  deflection 
of  a  frame  due  to  slip  in  the  connections  is,  therefore,  independent  of 
the  K's  of  the  members,  but  the  ratio  of  the  deflection  due  to  slip  in 
the  connections  to  the  deflection  due  to  the  elastic  strain  of  the  ma- 
terial increases  as  the  £^'s  of  the  members  increase. 

If  the  slips  in  all  the  connections  are  equal,  the  distribution  of 
the  stresses  is  the  same  as  if  the  connections  were  perfectly  rigid.* 
If  the  slips  in  the  connections  are  not  equal,  the  effect  of  the  slip 
upon  the  distribution  of  the  moments  depends  upon  the  location  of 
the  connections  at  which  the  different  slips  occur.  The  three  follow- 
ing distributions  of  the  slips  have  been  considered: 

Case  I 

BA  =  .0025,  slip  at  A  in  radians 

BB  =  .0025,  slip  at  B  in  radians 

BC  =  .0010,  slip  at  C  in  radians 

BD  =  .0013,  slip  at  D  in  radians 

*  See  page   30. 
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Case  II 

BA  =  ,0025,  slip  at  A  in  radians 
BB  =  .0010,  slip  at  B  in  radians 
BC  =  .0025,  slip  at  C  in  radians, 
BD  =  .0013,  slip  at  D  in  radians 

Case  III 

BA  =  .0025,  slip  at  A  in  radians 

BB  ==  .0010,  slip  at  B  in  radians 

BG  =  .0013,  slip  at  C  in  radians 

BD  =  .0025,  slip  at  D  in  radians 

For  Case  I  the  large  slips  occur  at  tlie  tops  of  the  columns,  for 
Case  II  one  large  slip  occurs  at  the  top  of  one  column,  and  the  other 
large  slip  occurs  at  the  bottom  of  the  other  column,  and  for  Case 
III  one  large  slip  occurs  at  the  top  of  one  column,  and  the  other  large 
slip  at  the  bottom  of  the  same  column.  The  moments  M^d,  Mda, 
Mbc,  and  McB,  as  given  by  equations  (27)  to  (30),  are  given  in 
Table  3. 


Table  3 

Effect  of  Slip  in  Connections  of  ^1  upon  Distribution  of  Moments  in 

Eectangular  Feame 

Case  I 


K=8.2,n=.4:     (See  Table  2) 

Moment 

Errorl 

^AD  =3,030,000  in.  lb. 

— 3.8  per  cent 

^DA  =3,240,000  in.  lb. 

+3.0  per  cent 

M 
Ba=3,050,000in.  lb. 

— 3.0  per  cent 

^CB  =3,300,000  in.  lb. 

+4.6  per  cent 
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Table  3   (Continued) 
Case  II 


K  =  S.2,  n  =  A           (See  Table  2) 

Moment 

Error' 

^AD  =3,050,000  in.  lb. 

— 3.2  per  cent 

^DA  =3,225,000  in.  lb. 

+2.0  per  cent 

^ffiC  =3,275,000  in.  lb. 

+4.0  per  cent 

■^CiB  =3,060,000  in.  lb. 

— 3.0  per  cent 

Case  III 


^AD  =2,980,000  in.  lb. 

— 5.4  per  cent 

-^DA  =2,978,000  in.  lb. 

— 5.5  per  cent 

-^fiC  =3,360,000  in.  lb. 

+6.8  per  cent 

■^C5  =3,308,000  in.  lb. 

+5.0  per  cent 

1  "Error"  in  this  table  means  the  difference  between  the  moments  determined  from 
equations  (27)  to  (30)  and  the  moments  based  upon  the  assumptions  that  the  connections 
are  perfectly  rigid  and  that  each  member  maintains  a  constant  section  up  to  the  neutral 
axis   of   the   member   which   it   intersects. 

It  is  apparent  from  Table  3  that  for  the  frame  considered  the 
slip  does  not  materially  affect  the  distribution  of  the  stresses.  It  re- 
mains to  determine  the  effect  of  the  size  of  the  section  of  the  mem- 
bers upon  the  change  in  the  distribution  of  the  stresses  resulting  from 
the  slip.  It  is  to  be  expected  that  slip  in  the  connections  of  a  rec- 
tangular frame  will  have  a  greater  effect  upon  the  distribution  of 
the  stresses  if  the  members  of  the  frame  are  short  and  stiff  than  if 
they  are  long  and  flexible.  Consider  a  frame  exactly  like  the  one 
for  which  the  moments  have  been  determined  except  that  the  /'s 
of  the  columns  are  changed.  That  is,  n  of  equations  (27)  to  (30)  is 
assigned  different  values.  The  moments  in  frames  having  values  of 
n  equal  to  1  and  2  were  computed  on  the  basis  that  the  connections 
are  perfectly  rigid,  and  also  upon  the  basis  that  the  slip  is  the  same 
as  specified  for  Case  I,  Case  II,  and  Case  III  (page  34).  The  dif- 
ferences in  results  obtained  by  the  two  methods  are  designated  as  the 
errors  due  to  the  assumptions  that  the  connections  are  perfectly 
rigid  and  that  each  member  maintains  its  section  up  to  the  axis  of 
the  member  which  it  intersects.  The  errors  are  represented  graph- 
ically in  Fig.  18. 
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In  order  to  study  further  the  effect  of  the  stiffness  of  the  mem- 
bers of  a  frame  upon  the  error  due  to  slip  in  the  connections,  the 
moments  were  determined  in  frames  for  which  the  columns  and  the 


4  Q  12  IG 

Value  G¥  K        n  =  l 

Fig.  19.    Error  in  Computations  for  Moment  in  Frame  with  Varying 

Values  of  K 
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girders  have  the  same  values  of  K,  that  is,  n  is  made  equal  to  1,  and 
for  which  K  for  both  columns  and  girders  has  the  values  4,  8,  12,  and 
16.  The  slips  in  the  eounections  and  the  total  moment  upon  the 
frame  were  taken  the  same  as  in  Case  I,  II,  and  III.  The  magnitude 
of  the  errors  due  to  slip  is  represented  in  Fig.  19. 

It  is  apparent  from  Figs.  18  and  19  that  in  judging  the  serious- 
ness of  the  error  in  the  moments  in  a  frame  due  to  slip  in  the  con- 
nections, it  is  necessary  to  consider  the  7f 's  of  the  members.  The 
girder  of  Al  is  about  8.5  per  cent  stronger  in  moment  than  the  con- 
nection. The  distances  between  columns  of  bents  of  office-building 
frames  are  usually  between  fifteen  feet  and  twenty-five  feet.  It, 
therefore,  seems  that  the  value  of  K  equaling  8.2  for  the  girder  of 
Al,  corresponding  to  a  distance  between  columns  of  twenty  feet,  is 
as  large  as  would  be  used  in  an  office  building  in  conjunction  with 
the  connection  of  test  piece  Al. 

The  size  of  a  column  of  an  office  building  is  usually  determined 
by  the  axial  load  rather  than  by  the  bending  moment  due  to  the  wind 
load.  The  relation  between  the  axial  stress  in  a  column  due  to  dead 
and  to  live  load  and  the  bending  stress  in  the  column  due  to  the  wind 
load  depends  upon  many  features  of  the  building  and  is  distinct  for 
each  building. 

Taking  a  position  intermediate  between  the  two  extremes,  a  col- 
umn section  consisting  of  one  web  plate  14  by  5/8,  four  flange  angles 
5  by  4  by  5/8  and  two  cover  plates  14  by  1-1/8,  having  a  moment  of 
inertia  of  3006  in.*,  was  used  at  a  point  on  the  column  where  the 
mom-cnt  on  the  connection  corresponded  to  a  load  of  26,250  pounds 

upon  the  girder  of  Al  as  tested.     For  this  column  n  =  ^„^^        ,^ 

1966  X  15 

=  2.    With  K  equal  to  8.2  and  n  equal  to  2,  the  maximum  error  is 

in  McB  under  Case  I  and  is  slightly  less  than  15  per  cent. 

In  the  tests,  furthermore,  the  loads  were  so  applied  that  slip 
in  a  connection  did  not  reduce  the  moment  to  which  the  connection 
was  subjected,  whereas  in  engineering  structures  the  moment  is  au- 
tomatically transferred  from  a  connection  which  slips  to  the  more 
rigid  connections.  The  addition  to  the  moment  on  the  more  rigid 
connections  and  the  reduction  of  the  moment  on  the  less  rigid  con- 
nections tend  to  make  the  slip  on  all  the  connections  more  nearly 
equal  than  in  the  case  of  the  specimens  tested. 

It  seems,  therefore,  that  the  tests  of  the  two  specimens  marked 
Al  support  the  following  statement: 
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Fig.  20.     Test  Ee.sults  for   Te.st  Piece  A\ 

NOTE. — In  Figs.  20  to  25  the  location  of  the  measurements  is  given  by  a  combination  of 
letters  and  numbers.  The  letters  refer  to  general  location,  r,  upper  side  ;  i,  lower  side: 
.A',  north  end;  S,  south  nd;  E,  east  side;  T7,  west  side.  The  numbers  refer  to  the  location 
of  the  measurements  on  the  test  piece   as  shown  by   Figs.   10  to   15.    inclusive. 
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For  rectangular  frames  having  opposite  sides  alike,  the  assump- 
tions that  the  connections  are  perfectly  rigid  and  that  each  member 
maintains  its  section  up  to  the  neutral  axis  of  the  member  to  which 
it  is  connected  produce  errors  in  the  moments  which  are  dependent 
upon  the  stiffness  of  the  members.  The  magnitude  of  the  error  de- 
pends upon  the  ii's  of  all  the  members  of  the  frame.     For  wind 
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braces  for  office  buildings  the  maximum  error  usually  will  be  con- 
siderably less  than  15  per  cent. 

12.  Test  Piece  A2. — Referring  to  Fig.  8,  the  slip  in  the  con- 
nection which  affects  the  stresses  in  a  frame  can  be  obtained  from 
the  rotation  of  the  points  B  and  C  relative  to  the  point  A.  The  ro- 
tation of  B  relative  to  A  equals  the  rotation  of  B  relative  to  0  plus 
the  rotation  of  A  relative  to  0.  Similarly,  the  rotation  of  C,  relative 
to  A  equals  the  rotation  of  C  relative  to  0  plus  the  rotation  of  A 
relative  to  0.  Referring  to  Fig.  21,  for  the  north  specimen,  the  ro- 
tation of  B  relative  to  0  is  represented  graphically  by  curve  Z7iVl, 
A  relative  to  0  by  curve  iV4,  and  C  relative  to  0  by  curve  LNl.  For 
the  south  specimen,  the  rotation  of  B  relative  to  0  is  represented 
graphically  by  curve  U81,  A  relative  to  0  by  curve  ;S'4,  and  C  rela- 
tive to  0  by  curve  LSI.  The  slip  of  B  relative  to  A  is  represented 
by  the  sum  of  the  horizontal  distances  between  the  full  lines  and  the 
broken  lines  for  curves  UNI  and  iV4  for  the  north  specimen,  and  by 
the  sum  of  the  corresponding  distances  for  curves  JJSl  and  >S'4  for 
the  south  specimen.  Similarly  the  slip  of  G  relative  to  A  is  repre- 
sented by  the  sum  of  the  horizontal  distances  between  the  full  lines 
and  the  broken  lines  of  curves  LNl  and  iV4  for  the  north  specimen, 
and  by  the  sum  of  the  corresponding  distances  for  curves  LSI  and 
84:  for  the  south  specimen. 

With  a  load  of  27,800  pounds  on  the  girder  (see  Column  4, 
Table  2),  the  rotation  of  B  relative  to  A  due  to  slip,  obtained  as  out- 
lined previously,  is  .0018  for  the  north  specimen  and  .002  for  the 
south  specimen.  The  rotation  of  C  relative  to  A  due  to  slip  is  .0013 
for  the  north  specimen  and  .0014  for  the  south  specimen.  The  dif- 
ferences between  the  slips  for  specimen  A2  are  only  about  42  per 
cent  as  great  as  the  differences  in  the  slips  for  Al,  and  the  errors  in 
the  moments  based  upon  the  assumption  that  the  connections  are  per- 
fectly rigid  are  accordingly  less  for  A2  than  for  Al. 

The  fact  that  the  lower  part  of  the  connection  is  more  rigid  than 
the  upper  part  is  due  to  the  fact  that  the  lower  part  is  in  compression 
and  the  upper  part  is  in  tension.  The  lug  angles  of  the  connection 
and  the  flange  angles  of  the  column  are  more  rigid  to  resist  com- 
pression than  tension.  If  the  frame  represented  by  Fig.  1  has  connec- 
tions like  A2,  the  lug  angles  and  flange  angles  are  in  compression  for 
connections  at  B  and  D  and  are  in  tension  for  connections  at  A  and  C. 

In  order  to  determine  the  error  in  the  moments  in  a  frame  due 
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to  slip  in  the  eonnectioiis  of  tke  type  used  for  A2,  a,  frame  fifteen 
feet  high  and  twenty  feet  long  with  colnmn  and  girder  sections  the 
same  as  for  specimens  A2  was  used.  For  a  moment  on  each  connec- 
tion corresponding  to  a  load  of  27,800  pounds  on  a  girder  as  the  speci- 
mens were  tested,  let  the  slip  at  A  and  C  equal  the  average  slips  of 
the  two  connections  having  lug  angles  in  compression  and  let  the 
slip  at  B  and  D  equal  the  average  of  the  slips  of  the  two  connections 
having  the  lug  angles  in  tension.    That  is, 

EC  =  BA  =- '^ =  .0019,  slips  at  A  and  C  in  radians. 

RD  =  BB='  -QQ^^  +  -QQ^^  :^  .00135,  slips  at  B  and  D  in  radians. 

Ph  =  4:X  27,800  X  120  =  13,350,000  inch-pounds. 
From  Table  1, 

K  =  8.2  in.^ 
nK  =  3.25  in.3 

71=    A 

Substituting  these  values  in  equations  (27)  to  (30)  gives  the 
moments  in  the  frame.  The  moments  and  the  errors  due  to  slip  are 
given  in  Table  4. 

Table  4 

Effect  of  Slip  in  Connections  of  -42  upon  Distribution  of  Moments  in 

Eectangular  Feame 


K  =8.2,  n=A     (See  Table  2.) 

Moment 

Errorl 

^AD  =3,300,000  in.  lb. 
^DA  =3,375,000  in.  lb. 
^BC  =3,375,000  in.  lb. 
■^CB  =3,300.000  in,  lb. 

— 1  per  cent 
+1  per  cent 
+1  per  cent 
— 1  per  cent 

1  "Error"  in  this  table  means  the  difference  between  the  moments  determined  from 
equations  (27)  to  (30)  and  the  moments  based  upon  the  assumptions  that  the  connec- 
tions are  perfectly  rigid  and  that  each  member  maintains  a  constant  section  up  to  the 
neutral  axis   of  the  member  which  it  intersects. 

Comparing  Table  4  with  Table  3  it  is  apparent  that  with  n  = 
A  the  maximum  error  in  the  moments  due  to  slip  is  much  less  for 
A2  than  for  Al. 
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The  horizontal  deflection  of  the  frame  with  connections  like  the 
connections  used  for  A2  as  given  by  equation  (31)  is  1.728  inches,  of 
which  .288  inches  or  20  per  cent  are  due  to  the  slip  in  the  connections. 

With  n  ^  2  and  all  other  quantities  the  same  as  before,  the  mo- 
ments are  as  given  in  Table  5. 

Table  5 
Effect  of  Slip  in   Connections  op  ^2   upon   Distribution   op  Moments   in 

Eectangular  Frame 


K  =8.2,  n  =2.0     (See  Table  2.) 

Moment 

Error! 

^AD  =3,250,000  in.  lb. 

— 2.7  per  cent 

^DA  =3,430,000  in.  lb. 

+3     per  cent 

■^SC  =3,430,000  in.  lb. 

+3     per  cent 

■^6/5=3,250,000  in.  lb. 

— 2.7  per  cent 

1  "Error"  in  this  table  means  the  difference  between  the  moments  determined  from 
equations  (27)  to  (30)  and  the  moments  based  upon  the  assumptions  that  the  connections 
are  perfectly  rigid  and  that  each  member  maintains  a  constant  section  up  to  the  neutral 
axis  of  the  member  which  it  intersects. 

Comparing  Table  5  with  Table  3,  with  n  =  2.0,  the  maximum 
error  in  the  moments  due  to  slip  is  3  per  cent  for  A2 ;  whereas  the 
corresponding  ■  error  due  to  slip  for  Al  is  9.5  per  cent. 

Although  sufficient  tests  have  not  been  made  to  justify  a  final 
conclusion,  the  tests  of  the  two  specimens  indicate  that  the  type  of 
connection  used  for  specimen  A2  is  more  rigid  than  that  used  for  Al. 
The  relation  between  moment  and  slip  was,  moreover,  more  nearly 
the  same  for  the  two  specimens  A2  than  for  the  two  specimens  Al. 
Inasmuch  as  the  strain  for  A2  was  largely  due  to  the  elastic  strain 
of  the  material,  a  quantity  independent  of  the  workmanship  of  the 
assembler,  whereas  the  strain  for  Al  was  largely  due  to  slip  of  rivets, 
a  quantity  dependent  upon  the  workmanship  of  the  assembler,  it  is 
reasonable  to  expect  the  connections  of  A2  to  behave  more  consist- 
ently than  the  connections  of  Al.  Since  it  is  differences  of  slips  rather 
than  absolute  slips  which  affect  the  distribution  of  moments,  slip  of 
the  connections  A2  will  cause  less  error  in  the  analysis  of  the  stresses 
than  slip  of  the  connections  ^1.  With  the  type  of  connection  used 
for  specimen  A2,  for  frames  of  usual  proportions,  furthermore,  the 
assumptions  that  the  connections  are  perfectly  rigid  and  that  a  mem- 
ber maintains  its  section  up  to  the  neutral  axis  of  the  member  to 
which  it  is  connected  produce  a  very  small  error  in  the  moments  in 
the  frame. 
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13.     Test  Piece  AS. — Referring  to  Fig.   22  the  rotation  of  the 
girder  relative  to  the  column  is  measured  by  dial  N  for  the  north 
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specimen  and  by  dial  8  for  the  south  specimen.  The  slips  in  the  con- 
nections are  measured  by  the  horizontal  distances  between  the  full- 
line  and  the  broken-line  curves. 


48 


ILLINOIS   ENGINEERING   EXPERIMENT   STATION 


Referring  to  Table  2,  one  and  one-half  times  the  working  load 
for  usual  dead  and  live  load  stresses  is  4,545  pounds.  From  Fig.  22, 
a  load  of  4545  pounds  on  a  girder  produces  a  slip  in  the  connection 
of  .0028,  the  same  for  both  specimens,  as  near  as  it  is  possible  to  read 
from  the  curves.    If  the  slips  in  all  the  connections  of  a  frame  are 
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equal,  the  distribution  of  the  moments  is  the  same  as  if  the  connec- 
tions were  perfectly  rigid. 

Although  large  equal  slips  in  the  connections  of  a  frame  do  not 
affect  the  distribution  of  the  moments,  a  large  slip  in  the  connec- 
tions does  seriously  affect  the  stiffness  of  the  frame.  If  a  frame  fif- 
teen feet  high  and  twenty  feet  long  made  up  of  12  inch  —  31  1/2 
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pound  I-beams  is  joined  with  connections  like  the  ones  used  for  A3, 
the  horizontal  deflection  of  the  columns  due  to  horizontal  shear  on 
the  frame  producing  a  slip  of  .0028  in  the  connections,  as  given  by 
equation  (31),  is  1.260  inches,  of  which  .672  inches  or  53.4  per  cent 
are  due  to  the  slip  in  the  connections. 

14.  Test  Piece  A4:. — Referring  to  Fig.  23,  rotation  of  the  girder 
relative  to  the  column  is  measured  by  dial  N  for  the  north  specimen 
and  hy  dial  S  for  the  south  specimen.  The  slips  in  the  connections 
are  measured  by  the  horizontal  distances  between  the  full-line  and 
the  broken-line  curves. 

Referring  to  Table  2,  one  and  one-half  times  the  working  load 
for  usual  dead  and  live  load  stresses  is  7,500  pounds. 

From  Fig.  23,  a  load  of  7,500  pounds  on  a  girder  produces  a 
slip  in  the  connection  of  .00144  radians  for  the  north  specimen  and 
.00072  radians  for  the  south  specimen.  In  each  case  the  angle  given 
is  the  slip  between  A  and  0.  The  slip  upon  which  the  distribution 
of  the  moments  depends  is  the  slip  between  A  and  B,  and  between  A 
and  C.  This  slip  was  not  determined  for  these  specimens,  and  it  is 
therefore  impossible  to  determine  the  effect  of  the  slip  upon  the  dis- 
tribution of  the  moments.  Judging  from  the  results  of  this  test, 
however,  for  connections  which  are  apparently  alike,  a  given  moment 
produces  radically  different  slips  in  different  connections,  and  the 
distribution  of  the  moment  is  therefore  seriously  affected  by  the  slip 
in  the  connections. 

15.  Test  Piece  A5. — Referring  to  Fig.  24,  rotation  of  the  girder 
relative  to  the  column  is  measured  by  dials  UN,  LN,  and  iV3  for  the 
north  specimen,  and  by  dials  TJ8,  L8,  and  SS  for  the  south  specimen. 
The  total  slip  in  the  connection  for  the  upper  part  of  the  column  is 
the  slip  between  B  and  0  plus  the  slip  between  A  and  0.  This  is 
represented  graphically  by  the  sum  of  the  horizontal  distances  be- 
tween the  full-line  and  the  broken-line  curves  for  UN  and  iV3.  The 
total  slip  in  the  connection  for  the  lower  part  of  the  column  is  the 
slip  between  C  and  0  plus  the  slip  between  A  and  0.  This  is  repre- 
sented graphically  by  the  sum  of  the  horizontal  distances  between 
the  full-line  and  broken-line  curves  LN  and  iV3. 

Referring  to  Table  2,  one  and  one-half  times  the  working  load 
for  usual  dead  and  live  load  stresses  is  5,100  pounds.  Referring  to 
Fig.  24,  the  slips  in  the  connections  for  a  load  of  5,100  pounds  are 
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equal  for  all  connections  as  nearly  as  can  be  determined  from  the 
curves,  but  for  larger  loads  the  slip  in  the  south  specimen  is  a  little 
greater  than  in  the  north  specimen.  That  is,  although  the  connec- 
tions slip,  the  slips  in  the  different  connections  at  working  loads  are 
so  nearly  alike  that  the  moment  in  a  rectangular  frame  is  distributed 
almost  exactly  the  same  as  it  is  when  all  the  connections  are  per- 
fectly rigid. 

To  determine  the  effect  of  the  slip  in  the  connections  upon  the 
horizontal  deflection  in  a  rectangular  frame,  consider  a  frame  fifteen 
feet  high  and  twenty  feet  long  haying  column  and  girder  sections 
and  connections,  like  the  ones  used  for  A5.  As  determined  from 
equation  (31)  the  deflection  of  the  frame  when  the  moment  in  each 
connection  equals  the  moment  in  the  connection  of  AS  due  to  a  load 
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of  5,100  pounds  is  .339  inches  of  which  .122  inches,  or  36  per  cent, 
are  due  to  slip  in  the  connections. 

16.     Test  Piece  A6. — Referring  to  Fig.  25,  the  rotation  of  the 
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girder  relative  to  the  column  is  measured  by  dial  iV  for  the  north 
specimen  and  by  dial  ^  for  the  south  specimen.  The  slip  is  repre- 
sented graphically  by  the  horizontal  distance  between  the  full-line 
and  the  broken-line  curves  marked  iV,  for  the  north  specimen  and  by 
the  corresponding  distance  on  the  curves  marked  ^,  for  the  south 
specimen. 

From  Table  2,  one  and  one-half  times  the  working  load  for  usual 
dead  and  live  load  stresses  is  4,125  pounds. 

Referring  to  Fig.  25  for  a  load  of  4,125  pounds  on  one  girder 
the  slip  in  the  connection  for  the  north  specimen  is  .0052  radians,  and 
the  slip  for  the  south  specimen  is  .0033  radians. 

Let  a  rectangular  frame  similar  to  Fig.  1,  fifteen  feet  high 
and  twenty  feet,  long  be  made  up  of  girders  and  columns  having  the 
same  section  as  the  corresponding  members  of  specimen  A6  and 
joined  with  the  type  of  connection  used  for  A6.    If  the  average  mo- 


52  ILLINOIS   ENGINEERING   EXPERIMENT  STATION 

ment  at  each,  connection  of  tlie  frame  is  equal  to  the  moment  pro- 
duced in  the  connection  of  A6  due  to  a  load  of  4,125  pounds  on  one 
girder,  the  quantity  Ph  =  743,000  inch-pounds.  Consider  the  slip 
at  A  and  D  to  be  .0052  radians  and  at  B  and  C  to  be  .0033  radians. 
K=.9 
nK  =  .755 

n  =  M 
Ph  =  743,000  in.  lb. 
BA  =  .0052  slip  at  A  in  radians 
EB  =  .0033  slip  at  B  in  radians 
RC  =  .0033  slip  at  G  in  radians 
BD  =  .0052  slip  at  D  in  radians 
The  horizontal  deflection  of  the  frame  as  given  by  equation  (31) 
is  1.211  inches  of  which  .765  inches  or  63  per  cent  are  due  to  slip  in 
the  connections. 

The  moments  in  the  frame,  as  given  by  equations  (27)  to  (30), 
are  given  in  Table  6. 

Table  6 

Effect  of  Slip  in  Connections  of  AQ  upon  Distribution  of  Moments  in 

Eectangulae  Frame 


X  =  .9,  w  =  .86  (see  Table  2) 

Moment 

Errorl 

■^^Z?  =150,000  in.  lb. 

— 19.4  per  cent 

■^£»A  =150,000  in.  lb. 

— 19.4  per  cent 

^BC  =222.000  in.  lb. 

-1-19 . 4  per  cent 

■^CjS  =222,000  in.  lb. 

+19.4  per  cent 

1  "Error"  in  this  table  means  the  difference  between  the  moments  determined  from 
equations  (27)  to  (30)  and  the  moments  based  upon  the  assumptions  that  the  connections 
are  perfectly  rigid  and  that  each  member  maintains  a  constant  section  up  to  the  neutral 
axis   of   the   member   which   it  intersects. 

If  the  frame  is  7.5  feet  high  and  10  feet  ]ong, 
K=  1.8  in.3 
nK  =  1.55  in.^ 

n=     .86 
PJi  =  743,000  in.  lb. 
BA  =     .0052  slip  at  A  in  radians 
BB  ==     .0033  slip  at  B  in  radians 
BC  =     .0033  slip  at  C  in  radians 
BD  =     .0052  slip  at  D  in  radians 
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The  horizontal  deflection  of  the  frame  as  given  by  equation  (31) 
is  .495  inches  of  which  .382  inches  or  77  per  cent  are  due  to  slip  in  the 
connections. 

The  moments  in  the  frame  are  given  in  Table  7, 

Table  7 

Effect  of  Slip  in  Connections  of  ^6  upon  Distribution  of  Moments  in 

Eectangular  Frame 


K  =  1 .8,  n  =  .86     (see  Table  2) 

Moment 

Errorl 

■*^Z?A  =113,000  in.  lb. 

— 39.0  per  cent 

^DA  =113,000  in.  lb. 

— 39 . 0  per  cent 

-^BC  =260,000  in.  lb. 

+40.0  per  cent 

^CB  =260,000  in.  lb. 

+40 . 0  per  cent 

1  "Error"  in  this  table  means  the  percentage  of  difference  between  the  moment  de- 
termined from  equations  (27)  to  (30)  and  the  moments  based  upon  the  assumptions  that 
the  connections  are  perfectly  rigid  and  that  each  member  maintains  a  constant  section 
up  to  the  neutral  axis  of  the  member  which  it  intersects. 

17.  Comparison  of  Results  of  Tests  of  Different  Test  Pieces. — 
Since  the  effect  of  slip  in  the  connections  upon  the  distribution  of 
the  stresses  in  a  rectangular  frame  depends  upon  quantities  independ- 
ent of  the  type  of  connection  used,  in  making  any  comparison  of  the 
different  types  of  connections  certain  quantities  must  be  fixed  arbi- 
trarily. It  must  be  clearly  borne  in  mind  that  the  results  of  the 
comparison  are  true  only  under  the  conditions  specified.  Analyses 
of  the  effect  of  slip  in  the  connections  upon  the  stresses  in  a  rectan- 
gular frame  under  certain  arbitrary  fixed  conditions  are  presented 
in  Sections  10  to  15,  inclusive.  As  a  further  study,  the  effect  of  slip 
has  been  determined  under  the  following  arbitrarily  fixed  condi- 
tions : 

(1)  The  moment  on  the  connection  is  the  moment  due  to  a 
load  one  and  one-half  times  the  working  load  corresponding  to  usual 
dead  and  live  load  stresses;  that  is,  it  is  the  moment  to  which  the 
connection  would  be  subjected  as  a  part  of  wind  bracing.  This  load 
is  given  in  Column  4  of  Table  2  and  is  repeated  in  Column  2  of 
Table  8. 

(2)  The  slips  at  A  and  B  are  taken  equal  to  each  other  and 
equal  to  the  maximum  slip  measured  at  the  load  specified.     The 
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slips  at  C  and  D  are  taken  equal  to  each  other  and  equal  to  one  half 
of  the  slips  at  A  and  B.  Differences  in  slips  rather  than  slips  them- 
selves affect  the  distribution  of  the  stresses  in  the  frame.  The  arbi- 
trarily fixed  differences  in  the  slips  are  used  rather  than  the  dif- 
ferences obtained  in  the  tests  because  it  is  considered  that  tests  of 
two  specimens  cannot  be  relied  upon  to  bring  out  the  differences  in 
the  behavior  of  connections  which  are  supposed  to  be  identical.  It  is 
only  fair,  however,  to  point  out  that  for  Al  the  differences  in  the 
slips  for  the  two  specimens  as  determined  by  tests  were  a  little  great- 
er than  one-half  the  maximum  slip ;  whereas  for  A2  the  differences 
in  the  slips  were  less  than  one  half  of  the  maximum  slip  as  determined 
by  the  tests. 

(3)  The  K'^  of  all  members  of  the  frame  are  taken  equal  to 
10,  that  is,  if  the  moment  of  inertia  of  the  member  is  small  the 
member  is  short,  whereas  if  the  moment  of  inertia  of  the  member  is 
large  the  member  is  long,  a  condition  prevalent  in  structures. 

The  quantities  used  in  the  determination  of  the  moments  are 
given  in  Columns  2  to  4  of  Table  8 ;  the  moments  in  the  frames  are 
given  in  Columns  5  and  6.  The  errors  in  the  calculated  moments 
resulting  from  the  slip,  due  to  the  assumptions  that  the  connections 
are  perfectly  rigid  and  that  the  member  maintains  its  section  up  to 
the  neutral  axis  of  the  member  to  which  it  is  connected,  are  given 
in  Column  7,  all  in  Table  8. 

From  Column  7,  Table  8,  it  is  apparent  that  under  the  condi- 
tions assumed,  the  connections  for  specimens  Al  and  A2  can,  for  the 
purpose  of  analyzing  stresses  in  a  rectangular  frame,  be  considered 
perfectly  rigid  without  introducing  prohibitive  error,  but  the  con- 
nections for  specimens  J.3,  JL4,  JL5,  and  J.6,  for  the  purpose  of  an- 
alyzing stresses,  cannot  be  considered  perfectly  rigid. 

The  error  due  to  slip  cannot  exceed  one  hundred  per  cent  of  the 
computed  moment.  Errors  greater  than  one  hundred  per  cent  given  in 
Column  8  of  Table  8  were  obtained  because,  for  the  conditions  upon 
which  the  error  due  to  slip  is  based,  slip  in  a  connection  is  not  con- 
sidered as  reducing  the  moment  which  produces  the  slip.  As  a 
matter  of  fact  if  a  connection  slips,  the  moment  to  which  it  is  sub- 
jected is  automatically  transferred  to  other  connections.  The  error 
in  a  frame  due  to  slip  in  the  connections  is  therefore  less  than  the 
values  given  in  Column  8  of  Table  8,  the  difference  between  the  true 
error  and  the  values  given  in  Table  8  depending  upon  the  size  of 
the  error.     The  values  given  in  Column  8  of  Table  8  are  therefore 
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relative  rather  than  actual  errors.     The  actual  errors  are  less  than 
the  values  given  in  the  table. 

Table  8 
Comparison  of  Effects  of  Slips  in  Gonnections  upon  Moments  in  Eectangu- 

LAR  Frames 

K  =  10,  n  =  l. 

Slip  at  A  and  B  is  maximum  slip  as  determined  by  tests  at  a  load  corresponding  to 
one  and  one-half  times  the  usual  dead  and  live  working  loads.  Slip  at  C  and  D  is  taken 
as  one-half  of  the   slip   at  A   and  B. 


Test 
Piece 

1.5  Times 

Working 

Load 

Slip  at  A 
and  B  = 
RA  =RB 

Slip  at  C 
and  D  = 
RC=RD 

Mad=Mbc 
in  Lb. 

Mda  =Mbc 

in  Lb. 

Errors  Due 
to  Slip 

in  Lb. 

Al 
A2 
A3 
A4 
A5 
A6 
■ 

26,250 
27,800 
4,545 
7,500 
5,100 
4,125 

.0025 

.0020 

.0028 

.00144 

.0046 

.00.52 

.00125 

.0010 

.0014 

.00072 

.0023 

.0026 

2,870,000 
3,095,000 

—88,000 
161,000 

—22,700 
—439,000 

3,434,000 

3,560,000 

541,000 

483,300 

1,023,000 

805,000 

9  per  cent 

7  per  cent 

138  per  cent 

50  per  cent 

104  per  cent 

436  per  cent 

12,600,000 

13,300,000 

910,000 

1,290,000 

2,000.000 

742,000 

18.  Conclusions. — The  main  object  of  these  tests  was  to  deter- 
mine whether  serious  error  is  introduced  into  computations  for  stress- 
es in  steel  frames  by  the  assumption  that  the  joints  are  perfectly 
rigid. 

The  rigidity  of  various  types  of  joints  has  been  studied  by  means 
of  tests,  and  the  error  introduced  into  computations  studied  by  means 
of  mathematical  analysis  of  the  action  of  frames  with  slip  at  the 
joints  of  a  magnitude  such  as  was  observed  in  these  tests.  The  action 
under  a  load  producing  stresses  equal  to  one  and  one-half  times  the 
working  stress  has  been  taken  as  a  criterion,  and  for  the  joints  stud- 
ied the  following  conclusions  reached : 

Connections  of  the  type  used  for  specimens  Al  and  A2  are  so 
rigid  that  for  the  purpose  of  analyzing  stresses  in  rectangular  frames 
the  connections  can  be  considered  as  perfectly  rigid  without  intro- 
ducing serious  errors  into  the  results. 

The  errors  due  to  slip  in  the  connections  is  less  for  A2  than  for 
Al. 

Connections  of  the  type  used  for  specimens  A3,  J.4,  A5,  and  A6 
for  the  purpose  of  analyzing  stresses  cannot  be  considered  perfectly 
rigid. 
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PREFACE 

As  a  part  of  the  experimental  work  conducted  in  the  Hydrauhc 
■*'  ^  Laboratory  of  the  University  of  Ihinois  a  number  of  problems 
has  been  investigated  which  has  not  been  large  enough  in  scope  to  war- 
rant publication  as  separate  bulletins.  It  seems  well,  however,  to  put 
on  record  the  results  of  such  experiments,  and  this  bulletin  presents 
a  record  of  four  of  these  problems.  It  is  believed  that  the  four  papers 
will  be  found  to  be  of  use  in  various  aspects  of  engineering  practice 
even  though  the  experiments  are  not  exhaustive  investigations. 

The  investigations  for  the  most  part  have  been  the  outgrowth  of 
experimental  work  begun  by  students,  largely  as  thesis  work,  and  car- 
ried on  over  a  period  of  several  years. 

The  variety  of  conditions  under  which  the  flow  of  water  takes 
place,  the  possibility  of  large  changes  in  the  state  of  the  flow  due  appar- 
ently to  small  changes  in  the  form  of  the  passages  through  which  the 
water  flows,  and  the  necessity  of  persistent  effort  in  subjecting  assump- 
tions and  analytical  deductions  to  experimental  verification,  make  it 
desirable  to  report  all  hydraulic  experimental  results  which  are  believed 
to  be  reliable. 

A  part  of  the  experimental  results  herein  reported  has  appeared 
in  the  publication  of  a  technical  society.  The  material,  however,  has 
been  expanded  in  this  bulletin  and  will  be  found  in  a  more  convenient 

form  for  use. 

Arthur  N.  Talbot 
Fred  B  Seely 

Editors 
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I.     Introduction 

1.  Preliminary. — Part  I  of  this  bulletin  presents  the  results  of 
experiments  on  the  flow  of  water  through  1-in.  and  2-in.  gate  valves, 
1-in.  and  2-in.  globe  valves,  and  1-in.  and  2-in.  angle  valves.  The  loss 
of  head  caused  by  each  valve,  expressed  in  terms  of  the  velocity  head 
in  the  pipe,  is  given  for  four  different  ratios  of  the  height  of  the  valve 
opening  to  the  diameter  of  the  full  valve  orifice,  namely,  M,  M,  H, 
and  1.  The  coefficients  of  discharge  are  also  given  for  the  gate  valves 
for  each  of  the  four  valve  openings. 

In  a  long  pipe  line  the  total  amount  of  lost  head  is  caused  chiefly 
by  pipe  friction,  the  resistance  due  to  a  valve  being  comparatively  small 
except  for  very  small  valve  openings. 

In  a  variety  of  cases,  however,  where  valves  are  used  on  compara- 
tively short  pipe  lines  as,  for  example,  in  hydraulic  elevator  service,  in 
office  buildings,  and  in  special  apparatus  it  is  important  to  know  the 
lost  head  caused  by  small  valves  of  different  kinds  when  set  at  various 
positions.  Very  few  experimental  results  have  been  published  on  this 
subject,  particularly  for  globe  and  angle  valves.  Any  experimental 
work,  furthermore,  which  helps  to  indicate  the  laws  governing  the  flow 
of  water  should  prove  of  value.  With  these  facts  in  mind  the  results 
herein  recorded  have  been  prepared. 

2.  Acknowledgment. — The  experiments  herein  considered  were  per- 
formed as  student  thesis  work  in  the  Hydraulic  Laboratory  of  the  Uni- 
versity of  Illinois  by  M.  E.  Thomas,  class  of  1906,  under  the  direction 
of  Professor  Arthur  N.  Talbot.  Unusual  care  in  the  experimenting  is 
reflected  in  the  congruity  of  the  data  presented  in  Mr.  Thomas'  thesis. 
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II.     Apparatus  and  Method  of  Experimenting 

3.  Valves.— The  valves  used  were  bought  in  the  open  market 
and  tested  just  as  received.  The  passages  through  the  2-in.  globe 
valve  were  then  modified  by  the  use  of  plaster  of  paris  to  give  a  more 
gradual  change  of  section  (see  Fig.  10),  and  this  valve  was  tested  again. 
The  types  or  forms  of  the  interiors  of  the  valves  and  the  dimensions  of 
some  of  the  passageways  through  the  valves  are  shown  in  Fig.  1.  The 
1-in.  globe  valve  and  the  1-in.  angle  valve  were  made  by  the  Western 
Tube  Company.     All  the  other  valves  were  made  by  the  Crane  Company. 

4.  Method  of  Experimenting. — The  arrangement  of  the  apparatus 
is  shown  in  Fig.  2.  The  test  valve  was  placed  in  a  horizontal  pipe  to 
which  water  was  supplied  from  a  standpipe  under  a  static  head  of  about 
50  feet.  The  quantity  of  water  discharged  through  the  valve  was 
regulated  by  another  valve  downstream  from  the  test  valve.  The 
volume  discharged  in  a  certain  time  was  measured  in  a  calibrated  pit 
and  the  time  taken  with  an  ordinary  watch  from  which  the  rate  of 
discharge  was  calculated.  Three-way  gage  connections  for  obtaining 
the  pressure  head  in  the  pipe  were  made  at  a  section  one  foot  upstream 
and  one  foot  downstream  from  the  valve.  Care  was  taken  to  avoid 
having  these  connections  project  into  the  interior  of  the  pipe.  It  was 
found  by  experiment  that  when  any  two  of  the  three  pressure  connec- 
tions at  either  section  were  closed,  the  same  difference  of  head  was 
registered  as  when  all  three  connections  at  either  section  were  open. 
The  three-way  connections  were  used,  however,  in  all  the  experiments. 
The  difference  in  the  pressure  heads  at  the  two  sections  was  measured 
by  a  differential  mercury  gage.  A  Crosby  pressure  gage  was  also 
attached  at  each  section  to  serve  as  a  rough  check  on  the  differential 
gage.  The  lost  head  due  to  the  pipe  friction  for  the  two  feet  of  pipe 
between  the  two  sections  was  assumed  to  be  as  given  in  Weston's  Tables 
of  Friction  of  Water  in  Pipes.  This  amount  of  lost  head  was  subtracted 
from  the  reading  of  the  differential  mercury  gage  in  determining  the  loss 
of  head  caused  by  the  valve. 

The  loss  of  head  and  the  corresponding  rate  of  discharge  and 
velocity  in  the  pipe  were  determined  for  each  of  four  valve  openings  for 
each  of  the  six  valves  tested.  The  valve  openings  used  were  such  that 
the  heights  of  the  openings  were  one-fourth,  one-half,  three-fourths,  and 
one  times  the  diameter  of  the  full  valve  orifice. 
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One- Inch  Gate  Valve 


Two-Inch  Gate  Volve 


One-Inch  Angle  Valve  Two-Inch  Angle  ^alve 

Fig.  1.     Longitudinal  Sections  of  Valves  Tested 
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III.     Experimental  Results  and  Discussion 

5.  Loss  of  Head. — In  Fig.  3  to  8  values  of  the  lost  head  caused 
by  the  valve  are  plotted  as  abscissas  and  the  mean  velocity  in  the  pipe 
as  ordinates.  The  assumed  value  of  the  friction  head  for  the  two  feet 
of  pipe  between  pressure  connections  is  subtracted  from  the  differential 
mercury  gage  reading  in  plotting  the  abscissas.  There  is,  of  course, 
some  doubt  concerning  the  correct  allowance  to  be  made  for  this  pipe 
friction.  The  loss  of  head  due  to  this  cause,  however,  will  be  relatively 
small  except  for  the  larger  valve  openings.  It  will  be  noted  from  the 
curves  in  Fig.  3  to  8  that  the  range  of  velocity  in  the  pipe  varied  of 
course  with  the  kind  of  valve  and  with  the  amount  of  valve  opening. 
The  smallest  mean  velocity  in  any  case  was  about  3^  ft.  per  sec,  while 
the  maximum  mean  velocity  was  about  40  ft.  per  sec. 

The  curves  in  Fig.  3  to  8  give  values  of  the  loss  of  head  caused 
by  the  valves  which  vary  as  the  square  of  the  velocity  in  the  pipe,  that 
is,  the  lost  head  due  to  the  valve  may  be  expressed  in  terms  of  the 
velocity  head  in  the  pipe.  This  fact  is  shown  very  clearly  by  plotting 
the  values  from  the  curves  in  Fig.  3  to  8  on  logarithmic  paper,  the 
curves  showing  the  relation  between  the  lost  head,  h,  and  the  velocity 
in  the  pipe,  v,  become  parallel  straight  lines  with  a  slope  varying  but 
little  from  two,  the  slope  indicating  the  exponent  in  the  equation 
h  =  kv'^.     That  is,  h  =  kv^  or,  when  expressed  in  terms  of  the  velocity 

head  in  the  pipe,  h  =  -^  in  which  m  is  called  the  coefficient  of  loss. 

Values  of  the  coefficients  of  loss  for  the  valves  with  the  various  valve 
openings  as  obtained  from  the  curves  in  Fig.  3  to  8  are  given  in  Table  1. 
These  values  have  been  plotted  in  Fig.  9  as  abscissas  against  the  valve 
openings  as  ordinates.  From  these  curves  and  also  from  Table  1  the 
resistance  to  flow  caused  by  the  three  kinds  of  valves  may  be  com- 
pared at  various  valve  openings.  It  will  be  noted  that  the  loss  of  head 
varies  in  a  quite  different  manner  with  the  amount  of  valve  opening  for 
these  three  kinds  of  valves,  for  instance,  a  comparison  of  the  results 
for  the  valves  when  completely  opened  shows  that  a  globe  valve  causes 
more  than  twice  as  much  loss  of  head  as  the  corresponding  size  of  angle 
valve,  while  a  gate  valve  causes  markedly  less  loss  than  either  a  globe  or 
an  angle  valve,  the  velocity  in  the  pipe  being  the  same  in  the  three 
cases.  As  the  valve  is  gradually  closed,  the  resistance  to  flow  of  the 
angle  valves  increases  the  least  (decreasing  at  first)  while  the  resistance 


Fig.  2.     Arrangement  of  Apparatus 
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Fig.  3.     Curves  Showing  the  Relation  between  the  Velocity  and 
Head  Lost  in  1-inch  Gate  Valve 
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Fig.  6.    Curves  Showing  the  Relation  between  the  Velocity  and 
Head.^Lost  in  2-inch  Globe  Valve 
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of  the  gate  valves  increases  the  most  rapidly,  although  the  rate  of 
increase  in  any  case  is 'comparatively  small  until  the  valve  is  at  least 
one-half  closed. 
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Fig.  9  also  indicates  that  the  proportions  or  form  or  shape  of  the 
passageways  of  the  valve  of  a  given  type  or  kind  is  a  very  important 
factor  in  causing  loss  of  head.  This  fact  is  shown  by  a  comparison  of 
the  results  for  the  1-in.  globe  valve  with  those  for  the  2-in.  globe  valve 
and  also  by  a  comparison  of  the  results  of  the  1-in.  angle  valve  with 
those  of  the  2-in.  angle  valve.  Each  of  these  1-in.  valves  was  of  a 
somewhat  different  form  from  that  of  the  corresponding  2-in.  valve  as 
may  be  seen  in  Fig.  1.     It  will  be  noted  from  Fig.  9  and  Table  1  that 


Table  1 

Experimental  Values  of  Coefficients  of  Loss 

rmfl 


Values  of  to  in  /i  = 


Ratio  of  Height  of  Valve- 

Gate  Valves 

Globe  Valves 

Angle  Valves 

Opening  to  Diameter  of 
Full  Valve  Opening 

1-inch 
Diameter 

2-in  oh 
Diameter 

1-inch 
Diameter 

2-inch 
Diameter 

1-inch 
Diameter 

2-inch 
Diameter 

1 

73.0 
7.0 
1.84 
0.74 

18.8 
2.94 
1.06 
0.35 

16.6 
9.62 
8.75 
7.12 

60.0 
10.9 
6.84 
6.0 

5.00 
2.90 
2.72 
3.23 

7.3 
1.70 
1.44 
1.70 
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for  the  smaller  valve  openings  the  1-in.  globe  valve  and  the  1-in.  angle 
valve  cause  less  resistance  to  flow  than  the  corresponding  2-in.  valves. 
The  difference  is  especially  large  in  the  case  of  the  globe  valves.  This 
unexpected  result  seems  to  be  due  chiefly  to  the  better  shaped  dis- 
charge passages  (more  gradual  expansion)  as  the  water  makes  its 
exit  from  the  1-in.  globe  valve. 

Experiments  were  made  on  the  2-in.  globe  valve  to  see  if  a  more 
gradual  change  in  sections  through  the  valve  would  cause  less  loss  of 
head.  This  gradual  change  was  made  by  filling  in  part  of  the  passage- 
way with  plaster  of  paris,  as  shown  in  Fig.  10.  This  modified  valve  was 
then  tested  with  the  valve  one-half  open  and  wide  open,  the  results  for 
which  are  shown  in  Fig.  10.     It  will  be  seen  that  this  modification  had  no 
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effect  on  the  amount  of  head  lost.  This  suggests  that  the  lost  head  in 
a  small  globe  valve  is  caused  more  by  the  form  or  shape  of  the  passage- 
way at  exit  from  the  valve  than  by  the  form  of  the  passages  through  the 
valve.  Other  valve  openings  and  other  modifications  of  the  passage- 
waj'^s,  however,  may  give  better  results. 

In  the  case  of  angle  valves  the  loss  of  head  is  not  a  minimum  for 
the  greatest  valve  opening  as  is  shown  in  Table  1  and  in  Fig.  9.  For 
the  2-in.  angle  valve  the  lost  head  is  the  same  when  the  valve  is  only 
one-half  open  as  it  is  when  the  valve  is  wide  open,  the  velocity  in  the 
pipe  for  the  two  valve  openings  being  the  same,  that  is,  the  coefficient 
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of  loss  is  the  same  for  these  two  valve  openings.  When  this  valve  is 
three-fourths  open,  however,  the  coefficient  of  loss  is  about  20  per 
cent  less  than  when  the  valve  is  one-half  open  or  wide  open.  The  1-in. 
globe  valve  caused  a  smaller  amount  of  lost  head  when  it  was  one-half 
and  three-fourths  open  than  it  did  when  wide  open,  the  velocity  in  the 
pipe  being  the  same  for  each  of  the  valve  settings.  The  difference, 
however,  between  the  coefficients  of  loss  for  these  three  valve  openings 
is  not  large.  The  reason  that  the  minimum  loss  of  head  in  the  angle 
valves  occurs  when  the  valve  is  about  three-fourths  open  is  probably 
because  at  this  opening  the  water  can  flow  through  comparatively  large 
openings  all  around  the  valve  disc  meeting  with  less  abrupt  changes  of 
directions  than  when  the  valve  is  wide  open.  In  the  latter  case  there 
is  much  turbulent  action  due  to  the  impact  of  the  water  against  the  bot- 
tom of  the  valve.  As  the  valve  opening  decreases  from  the  three-fourths 
open  position,  the  greater  resistance  due  to  the  narrowing  passages 
causes  the  lost  head  to  increase  again. 

The  assumption  is  sometimes  made  that  for  comparatively  small 
valves  of  hke  type  or  kind  the  loss  of  head  varies  inversely  with  the 
diameter  of  the  valve.  For  the  larger  valve  openings  this  assumption 
is  probably  approximately  true,  but  from  the  foregoing  results  and  dis- 
cussion it  would  seem  that  at  least  for  globe  and  angle  valves  the  form 
or  shape  of  the  passages  of  the  valve  is  a  determining  factor  in  the 
amount  of  head  lost  at  the  smaller  valve  openings. 

6.  Earlier  Experiments  on  Gate  Valves. — Among  the  first  reliable 
published  results  on  valves  were  those  by  Weisbach.*  The  largest 
gate  valve  used  bj^  Weisbach  was  a  little  less  than  two  inches.  Globe 
and  angle  valves,  at  least  of  modern  construction,  were  not  tested. 
Other  experiments  on  gate  valves  have  been  reported  by  Magruderf 
on  %-m.,  M-in.,  M-in.,  1-in.,  and  l>^-in.  gate  valves,  by  Folwell|  on 
a  4-in.  gate  valve,  by  Kuichling1[  on  a  24-in.  gate  valve,  and  by  J.  Waldo 
Smith§  on  a  30-in.  gate  valve.  In  Smith's  experiments  the  30-in. 
valve  was  located  in  a  42-in.  pipe  with  increaser-shaped  or  Venturi- 
shaped  approaches,  and  in  Kuichling's  experiments  the  valve  was 
placed  in  one  branch  of  a  Y  only  a  few  feet  from  the  section  where  the 
Y  started  to  branch.     The  methods  of  determining  the  lost  head  in  the 


*  Mechanics  of  Engineering  (Coxe's  translation). 

t  Engineering  Record,  Vol.  XL,  p.  78,  1899. 

t  Engineering  News,  Vol.  XLVII,  p.  302,  1902. 

If  Trans.  Am.  Soc.  Civ.  Eng.  Vol.  XXVI,  p.  439.  and  Vol.  XXXIV. 

§  Trans.  Am.  Soc.  Civ.  Eng.  Vol.  XXXIV,  p.  235  (p.  243),  1895. 
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various  experiments  were  also  different.     For  these  reasons  it  is  obvi- 
ous that  the  results  of  these  experiments  are  not  directly  comparable. 

Table  2 

Values  of  the  Coefficient  of  Loss  for  Gate  Valves  of  Various 
Diameters  Due  to  Partial  Closure  Only 


Weisbach 

Kuichling 

Smith 

Folwell 

This  Bulletin 

Ratio  of  Height 

of  Opening  to 

Diameter  of 

Full  Valve 

Orifice 

2J^-inoh 
Diameter 

24-inch 
Diameter 

30-inch 
Diameter 

4-inch  Diameter 

2-inch  and  1-inch 

Parallel 
Sides 

Parallel 
Sides 

Parallel 
Sides _ 
Venturi- 
Shaped 
Ap- 
proaches 

Parallel 
Sides 

Wedge 
Shaped 

Parallel  Sides 

2-inch 
Diameter 

1-inch 
Diameter 

0 
3/100 
1/10 
Vs 
H 
% 

ys 

M 

% 

1 

98.0 
17.0 
5.5 
2.1 
0.81 
0.26 
0.07 
0.00 

22.7 

8.63 

3.27 
1 

1.09 
0.25 
0.019 
0.00 

950.0 
128.0 
90.0 
17.0 
7.5 
3.5 
1.5 
0.50 
0.19 
0.00 

72.3 
16.8 
6.19 
2.58 
1.22 
0.55 
0.20 
0.00 



104 
20.5 
8.0 
2.72 
1.5 
0.66 
0.16 
0.00 

18.45 
7.0^ 
2.59 
1.2^ 
0.71 
0.15^ 
0.00 

72.3 

16.0^ 

6.26 

2.5^ 

1.10 

0.70^ 

0.00 

1  Interpolated  from  curve. 


In  Table  2  are  given  the  values  of  the  coefficients  of  loss  as  obtained  by 
the  various  experimenters  mentioned  previously,  as  well  as  the  values 
obtained  in  the  experiments  herein  reported.  These  values  of  the 
coefficients  of  loss  are  those  due  to  partial  closure  of  the  valves  only, 
that  is,  in  excess  of  the  loss  of  head  caused  by  the  valve  when  wide 
open.  Smith's  experiments  are  the  only  ones  in  which  valve  openings 
less  than  one-eighth  were  used.  There  is  considerable  chance  for 
error  in  the  results  obtained  for  the  very  small  valve  openings,  due 
chiefly  to  the  uncertainty  in  securing  the  valve  setting  desired.  Table  2 
indicates  a  rather  close  agreement  in  the  coefficient  of  loss  for  all 
the  gate  valves  having  diameters  of  2  in.  or  greater,  and  for  valve 
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openings  of  34  or  perhaps  K  and  greater.  The  values  for  the  1-in. 
valve  show  a  considerable  increase  in  the  lost  head  over  that  for  valves 
of  2-in.  diameter  and  greater.  It  is  probable  also  that  there  is  consid- 
erable variation  in  the  smaller  valves  of  any  one  type  and  size. 

7.  Coefficients  of  Discharge  for  Gate  Valves. — In  order  to  determine 
the  rate  of  discharge  through  a  pipe  a  partially  closed  valve  has  some- 
times been  used.  This  requires  the  values  of  the  coefficients  of  dis- 
charge of  the  valve  for  various  valve  openings  since  the  rate  of  discharge, 
q,  is  found  from  the  expression,  cAyl2gh,  in  which  c  is  the  coefficient 
of  discharge,  A  the  area  of  the  valve  opening,  and  h  the  difference  in 
pressure  heads  on  the  two  sides  of  the  valve  (lost  head),  velocity  of 
approach  being  neglected.  The  average  values  of  the  coefficients  of 
discharge  for  the  1-in.  and  2-in.  gate  valves  as  found  in  the  experi- 
ments reported  in  this  bulletin  are  given  in  Table  3.     The  value  of  the 


Table  3 

Experimental  Values  of  the  Coefficients  of  Discharge  for 
Gate  Valves 


Values  of  c- 


A  ^J2gh 


Ratio  of  Height  of  Valve- 
Opening  to  Diameter  of 

Coefficient  of  Discharge 

Area  of  Valve-Opening 
Square  Inch 

Full  Valve-Opening 

1-inch  Valve 

2-inch  Valve 

1-inch  Valve 

2-inch  Valve 

1 

.48 

.67 

.88 

1.16 

.88 
1.00 
1.12 
1.70 

.195 
.450 
.660 

.785 

.826 
1.80 
2.67 
3.14 

coefficient  varied  somewhat  with  the  velocity  for  any  given  valve  open- 
ing. Because  of  the  uncertainty  of  obtaining  the  exact  valve  setting 
desired  and  the  corresponding  uncertainty  in  the  area  of  the  valve 
opening,  the  values  of  the  coefficients  of  discharge  given  in  Table  3 
cannot  be  considered  as  refined  determinations. 

It  will  be  noted  that  the  coefficient  of  discharge  increases  directly 
with  the  valve  opening  for  each  of  the  gate  valves  for  a  range  of  valve 
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openings  of  H  to  M  or  perhaps  greater.  The  more  the  valve  is  opened 
the  greater  is  the  velocity  of  approach  toward  the  valve  and  since  the 
velocity  of  approach  is  not  considered  in  the  calculation  of  the  coeffi- 
cient of  discharge  the  value  of  the  coefficient  increases  with  the  valve 
opening.  The  coeflSicient  of  discharge  for  the  valves  used  by  Kuichling 
and  Smith  decreased  slightly  until  the  valve  was  about  one-fourth  open 
and  then  increased  rapidly  for  further  openings  of  the  valve.  Gibson 
with  a  23/2-iii.  flat  disc  stop  valve  found  nearly  a  constant  coefficient 
of  discharge  of  0.80.  These  variations  in  the  coefficients  of  discharge 
are  not  surprising  considering  the  wide  range  of  conditions  covered  by 
the  experiments.  They  suggest,  however,  that  if  gate  valves  are  to 
be  used  for  determining  the  rate  of  discharge  in  pipes  with  reasonable 
accuracy  much  more  experimenting  is  required,  or  better,  where  it  is 
possible,  experiments  should  be  performed  under  service  conditions  to 
calibrate  the  particular  valve  to  be  used. 

8.  Summary. — The  following  brief  summary  is  given  as  applying 
to  1-in.  and  2-in.  valves  of  the  three  kinds  tested  (gate  valves,  globe 
valves,  and  angle^valves)  with  valve  settings  ranging  from  one-fourth 
open  to  wide  open. 

(1)  The  loss  of  head  caused  by  small  valves  varies  as  the 
square  of  the  velocity  in  the  pipe  for  all  the  valve  openings;  hence 
the  lost  head  may  be  expressed  as  a  constant  times  the  velocity  head 

(mv'\ 

(2)  When  wide  open  a  globe  valve  causes  more  than  twice  as 
much  loss  of  head  as  an  angle  valve  of  the  same  size,  while  a  gate 
valve  causes  much  less  loss  of  head  than  either  a  globe  or  an  angle 
valve,  the  velocity  in  the  pipe  being  the  same  in  the  three  cases. 

(3)  The  loss  of  head  for  an  angle  valve  is  somewhat  less  when 
about  three-fourths  open  than  when  wide  open,  the  velocity  in  the 
pipe  being  the  same  in  each  case. 

(4)  The  loss  of  head  for  each  valve,  as  the  valve  is  closed  from 
a  wide  open  position,  varies  comparatively  little  with  the  valve 
opening  until  the  valve  is  at  least  one-half  closed.  As  further 
closure  takes  place  the  loss  of  head  of  the  globe  valves  and  gate 
valves  increases  rapidly  and  is  considerably  larger  than  that  of  the 
angle  valves. 

(5)  The  form  or  shape  of  the  passageways  through  a  globe  or 
angle  valve  has  a  large  influence  on  the  loss  of  head  for  the  small 
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valve  openings.  The  portion  of  the  passageways  in  which  the  form 
seems  of  greatest  importance  is  in  the  exit  from  the  valve  rather 
than  in  the  passageways  leading  to  the  valve  disc  or  seat.  On 
account  of  the  influence  of  the  form  or  shape  of  the  valve  no  law 
giving  the  relation  of  the  lost  head  to  the  diameter  of  the  valve  can 
be  stated  for  valve  settings  less  than  five-eighths  open.  For  larger 
valve  openings  than  this,  the  lost  head  seems  to  vary  approximately 
inversely  as  the  diameter. 

(6)  The  use  of  the  lost  head  through  a  partially  closed  valve 
as  a  means  of  determining  the  flow  can  be  only  a  very  rough  method 
of  measurement  unless  the  particular  valve  to  be  used  is  calibrated 
under  service  conditions.  Even  then  the  difficulty  in  obtaining 
the  desired  valve  setting  may  introduce  considerable  uncertainty 
in  the  results. 
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Part  II 


THE   FLOW  OF  WATER  THROUGH   SUBMERGED 
ORIFICES 


IV.     Introduction 

9.  Preliininary. — Part  II  of  this  bulletin  presents  the  results  of 
experiments  on  submerged  sharp-edged  orifices  of  various  shapes  and 
sizes  discharging  under  moderately  low  and  under  very  low  heads. 
The  orifices  used  were  of  three  shapes,  circular  orifices  with  diameters 
from  1  in.  to  6  in.,  square  orifices  with  sides  from  M  in.  to  5M  in.,  and 
rectangular  orifices  having  one  side  range  from  M  in.  to  2  in.,  the  other 
side  being  6  in.  in  each  case.  The  coefficient  of  discharge  is  given  for 
each  orifice  for  a  velocity  range  of  approximately  M  ft.  per  sec.  to 
4  ft.  per  sec.  This  range  corresponds  roughly  to  a  range  of  head  on 
the  orifice  of  0.006  ft.  to  0.08  ft. 

Considerable  experimenting  has  been  done  on  orifices  discharging 
into  air,  particularly^  on  sharp-edged  circular  orifices  of  rather  small  size 
although  the  results  are  somewhat  discordant.  Comparatively  little 
experimental  work,  however,  has  been  carried  out  on  submerged  orifices. 
While  the  orifice  has  lost  some  of  its  importance  as  a  water  measuring 
device  due  to  the  development  of  other  methods,  it  is,  nevertheless,  of 
importance  to  determine  how  the  rate  of  discharge  is  affected  by  the 
shape  and  the  size  of  the  orifice  and  also  by  the  head  on  the  orifice, 
particularly  the  effect  of  very  low  heads  which  the  submerged  orifice 
makes  possible. 

The  submerged  orifice  may  be  of  particular  importance  in  cases 
which  require  the  measurement  of  water  with  as  small  a  loss  of  head  as 
possible  as,  for  example,  in  determining  the  discharge  from  a  water 
turbine  when  operating  under  a  low  head.  The  decrease  in  the  avail- 
able head  on  the  turbine  made  necessary  by  the  proper  setting  of  a  weir 
may  be  an  important  factor  in  the  installation. 

There  is  a  feeling  among  some  engineers  that  the  importance  of 
the  so-called  standard  orifice  (sharp  edges,  complete  contraction  without 
velocity  of  approach,  etc.)  has  been  over-emphasized  and  that  beveled- 
edged  orifices  are  better  adapted  at  least  to  conditions  where  the  orifice 
may  be  obstructed  and  the  edge  soon  worn  off,  as,  for  example,  in 
measuring  the  water  supplied  to  water  wheels  through  flume  or  bulk- 
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head  openings.  There  exist,  no  doubt,  some  grounds  for  this  feeUng. 
A  sharp  edged  orifice  (an  opening  in  a  thin  plate),  however,  is  subject 
to  less  variation  in  its  construction  than  a  beveled-edged  orifice.  This 
fact  is  of  considerable  importance  where  accuracy  is  essential.  It  is 
felt  that  the  submerged  orifice,  both  beveled-edged  and  sharp-edged, 
is  worthy  of  more  attention  than  has  been  accorded  it. 

10.  Acknowledgment. — The  experimenting  was  done  in  the  Hyd- 
raulic Laboratory  of  the  University  of  Illinois.  Some  of  the  results 
herein  presented  have  been  taken  from  the  theses  of  W.  R.  Robinson 
of  the  class  of  1906  and  G.  D.  Phillips  of  the  class  of  1907,  and  some 
of  the  results  also,  particularly  at  the  low  heads,  have  been  taken 
from  a  second  thesis  presented  by  Mr.  Robinson  in  1909.  All  the 
thesis  work  was  conducted  under  the  direction  of  Professor  Arthur 
N.  Talbot.  The  careful  way  in  which  this  preliminary  experiment- 
ing was  done  has  made  the  results  of  the  theses  of  much  value.  Dur- 
ing 1914  and  1915  the  writer  spent  considerable  time  in  checking  the 
results  of  the  theses  work  and  extending  certain  parts  of  the  investi- 
gation. 
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V.  Apparatus  and  Method  of  Experimenting 

11.  Orifices. — The  orifices  used  were  of  three  different  shapes. 
Four  of  the  orifices  were  circular  with  diameters  of  1  in.,  2  in.,  4  in., 
and  6  in.  Five  were  square  with  sides  of  K  in.,  1  in.,  2  in.,  4  in.,  and 
5M  in.  Three  were  rectangular  with  dimensions  of  }4  in,  by  6  in., 
1  in.  by  6  in.,  and  2  in.  by  6  in.  In  each  case  the  orifice  was  formed 
in  a  cast  iron  plate  K  in.  thick  and  lOK  in.  in  diameter,  a  sharp  edge 
being  formed  by  beveling  at  45  degrees.  Except  for  a  few  small  nicks 
the  edges  were  sharp  and  the  areas  closely  true  to  shape.  The  dimen- 
sions of  the  orifices  were  carefully  determined  (except  for  the  1-in. 
circular  orifice)  by  an  inside  micrometer  for  dimensions  greater  than 
1  in.  and  inside  screw  calipers  for  dimensions  less  than  1  in.  A  list  of 
the  orifices  used  and  the  areas  as  determined  from  the  measured  dimen- 
sions are  given  in  Table  4.     The  1-in.  circular  orifice  was  broken  before 

Table  4 
List  op  Orifices  Used 


Form  of  Orifice 

Nominal  Size 

Measured  Area 
square  feet 

Circular 

1  in.  diam. 

2  in.  diam. 
4  in.  diam. 
6  in.  diam. 

not  measured 
0.0219 
0.0883 
0.1967 

Square 

J^  in.  by    }4  in. 

1  in.  by      1  in. 

2  in.  by      2  in. 
4  in.  by      4  in. 

514  in.  by  5}4  in. 

0.001735 

0.00698 

0.0279 

0.1109 

0.2105 

Rectangular 

J^  in.  by  6  in. 

1  in.  by  6  in. 

2  in.  by  6  in. 

0.0206 
0.0418 
0.0838 

its  dimensions  were  taken  so  that  the  nominal  diameter  (1  in.)  has 
been  used  in  the  calculations.  There  may  be  some  error,  therefore, 
in  the  results  for  this  orifice. 
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12.  Tank  Used  and  Method  of  Experimenting. — The  same  tank 
was  used  in  all  the  experiments,  the  dimensions  and  general  arrange- 
ment of  which  is  shown  in  Fig.  11.*  The  tank  was  divided  into  two 
compartments  by  a  vertical  partition  in  which  the  orij&ce  was  placed, 
holding  the  orifice  in  a  vertical  plane. 

The  water  coming  from  the  laboratory  standpipe  was  supplied 
to  the  tank  through  a  6-in.  supply  pipe  and  also  through  a  ^-in. 
pipe,  the  latter  making  possible  a  finer  adjustment  in  maintaining  a 
constant  head.  After  passing  through  baffle  boards  the  water  flowed 
through  the  orifice  and  finally  left  the  downstream  compartment  by 
passing  out  through  small  openings  in  the  end  of  the  tank,  the  flow 
through  which  was  regulated  by  placing  stoppers  in  some  of  the  holes. 
These  holes  were  arranged  in  two  narrow  portions  in  the  end  of  the 
tank,  one  near  each  side  of  the  tank,  and  the  stoppers  were  arranged 
so  as  to  give  nearly  a  uniform  distribution  from  each  of  the  two  sets  of 
openings.  This  arrangement,  it  was  found,  helped  to  maintain  steady 
conditions. 

The  quantity  of  water  discharged  was  determined  by  weighing  for 
the  small  discharges  and  by  measuring  in  a  pit  for  the  larger  discharges. 
The  pit  was  about  6  ft.  deep,  and  7.995  ft.  in  diameter.  The  value 
for  the  diameter  is  the  average  of  a  large  number  of  readings  of  a 
micrometer  attached  to  a  rigid  stick.  The  rise  in  the  pit  was  deter- 
mined by  a  vertical  graduated  rod  which  could  be  read  directly  to 
0.02  ft.  and  to  0.004  ft.  by  estimating.  A  float  was  attached  to  the 
bottom  of  the  rod  and  a  still  basin  was  provided.  The  water  was 
wasted  into  another  pit  through  a  movable  spout  until  the  surface 
of  the  water  in  the  measuring  pit  became  fairly  still  so  that  an  accurate 
reading  of  the  rod  could  be  taken.  A  hook  gage  was  used  to  test  the 
accuracy  of  the  float  and  rod.  At  the  end  of  the  experiment  the  water 
was  again  wasted  in  the  same  manner.  A  calibrated  stop  watch  gave 
the  time  corresponding  to  the  rise  in  the  pit. 

The  head  causing  flow  through  the  orifice  is  the  difference  in  the 
levels  of  the  water  surfaces  in  the  two  compartments  of  the  tank. 
This  head  was  measured  in  nearly  all  the  experiments  by  means  of  hook 
gages.  These  gages  were  read  directly  to  0.001  ft.  and  to  0.0005  ft. 
by  estimating.  Vertical  2-in.  pipes  attached  toward  the  bottom  of 
the  tank  served  as  still  basins  for  the  hook  gages.  The  level  of  the 
water  in  the  upstream  compartment  was  determined  by  the  use  of  one 


*A  view  of  the  tank  is  shown  in  Fig.  5  of  Bulletin  No.  96  of  the  Engineering  Experiment  Station 
of  the  University  of  Illinois. 
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Fig.  11.     Tank  Used  and  Arrangement  of  Apparatus 
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hook  gage  only,  while  two  gages  were  used  on  the  downstream  com- 
partment in  the  earlier  experiments.  It  was  found,  however,  that  for 
the  lower  heads  the  two  gages  gave  practically  the  same  result,  while 
for  the  higher  heads  the  gage  nearer  the  partition  gave  less  fluctuation. 
For  these  reasons  and  because  of  less  difficulty  in  getting  simultaneous 
readings  of  only  two  gages,  it  was  decided  to  take  readings  with  one 
gage  only  .on  each  compartment. 

Zero  readings  of  the  hook  gages  were  obtained  by  reading  the 
gages  when  the  tank  was  nearly  full  and  when  no  water  was  allowed 
to  escape,  the  levels  of  the  water  surfaces  in  the  two  compartments 
then  being  the  same.  Zero  readings  were  taken  frequently  during 
the  experimenting. 

For  most  of  the  heads  above  0.3  ft.,  the  head  was  measured  by 
two  vertical  peizometer  glasses,  one  attached  near  the  bottom  of  each 
compartment,  the  difference  in  readings  of  which  (corrected  for  zero 
reading)  gave  the  head  to  0.001  ft.  These  two  methods  overlapped 
somewhat  so  that  certain  heads  were  measured  by  both  methods. 

Leakage  from  the  tank  and  from  the  measuring  pit  was  determined 
several  times  during  the  progress  of  the  experimenting  and  was  found 
to  be  negligible. 

An  experiment  or  run  consisted  of  the  following:  A  sufficient 
number  of  stoppers  was  removed  from  the  end  of  the  tank  to  give  the 
desired  discharge  and  the  inflow  through  the  6-in.  and  M-in.  pipes 
was  then  adjusted  until  the  difference  in  levels  of  the  water  surfaces 
in  the  two  compartments  of  the  tank  became  constant.  The  M-in. 
supply  pipe  was  used  to  make" the  final  adjustment  of  the  head  and  to 
hold  the  head  constant  throughout  the  experiment.  After  obtaining 
a  constant  head,  the  waste  pipe'shown  in  Fig.  1 1  was  pulled  from  beneath 
the  discharge  pipe,  thus  allowing  the  water  to  discharge  into  the  meas- 
uring pit  until  the  rise  in  the  pit  was  sufficient  to  allow  its  measurement 
without  appreciable  error  and  also  to  allow  time  for  an  accurate  meas- 
urement of  the  head.  The  head  was  taken  as  an  average  of  from  two 
to  ten  readings  of  the  hook  gages,  the  larger  number  being  necessary 
with  the  higher  velocities  on  account  of  the  greater  fluctuations  of  the 
water  levels  due  to  the  more  turbulent  conditions  of  the  water,  espe- 
cially in  the  downstream  compartment.  Each  experiment  was  repeated, 
as  a  rule,  three  times,  although  in  some  cases  as  many  as  eight  or  ten 
runs  were  made. 
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13.  Method  of  Calculating  the  Coefficient  of  Discharge. — The  head, 
h,  causing  flow  through  the  orifice  is  the  difference  in  the  levels  of  the 
water  surfaces  in  the  two  compartments  of  the  tank.  The  ideal  rate 
of  discharge  is  A  ■\j2gh  in  which  A  is  the  area  of  the  orifice  in  square 
feet  and  g  is  the  acceleration  due  to  gravity  in  feet  per  second  per  second ; 
hence  the  coefficient  of  discharge,  c,  is  found  from, 

q 

A-\j2gh 
where  q  is  the  measured  rate  of  discharge  in  cubic  feet  per  second,  as 
determined  from  the  measured  weight  or  volume  discharged  and  the 
corresponding  time. 
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VI.     Experimental  Results  and  Discussion 

14.  Coefficients  of  Discharge. — Fig.  12,  13,  and  14  show  the 
experimental  values  of  the  coefficients  of  discharge  for  the  various 
orifices  tested.  Each  plotted  point  represents  the  average  of  from  two 
to  ten  experiments  at  practically  the  same  head.     It  will  be  noted  that 
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Fig.  12.     Diagrams  Showing  Values  of  Coefficients  of  Discharge 
OF  Circular  Submerged  Orifices  for  Various  Velocities 
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Fig.  13.     Diagrams  Showing  Values  of  Coefficients  of  Discharge  op 
Square  Submerged  Orifices  for  Various  Velocities 
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Fig.  14.     Diagrams  Showing  Values  of  Coefficients  of  Discharge  of 
Rectangular  Submerged  Orifices  for  Various  Velocities 

for  any  given  orifice  the  coefficient  is  constant  for  the  whole  range  of 
velocity  used  in  these  experiments  which  in  most  of  the  cases  is  about 
M  ft,  per  sec.  to  4  or  5  ft.  per  sec.  This  velocity  range  corresponds 
roughly  to  a  range  in  head  of  0.008  to  0.08  ft.  and  as  may  be  expected 
the  values  of  the  coefficient  show  the  greatest  variation  at  the  very 
low  heads. 


Table  5 

Values  of  Coefficient  of  Discharge  for  Submerged  Orifices  for  Velocities 
FROM  One-half  to  Five  Feet  per  Second 


Kind  of  Orifice 

Nominal  Size 

Coefficient  of  Discharge 

1  in.  diameter 

0.C351 

Circular 

2  in.  diameter 
4  in.  diameter 

0.615 
0.600 

6  in.  diameter 

0.600 

Yi  in.  by    Yi  in. 

0.620 

1  in.  by       1  in. 

0.610 

Square 

2  in.  by      2  in. 

0.610 

4  in.  by      4  in. 

0.605 

5M  in.  by  53^  in. 

0.600 

Yi  in.  by  6  in. 

0.635 

Rectangular 

•1  in.  by  6  in. 

0.635 

2  in.  by  6  in. 

0.635 

1  Probably  somewhat  in  error   since  diameter   was  not  measured;  nominal  diameter  used 
calculations. 
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Table  5  and  Fig.  15,  16,  and  17  show  how  the  coefficient  of  dis- 
charge for  the  orifices  of  any  given  shape  varies  with  the  diameter  or 
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D/cfmefer  of  C/rcu/ar  Or/Y/ces-  /n. 

Fig.  15.     Curve  Showing  the  Relation  between  Coefficient  of 
Discharge  for  Circular  Orifice  and  Diameter  of  Orifice 
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Fig.  16.     Curve  Showing  the  Relation  between  Coefficient  op  Dis- 
charge FOR  Square  Orifice  and  Side  of  Orifice 
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Fig.  17.     Curve  Showing  the  Relation  between  Coefficient  of  Dis- 
charge OF  Rectangular  Orifice  and  Short  Side  of  Orifice 
(Other  Side  being  Six  Inches  in  Each  Case) 

side  of  the  orij&ce,  while  from  Fig.  18  a  comparison  may  be  made  between 
the  coefficients  of  discharge  for  the  different  shaped  orifices  on  the 
basis  of  their  areas.  These  figures  show  that  the  coefficient  of  discharge 
for  circular  and  square  orifices  decrease  as  the  size  increases  until  an 
area  of  8  or  10  square  inches  is  reached  after  which  the  coefficient  has 
a  constant  value  of  not  far  from  0.60.  This  indicates  that  complete 
contraction  does  not  take  place  with  the  smaller  orifices.  Because  of 
the  uncertainty  of  the  exact  diameter  there  is  some  doubt,  however, 
concerning  the  correct  value  for  the  1-in.  circular  orifice.  It  will  be 
noted  also  that  the  coefficient  of  discharge  for  the  rectangular  orifices 
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Fig.  18.    Cukves  Showing  Relation  between  Coefficient  of 
Discharge  and  Area  op  Orifices 

remain  constant  for  the  range  of  areas  used  in  these  experiments  and 
that  its  value  is  larger  than  that  for  circular  and  square  orifices  of  the 
same  area.  Fig.  18  indicates  furthermore  that  as  the  area  of  the  orifices 
decreases  below  8  sq.  in.,  the  coefficient  of  discharge  for  circular  orifices 
increases  faster  than  that  for  square  orifices.  These  observations 
suggest  that  the  longer  side  of  the  rectangular  orifices  has  a  controlling 
influence  in  determining  the  rate  of  discharge  for  a  given  head  and 
that  the  corners  of  a  small  square  orifice  are  inefficient  in  discharging 
water  as  compared  with  the  form  of  a  circular  orifice  of  the  same  area. 

15.  Results  Obtained  by  Earlier  Experimenters. — In  order  to  com- 
pare the  results  given  in  this  bulletin  with  those  of  earlier  investigations 
and  to  extend  the  study  to  include  higher  heads  and  velocities,  the 
results  given  in  Table  6  have  been  condensed  from  available  published 
data.  It  will  be  noted  that  the  results  are  not  entirely  concordant, 
but  considering  the  different  arrangements  and  methods  of  measuring 
the  head  and  the  rate  of  discharge,  the  results  show  a  very  good  agree- 
ment. The  low  value  of  the  coefficient  of  discharge  found  by  Francis 
is  due  no  doubt  to  the  fact  that  the  rate  of  discharge  was  measured 
over  a  weir  on  which  the  head  was  rather  small.  From  Table  6  it  will 
be  seen  that  in  some  of  the  earlier  investigations  the  coefficient  of 
discharge  increased  slightly  with  the  head  while  in  others  the  coeffi- 
cient decreased,  and  in  still  others  it  showed  no  systematic  change. 
In  all  cases  the  value  of  the  coefficient  of  discharge  is  not  far  from 
0.60.  The  small  square  orifice  (1.2  in.  by  1.2  in.)  used  by  Hamilton 
Smith  gave  a  slightly  larger  coefficient  than  the  circular  orifice  with 
a  diameter  of  1.2  inches.  This  result  is  the  reverse  of  that  found  in 
the  experiments  described  in  this  bulletin.  The  values  also  of  the 
coefficient  of^discharge  for  circular  and  square  oriffices^as  found  by 
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Table  6 

Results  Obtained  by  Earlier  Experimenters  on  Submerged 
Sharp-edged  Orifices 


Circular  Orifices 

Square  Orifices 

Coeffi- 

Coeffi- 

Diam- 

cient 

cient 

_  eter 

Head 

of 

Dimen- 

Head 

of 

Source 

inches 

feet 

Dis- 
charge 

Source 

sions 
inches 

feet 

Dis- 
charge . 

d 

h 

c 

h 

c 

1.024 

.592 

0.35 

.6201 

1.324 

.592 

Hamilton  Smith ,  Jr. 

0.6  by  0.6 

2.21 

.6092 

Francis 

1.22 

1.490 
1.499 
1.514 

.592 
.593 
.591 

4.06 

.6068 

0.207 
0.410 

.6117 
.6091 

0.437 

.6183 

0.771 

.6053 

Hamilton  Smith,  Jr. 

0.6 

2.16 

.6041 

Hamilton  Smith,  Jr. 

1.2  by  1.2 

1.52 

.6055 

4.08 

.6016 

2.32 
3.11 
3.95 

.6040 
.6052 
.6048 

0.260 
0.648 

.6048 
.6027 

0.985 

.6025 

2.32 

.600 

1.51 

.6006 

3.92 

.602 

Hamilton  Smith,  Jr. 

1.2 

2.00 

.6006 

7.99 

.606 

2.58 

.5997 

Ellis 

12  by  12 

11.58 

.605 

2.99 

.5989 

14.31 

.611 

3.57 

.5987 

16.22 

.606 

3.97 

.5992 

18.45 

.606 

2.60 

.607 

0.363 

.5940 

4.71 

.590 

0.750 

.5940 

6.41 

.606 

0.771 

.5932 

8.10 

.599 

0.826 

.5982 

Ellis 

12.0 

8.80 

,600 

0.905 

.5950 

12.09 

.600 

Balch 

12  by  12 

1.134 

.5960 

14.25 

.601 

1.371 

.5970 

16.29 

.602 

2.097 

.6056 

18.66 

.599 

2,636 
3.220 
3.975 

.6105 
.6095 
.6148 

0.145 

.5909 

0.469 

.5902 

0.851 

.5912 

.05 

.626 

1.254 

.5993 

48  by  48 

.10 

.608 

Balch 

12.0 

1.612 

.5921 

Stewart 

(3.72  in. 

.15 

.605 

2.012 

.5924 

thick) 

.20 

.605 

2.421 

.5954 

.25 

.606 

2.949 

.5967 

.30 

.610 

3.410 
4.015 

.6006 
.6054 

Rectangular  Ori 

ices 

0.614 

.6219 

Hamilton  Smith,  Jr. 

0.6  by  3.6 

1,63 

2.77 

.6207 
.6188 
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Hamilton  Smith  are  slightly  less  than  those  herein  reported  in  Table  5. 
Omitting  the  values  as  given  by  Francis  it  will  be  observed  that  there 
is  very  little  difference  between  the  coefficients  for  the  small  and  the 
large  orifiees,  the  value  of  the  coefficient  varying  only  slightly  from 
0.60.  From  the  results  obtained  in  the  present  investigation  as  given 
in  Table  5  and  in  Fig.  12,  13,  and  14,  it  will  be  seen  that  the  coefficient 
varies  more  with  the  size  of  the  orifice  than  is  shown  by  the  results  of 
the  earlier  experiments,  as  given  in  Table  6. 

It  will  be  observed  also  that  the  coefficient  of  discharge  for  the 
rectangular  orifice  used  by  Hamilton  Smith  is  somewhat  smaller  than 
that  herein  reported.  It  may  seem  that  the  diverging  sides  of  the 
orifices  used  in  the  experiments  reported  in  this  bulletin  (orifice  plate 
}i-in.  thick)  would  form  a  diverging  mouthpiece,  particularly  in  the 
case  of  the  smaller  orifices,  but  experiments*  on  diverging  mouth- 
pieces have  shown  that  a  mouthpiece  having  a  total  angle  of  divergence 
of  90  degrees  has  very  little,  if  any,  effect  on  the  rate  of  discharge. 

16.  Cornparison  with  Discharge  into  Air. — The  experiments  on 
sharp-edged  orifices  with  discharge  into  air  are  more  numerous  than 
for  submerged  discharge.  The  experiments  of  Bilton  and  to  a  less 
degree  those  by  Judd  and  King,  and  those  by  Mair  and  by  Ellis  indicate 
that  there  is  a  critical  head  for  each  circular  orifice  above  which  the 
coefficient  remains  constant.  Bilton  concludes  that  "circular  orifices 
of  2M-in.  diameter,  and  over,  under  heads  of  17  in.,  and  over,  have  a 
common  coefficient  of  discharge  lying  between  0.59  and  0.60  but  which 
is  probably  about  0.598  (subject  to  the  head  being  not  less  than  2  or 
3  diameters)."  The  results  of  the  experiments  of  Hamilton  Smith,  as 
is  well  kno\\Ti,  indicate  that  the  coefficient  of  discharge  gradually 
decreases  as  the  size  of  the  orifice  increases,  and  also  decreases  as  the 
head  increases  until  at  a  head  of  100  ft.  all  orifices,  regardless  of  the 
size  or  the  shape,  have  a  common  coefficient  of  discharge. 

The  results  of  the  experiments  on  submerged  orifices  herein  reported 
seem  to  indicate,  as  previously  noted,  that  orifices  having  diameters 
greater  than  about  2M  in.  (or  sides,  if  square)  have  a  common  co- 
efficient of  discharge  which  is  very  close  to  0.60.  There  seems,  how- 
ever, to  be  no  evidence  of  a  critical  head  since  the  coefficient  remains 
constant  for  the  whole  range  of  head  used,  nor  is  there  evidence  of  a 
critical  head  in  the  results  obtained  by  earlier  experimenters  on  sub- 
merged orifices  as  given  in  Table  6. 


*"The   Effect   of   Mouthpieces   on   the    Flow   of   Water  Through   a  Submerged  Short  Pipe." 
Univ.  of  111.  Eng.  Exp.  Sta.,  Bui.  96,  1917. 
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From  a  study  of  the  experimental  results  on  orifices  with  discharge 
into  air  it  is  believed  that  the  coefficient  of  discharge  for  submerged 
orifices  are  the  same  as  those  for  discharge  into  air  for  the  same  heads 
and  sizes  and  shapes  (except  for  very  small  heads).  It  is  doubtful  if 
the  statement  sometimes  made,  namely,  that  the  coefficient  of  discharge 
for  submerged  orifices  is  about  one  per  cent  less  than  that  for  free  dis- 
charge, is  justified. 

17.  Summary. — The  following  brief  summary  is  given  as  applying 
to  submerged  sharp-edged  orifices  for  velocities  from  }i  to  5  ft.  per  sec. 

(1)  The  coefficient  of  discharge  for  a  circular,  a  square,  or 
a  rectangular  submerged  orifice  does  not  vary  with  the  velocity. 

(2)  Circular  and  square  submerged  orifices  having  areas 
greater  than  about  10  sq.  in.  have  a  common  coefficient  of  dis- 
charge varjdng  but  little  from  0.60. 

(3)  Rectangular  submerged  orifices  having  one  side  from  3  to 
12  times  the  other  side  have  a  constant  coefficient  of  discharge 
which  is  larger  than  that  for  circular  and  square  orifices  of  the 
same  size,  particularly  for  the  larger  areas,  at  least  up  to  a  size 
of  12  sq.  in. 

(4)  The  flow  of  water  through  submerged  sharp-edged  ori- 
fices is  very  nearly  the  same  as  that  for  the  same  kind  of  orifices 
with  discharge  into  air,  provided  the  head  is  not  less  than  2  or  3 
diameters  when  the  discharge  is  into  air. 
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Part  III 
FIRE  STREAMS   FROM   SMALL  HOSE  AND   NOZZLES* 


VIL     Introduction 

18.  Scope  of  Experiments. — Part  III  presents  the  results  of  experi- 
ments on  IK-in.  hose  and  nozzles.  Both  rubber-lined  hose  and  un- 
lined  linen  hose  were  used.  Three  sizes  of  conical  nozzles  were  tested, 
the  diameters  of  the  nozzle  openings  being  %6  in.,  Ke  in.,  and  H  in. 

The  loss  of  head  in  the  hose  due  to  friction  and  the  corresponding 
friction  factor  are  given  for  each  hose  for  a  range  in  velocity  from 
about  4  to  8  ft.  per  sec.  The  coefficient  of  discharge  for  each  nozzle 
is  recorded  for  a  range  in  pressure  at  the  base  of  the  nozzle  from  about 
10  to  85  lb.  per  sq.  in.  The  height  and  the  horizontal  distance  which 
the  jets  reached  are  also  recorded.  The  influence  of  a  cylindrical  tip 
on  a  nozzle  is  brought  out  and  some  discussion  is  given  concerning 
the  quantity  of  water  required  for  temporary  fire  protection  for  the 
interior  of  buildings. 

The  importance  of  adequate  fire  protection  has  become  so  well  rec- 
ognized that  most  buildings,  even  those  of  moderate  size,  are  equipped 
with  some  sort  of  fire  apparatus  for  immediate  service  in  case  of  fire  in 
the  interior  of  the  building  and  until  the  city  fire  department  arrives. 
The  ordinary  water  buckets  and  portable  chemical  fire  extinguishers 
have  in  a  large  measure  been  supplemented  with  small  fire  hose.  Few 
data  are  available  concerning  the  hydraulics  of  small  fire  streams. 
Many  inquiries  concerning  the  discharge  from  small  nozzles  and  the 
loss  of  head  in  small  hose  led  to  the  tests  which  are  herein  described. 
The  tests  were  undertaken  with  the  object  of  acquiring  data  and  putting 
the  results  into  so  workable  a  form  that  it  would  be  easy  to  compute 
the  quantity  of  water  delivered  by  a  nozzle  of  the  size  ordinarily  used 
in  the  fire  protection  of  the  interior  of  buildings  or  to  compute  the 
pressure  necessary  in  the  mains  to  give  an  effective  fire  stream  from 
such  nozzles,  and  also  to  throw  some  light  upon  the  quantity  of  water 
which  would  be  considered  sufficient  for  temporary  protection. 


*  The   experiments   used   in   Part   HI    of    this  Bulletin  were  reported  in  the   Proceedings  of 
the  Fifth  Meeting  of  the  Illinois  Water  Supply  Association,  p.  170,  1913. 
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HYDEAULIC    EXPERIMENTS 


47 


VIII.     Apparatus  and  Metpiod  of  Experimenting 

20.  Hose  and  Nozzles. — Rubber-lined  cotton  hose  and  unlined 
linen  hose  having  a  nominal  diameter  of  IVi  in.  were  used,  the  length 
of  the  test  section  for  determining  the  lost  head  being  50  ft.  in  each 
case.  The  hose  taken  was  from  the  racks  in  the  University  buildings 
and  is  representative  of  hose  of  this  size  commonly  in  use. 

Three  l|-in.  conical  nozzles  having  different  sizes  of  openings, 
as  sho\\Ti  in  Fig.  19,  were  tested.     The  first  nozzle  had  a  diameter  of 


.0.67^ 


Reamed  ouf  s/voofh 

-Machined  smooth 
^.33". ^ 

6"      ■ — H 

Fig.  19.     Longitudinal  Sections  of  Nozzles  Tested 


Yi^  in.  The  second  nozzle  had  a  diameter  of  0.428  in.,  which  is  ap- 
proximately Ke  in.,  and  in  compiling  the  tables,  corrections  were  made 
so  as  to  apply  to  a  Ke-in.  nozzle.  The  third  nozzle  had  a  diameter 
of  M  in.  The  Ke-in.  nozzle  was  12  in.  long  while  the  other  two  were 
only  6  in.  long  (see  Fig.  19).  The  ^fe-in.  and  the  Ke-in.  nozzles  were 
rough  on  the  interior  surfaces,  having  been  left  just  as  they  came 
from  the  molds,  the  prints  of  the  sand  core  being  plainly  visible. 
The  tips  had  been  smoothed  slightly  by  running  a  drill  through  the 
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opening,  but  the  cylindrical  portion  made  by  the  drill  was  very  short 
in  both  cases.  The  M-in.  nozz^le  was  made  from  a  Ke-in.  nozzle.  The 
entire  inner  surface  was  machined  smooth  and  a  K-in.  reamer  was  run 
through  the  opening  making  a  cylindrical  portion  K  in.  long. 

21.  MetJiod  of  Experimenting. — The  loss  of  head  was  measured 
over  a  length  of  fifty  feet  of  the  hose  by  means  of  a  differential  mercury 
gage.  The  average  pressure  at  a  section  of  the  hose  was  obtained  with 
a  piezometer  connection  or  coupling  of  the  Freeman  type.  A  cross- 
section  of  one  of  these  couplings  is  shown  in  Fig.  20.     The  discharge 


Openings ,j,  "a 

Sec// on  f}-fJ 


Fig.  20.     Cross-section  op  Piezometer  Coupling 


through  the  hose  when  determining  the  lost  head  in  the  hose  was  meas- 
ured with  a  calibrated  nozzle.  When  determining  the  coefficient  of 
discharge  for  the  nozzles  the  discharge  was  measured  by  weighing. 
The  pressure  at  the  base  of  the  nozzle  was  measured  with  a  calibrated 
pressure  gage. 

The  vertical  heights  attained  by  the  streams  were  determined  by 
means  of  a  transit  and  the  horizontal  distances  reached  were  found 
by  measuring  with  a  tape  from  stakes  which  were  driven  in  the  ground 
at  frequent  intervals  and  at  known  distances  from  the  nozzle. 
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IX.     Experimental  Results  and  Discussion 

22.  Results  from  Freeman's  Experiments. — In  1888  John  R.  Free- 
man conducted  an  extensive  series  of  tests  upon  2K-in.  fire  hose  and 
nozzles.*  In  general,  Freeman  arrived  at  the  following  conclusions: 
Smooth  conical  nozzles  give  coefficients  of  discharge  as  high  as  any 
other  form  of  nozzle,  the  jets  reach  farther  and  the  streams  remain 
solid  for  greater  distances  than  for  any  other  form  of  nozzle  of  the 
same  size  of  opening  and  with  the  same  pressure  at  the  base  of  the 
nozzle.  For  smooth  conical  nozzles  IM  or  134  in.  in  diameter,  a 
coefficient  of  discharge  of  0.977  may  be  taken  with  great  confidence 
that  it  will  not  be  more  than  one-half  of  1  per  cent  in  error.  The 
coefficient  will  be  slightly  larger  for  smaller  nozzles.  The  nozzle 
makes  a  very  convenient  method  of  measuring  water.  The  friction 
is  but  slightly  more  in  smooth  rubber-lined  hose  than  in  clean  iron  pipe 
of  the  same  diameter.  The  friction  in  unlined  linen  hose  is  about 
two  and  one-third  times  as  much  as  in  smooth  rubber-lined  hose. 
A  hose  elongates  from  2  per  cent  to  5  per  cent  with  a  pressure  of  50 
lb.  per  sq.  in.  This  elongation  produces  a  sinuosity  which  increases 
the  loss  of  head  about  6  per  cent.  Care  should  be  exercised  that 
there  is  no  abrupt  change  of  section  in  the  hose  couplings  and  that 
no  washers  or  gaskets  are  so  left  as  to  impede  the  flow  of  water. 

It  is  frequently  recommended  that  a  250  gal.  per  min.  fire  stream 
be  used  in  business  districts,  while  a  175  or  a  200  gal.  per  min.  stream 
may  be  used  in  a  residential  district.  These  discharges  correspond  to 
a  nozzle  pressure  of  40  to  50  lb.  per  sq.  in.,  and  a  hydrant  pressure  of 
80  to  110  lb.  per  sq.  in.  These  values  refer  to  outside  service.  Table 
7  gives  data  for  2K-in.  hose  and  nozzles  for  three  different  sizes  of 
nozzle  openings  taken  from  Freeman's  results.  This  table  is  con- 
venient for  making  calculations  for  outside  fire  protection. 

23.  Experimental  Data. — Table  8  gives  the  more  important  data 
of  the  experiments  with  hose  and  nozzles  herein  reported.  Values  are 
given  for  the  pressures  at  the  base  of  the  nozzles,  the  discharges,  the 
loss  of  head  in  the  hose,  and  the  vertical  and  horizontal  distances  reached 
by  the  jets.  Other  results  discussed  have  been  calculated  from  the 
data  in  this  table. 


*  "Experiments  Relating   to   the   Hydraulics   of   Fire   Streams."     Trans.  Am.  Soc.  Civ.  Eng., 
Vol.  XXI,  p.  304,  1889. 


50 


ILLINOIS    ENGINEERING    EXPERIMENT    STATION 


Table  7 

Freeman's  Results  for  1-in.  IJ^g-iN.  and  IJ^-in.  Nozzles  Attached 
TO  23^-iN.  Hose 

1-INCH  Nozzle 


Pressure 

Discharge 

Loss  of  Head  in 
100  Feet  of  Hose 

Vertical 
Height  of 

Jet  for 
Good  Fire 

Stream 

Horizontal  Distance 

Base  of 
Nozzle 

Rubber 
Lined 

Unlined 
Linen 

Jet  for 
Good  Fire 

Stream 

Extreme 
Drops  at 

Level 
of  Nozzle 

Lb.  per 
sq.  in. 

Gallons  per 
minute 

Lb.  per 

sq.  in. 

Lb.  per 
sq.  in. 

Feet 

Feet 

Feet 

20 

132 

5 

10 

35 

37 

77 

30 

161 

7 

15 

51 

47 

109 

40 

186 

10 

20 

64 

55 

133 

50 

208 

12 

25 

73 

61 

152 

60 

228 

15 

30 

79 

67 

167 

70 

246 

17 

35 

85 

72 

179 

ll^-iNCH  Nozzle 


Pressure 

Discharge 

Loss  of  Head  in 
100  Feet  of  Hose 

Vertical 
Height  of 

Jet  for 
Good  Fire 

Stream 

Horizontal  Distance 

Base  of 
Nozzle 

Rubber 
Lined 

LTnlined 
Linen 

Jet  for 

Good  Fire 

Stream 

Extreme 
Drops  at 

Level 
of  Nozzle 

Lb.  per 

sq.  in. 

Gallons  per 
minute 

Lb.  per 
sq.  in. 

Lb.  per 
sq.  in. 

Feet 

Feet 

Feet 

20 

168 

8 

16 

36 

38 

80 

30 

206 

12 

25 

52 

50 

115 

40 

238 

10 

33 

65 

59 

142 

50 

266 

20 

41 

75 

66 

162 

60 

291 

24 

49 

83 

72. 

178 

70 

314 

28 

57 

88 

77 

191 
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IJ'i-iNCH  Nozzle 


Pressure 

Discharge 

Loss  of  Head  in 
100  Feet  of  Hose 

Vertical 
Height  of 

Jet  for 
Good  Fire 

Stream 

Horizontal  Distance 

Base  of 
Nozzle 

Rubber 
Lined 

Unlined 
Linen 

Jet  for 

Good  Fire 

Stream 

Extreme 
Drops  at 

Level 
of  Nozzle 

Lb.  per 
sq.  in. 

Gallons  per 
minute 

Lb.  per 

sq.  in. 

Lb.  per 
sq.  in. 

Feet 

Feet 

Feet 

20 

209 

12 

25 

37 

40 

83 

30 

256 

19 

38 

53 

54 

119 

40 

296 

25 

51 

67 

63 

■      148 

50 

331 

31 

63 

77 

70 

169 

60 

363 

37 

76 

85 

76 

186 

70 

392 

43 

88 

91 

.81 

200 

Table  8 

Results  of  Experiments  at  University  of  Illinois  with  ^{g-iN.,  J^ie-iN. 
AND  3^-iN.  Nozzles  Attached  to  13^-in.  Hose 

%  6-INCH  Nozzle 


Pressure 
Base  of 
Nozzle 

Discharge 

Loss  of  Head  in 
100  Feet  of  Hose 

Vertical 
Height  of 

Jet  for 
Good  Fire 

Stream 

Horizontal  Distance 

Rubber 
Lined 

UnUned 
Linen 

Jet  for 

Good  Fire 

Stream 

Extreme 
Drops  at 

Level 
of  Nozzle 

Lb.  per 

sq.  in. 

Gallons  per 

minute 

Lb.  per 

sq.  in. 

Lb.  per 
sq.  in. 

Feet 

Feet 

Feet 

20 
30 
40 
50 
60 
70 
80 
90 
100 

12 
15 
17 
19 
21 
23 
24 
26 
28 

.7 
1.1 
1.5 
1.8 
2.2 
2.6 
2.9 
3.3 
3.7 

1.3 
1.9 
2.6 
3.2 
3.9 
4.5 
5.2 
5.9 
6.5 

28 
32 
34 
35 
36 
37 
38 
39 
40 

15 
18 
21 
23 
26 
28 
29 
30 
31 

53 
63 
71 
78 
84 
90 
96 
102 
107 
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K  6 -INCH  Nozzle 


Pressure 
Base  of 
Nozzle 

Discharge 

Loss  of  Head  in 
100  Feet  of  Hose 

A'ertical 
Height  of 

Jet  for 
Good  Fire 

Stream 

Horizontal  Distance 

Rubber 
Lined 

Unlined 
Linen 

Jet  for 

Good  Fire 

Stream 

Extreme 
Drops  at 

Level 
of  Nozzle 

Lb.  per 
sq.  in. 

Gallons  per 
minute 

Lb.  per 
sq.  in. 

Lb.  per 
sq.  in. 

Feet 

Feet 

Feet 

20 
30 
40   • 
50 
60 
70 
80 
90 
100 

25 
30 
35 
39 
43 
47 
50 
53 
56 

2.8 

4.2 

5.6 

7.0 

8.5 

9.8 

11.1 

12.7 

14.1 

5.1 
7.7 
10.2 
12.8 
15.3 
17.8 
20.3 
22.9 
25.5 

23 
27 
30 
32 
33 
34 
35 
36 
37 

10 
13 
16 
18 
20 
21 
23 
24 
25 

45 
54 
63 
70 
77 
84 
94 
99 
106 

H-iNCH  Nozzle 


Pressure 
Base  of 
Nozzle 

Discharge 

Loss  of  Head  in 
100  Feet  of  Hose 

Vertical 
Height  of 

Jet  for 
Good  Fire 

Stream 

Horizontal  Distance 

Rubber 
Lined 

Unlined 
Linen 

Jet  for 

Good  Fire 

Stream 

Extreme 
Drops  at 

Level 
of  Nozzle 

Lb.  per 
sq.  in. 

Gallons  per 
minute 

Lb.  per 
sq.  in. 

Lb.  per 
sq.  in. 

Feet 

Feet 

Feet 

20 
30 
40 
50 
60 
70 
80 
90 
100 

33 
40 
46 
52 
57 
61 
65 
69 
73 

5.2 
7.7 
10.2 
12.8 
15.4 
IS.O 
20.5 
23.0 
25.6 

9.5 
14.4 
18.8 
23.8 
28.5 
32.7 
38.4 
42.0 
47.0 

34 
37 
38 
39 
40 
41 
42 
43 
44 

15 
20 
25 
30 
33 
37 
40 
43 
46 

63 
79 
91 
102 
111 
120 
127 
134 
140 
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24.     Friction  Factors. — The  curves  of  Fig.  21  show  the  friction 
factors  for  each  kind  of  hose  used  and  for  velocities  in  the  hose  ranging 


.OS 

.07 


.06 

k 

^  .05 
^  .04 

^.02 

.0/ 
O 


< 

L<^ 

^ 

Zy- 

p^- 

1 

yC^o 

S^e 

hrr^liS^ 

<^07^/-0^ 

/o 


ye/oc/-/^y  /n  //ose  -  ft  pGr  5€C. 


Fig.  21.     Diagram  Showing  Friction  Factors  in  Rubber-lined  and 

Unlined  Hose 
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from  4  to  8  ft.  per  sec.  These  curves  cover  the  range  of  velocities 
which  would  be  met  in  ordinary  use.  The  friction  factor  /  is  computed 
from  the  formula 

jW_ 
''d2g 

h  =  head  lost  in  feet  of  water 

I  —  length  of  hose  in  feet 

d  =  diameter  of  hose  in  feet 

V  =  velocity  of  the  water  in  the  hose  in  feet  per  second 

g  =  acceleration  due  to  gravity  in  feet  per  second  per  second 

The  loss  of  head  in  the  rubber-lined  hose  varies  almost  directly 
as  the  square  of  the  velocity  and  is  about  the  same  as  the  loss  of  head 
in  clean  iron  pipe  of  the  same  diameter.  The  friction  factor  for  the 
unlined  linen  hose  decreases  as  the  velocity  increases,  or  in  other  words 
the  loss  of  head  does  not  vary  directly  as  the  square  of  the  velocity, 
the  ratio  of  the  lost  head  to  the  square  of  the  velocity  being  larger  for 
the  lower  velocities.  The  reason  that  the  friction  factor  for  unlined 
linen  hose  decreased  more  rapidly  with  the  velocity  than  does  that  for 
rubber-Uned  cotton  hose  may  be  that  the  diameter  of  the  unlined  hose 
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is  increased  more  than  that  of  the  rubber-hned  cotton  hose  by  the 
increasing  pressures  which  accompany  the  increasing  velocities.  This 
would  make  the  value  of  d  larger  and  the  value  of  v  smaller  in  the  equa- 
tion for  /  than  was  actually  used.  It  is  probable,  furthermore,  that  the 
increasing  pressure  decreases  the  roughness  of  the  unlined  linen  hose 
more  than  it  does  for  rubber-lined  hose.  In  general  the  lost  head  in 
the  unlined  linen  hose  is  about  twice  as  great  as  in  the  rubber-lined 
cotton  hose.  If  an  average  value  of  the  friction  factor  (0.06)  is  used 
for  the  unlined  linen  hose,  no  great  error  will  enter  into  the  results 
under  ordinary  circumstances.  The  length  of  hose  will  ordinarily  not 
be  mose  than  100  feet  and  for  this  length  about  10  lb.  per  sq.  in.  will 
be  the  maximum  loss  of  head  in  the  unlined  linen  hose  under  working 
conditions  with  nozzles  giving  streams  up  to  K  in.  in  diameter.  An 
error  as  large  as  10  per  cent  in  the  calculation  of  the  loss  of  head  in 
the  hose  would  affect  the  nozzle  pressure  not  more  than  one  pound 
per  square  inch. 
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Fig.  22.     Diagkam  Showing  Coefficients  of  Discharge  of  Nozzles 

While  the  loss  of  head  in  the  unlined  linen  hose  is  about  twice  as 
great  as  the  loss  of  head  in  the  rubber-lined  hose,  the  linen  hose  has 
several  advantages.  It  is  much  lighter  to  handle,  folds  up  in  less  space 
on  the  wall  racks,  costs  only  about  50  to  60  per  cent  of  the  cost  of 
rubber-lined  hose  and,  in  an  ordinary  building,  its  life  is  much  longer. 


25.     Coefficients  of  Discharge. — The  coefficients  of  discharge  for 
each  of  the  three  sizes  of  nozzles  are  given  in  Fig.  22  for  pressures 
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at  the  base  of  the  nozzle  ranging  from  about  10  to  85  lb.  per  sq.  in. 
This  range  of  pressures  corresponds  to  a  range  in  the  velocity  of  the 
issuing  jet  from  a  minimum  of  about  35  ft.  per  sec.  with  the  3'2-in. 
nozzle  to  a  maximum  of  about  185  ft.  per  sec.  with  the  Me-in.  nozzle. 
The  coefficient  of  discharge  is  the  ratio  of  the  measured  discharge  to 
the  ideal  discharge.  The  measured  discharge  was  weighed  and  the 
volume  computed  from  the  weights.  The  ideal  discharge  was  com- 
puted from  the  formula 

q  =  A  ■\l2gh 
g  =  discharge  in  cubic  feet  per  second.  A  =  area  of  the  opening  of  the 
nozzle  in  square  feet,  g  =  acceleration  due  to  gravity  in  feet  per 
second  per  second.  /i  =  pressure  at  the  base  of  the  nozzle  in  feet  of 
water.  The  velocity  of  approach  to  the  nozzle  was  negligible  and 
was,  therefore,  not  considered  in  the  equation  for  the  ideal  discharge. 
The  pressure  at  the  base  of  the  nozzles  was  measured  with  calibrated 
pressure  gages. 

The  coefficient  of  discharge  for  the  Ke-in.  and  the  M-in.  nozzles 
is  nearly  constant  for  all  pressures  and  averages  0.98.  The  coefficient 
is  slightly  lower  than  0.98  for  the  Ke-in.  nozzle  at  the  higher  pressures. 
The  Me-in.  nozzle  gives  a  coefficient  of  0.95.  The  %6-in.  nozzle  is  12 
inches  long  while  the  other  two  are  only  6  inches  long,  and  this  greater 
length  adds  somewhat  to  the  friction  and  lowers  the  coefficient  of 
discharge  for  the  Me-in.  nozzle. 

The  Me-in.  and  the  Ke-in.  nozzles  were  rough  on  the  interior 
surfaces,  having  been  left  just  as  they  came  from  the  molds.  The 
tips  had  been  smoothed  slightly  by  running  a  drill  through  the  opening, 
but  the  cylindrical  portion  made  by  the  drills  was  very  short  in  each 
case  and  the  nozzles  gave  streams  which  sprayed  badly  a  short  distance 
away.  The  K-in.  nozzle  was  made  from  a  Ke-in.  nozzle.  The  entire 
inner  surface  v/as  first  machined  out  in  hopes  that  it  would  prevent 
the  spraying  of  the  jet,  but  the  nozzle  gave  a  stream  which  appeared 
no  better  than  before  machining.  Then  a  ^%2-in.  reamer  and  finally 
a  K-in.  reamer  were  run  through  the  opening,  each  reducing  the  spray- 
ing. The  3^-in.  reamer  made  the  cylindrical  portion  of  the  opening 
M-in.  long,  and  the  resulting  nozzle  gave  a  very  good  stream.  An 
opening  larger  than  M-in.  could  not  be  made  in  the  nozzle  because 
of  the  thinness  of  the  walls. 

26.  Height  and  Horizontal  Distance  of  Jets. — The  heights  and  the 
horizontal  distances  reached  by  the  jets  from  each  of  the  three  nozzles 
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used  are  given^in  Table  8.  As  stated,  the  vertical  heights  were  meas- 
ured by  means  of  a  transit  and  the  horizontal  distances  were  measured 
with  a  tape^from^stakes  which  were  driven  in  the  ground  at  frequent 
known  space  intervals.  The  observations  were  made  when  a  moderate 
wind  was  blowing  which  interfered  with  the  streams  considerably.  A 
stream  was  considered  good  for  the  distance  in  which  practically  all  the 
water  would  pass  through  a  circle  whose  diameter  was  18  inches. 
The^value  was  an  arbitrary  selection  and  the  streams  might  be  con- 
sidered by  some  as  effective  for  greater  distances  than  those  given  in 
Table  8.  The  streams,  however,  beyond  the  sections  chosen,  diverged 
rapidly  and  the  selection  of  a  circle  larger  than  18  inches  would  have 
added  but  a  few  feet  to  the  distances  given  in  Table  8  in  any  case. 

27.  Effect  of  Cylindrical  Tip. — The  tests  show  clearly  the  impor- 
tance of  a  smooth  cylindrical  opening  at  the  tip  of  the  nozzle.  A  com- 
parison of  the  results  of  the  tests  on  the  Ke-in.  and  the  M-in.  nozzles 
for  vertical  heights  and  horizontal  distances  of  the  jets  will  show  this 
difference.  In  the  -case  of  the  Ke-in.  nozzle  with  a  pressure  of  30  lb. 
per  sq.  in.  at  the  base  of  the  nozzle  the  vertical  height  of  the  jet  was 
27  ft.  as  compared  with  37  ft.  for  the  [M-in.  nozzle  for  the  same  pressure. 
Likewise  the  horizontal  distance  reached  with  the  Ke-in.  nozzle  was 
13  ft.  as  compared  with  20  ft.  with  the  K-in.  nozzle.  Similar  com- 
parisons may  be  made  for  other  pressures  at  the  base  of  the  nozzle. 
The  appearance  of  the  jets  showed  a  much  greater  difference  than 
the  data  would  indicate.  It  must  be  remembered  that  the  two  nozzles 
were  alike  and  gave  streams  which  appeared  to  be  the  same  before 
one  was  reamed  out  to  a  larger  size. 

It  will  be  noted  also  that  in  the  case  of  the  %6-in.  nozzle  for  a 
pressure  of  30  lb.  per  sq.  in.  at  the  base  of  the  nozzle,  the  vertical  and 
horizontal  distances  reached  by  the  stream  were  respectively  32  and 
18  ft.,  which  indicate  that  the  improvement  in  the  carrying  capacity 
of  the  M-in.  nozzle  over  that  of  the  Ke-in.  nozzle  was  not  due  to  the 
smoother  condition  of  the  interior  surface  of  the  K-in.  nozzle,  but 
rather  to  the  effect  of  the  cylindrical  tip.  The  condition  of  the  interior 
surface  of  the  nozzle  to  within  one-half  inch  of  the  end  does  not  seem 
to  affect  appreciably  either  the  quantity  of  discharge  or  the  quality 
of  the  stream. 

It  seems  important,  therefore,  that  the  tip  of  the  nozzle  should 
be  reamed  out  for  a  distance  of  at  least  }i  in.  in  order  to  obtain  a  good 
fire  stream.     It  is  probably  true  also  that  for  nozzles  somewhat  larger 
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than  those  used  in  these  experiments  the  length  of  the  cyhndrical 
portion  should  be  more  than  H  in.,  perhaps  equal  to  the  diameter 
of  the  issuing  stream. 

28.  Requirements  for  Temporary  Fire  Protection  for  the  Interior- 
of  Buildings. — Small  fire  hose  and  nozzles  should  be  used  as  a  tem- 
porary protection  and  brought  into  play  until  greater  relief  is  at  hand. 
They  must  necessarily  operate  under  ordinary  working  pressures  in 
the  mains  more  often  than  under  fire  pressures.  With  40  lb.  per 
sq.  in.  as  an  average  pressure  in  the  mains,  there  should  be,  after 
deducting  for  losses  in  the  hose  and  connecting  pipes,  about  30  lb. 
per  sq.  in.  at  the  nozzle.  This  pressure,  of  course,  would  be  still 
further  reduced  if  the  nozzle  used  was  at  a  higher  elevation  than  the 
main.  With  a  nozzle  pressure  of  30  lb.  per  sq.  in.  the  J^-in.  nozzle 
will  discharge  40  gal.  per  min.,  the  He-in.  and  the  Ke-in.  nozzles  will 
discharge  30  and  15  gal.  per  min.,  respectively.  It  is  felt  that  the 
discharge  from  the  two  smaller  nozzles  is  not  great  enough  for  effective 
work.  It  is  true  that  the  pressure  at  the  nozzle  for  the  smaller  sizes 
with  a  given  pressure  in  the  main  will  be  somewhat  greater  than  for 
the  M-in.  nozzle,  because  of  the  decreased  velocity  in  the  hose  which 
will  give  a  smaller  loss  of  head,  but  this  difference  in  pressure  will  not 
be  enough  to  increase  the  discharge  materially  for  an  ordinary  length 
of  hose.  The  discharge  from  the  %6-in.  nozzle  is  too  small  to  be  very 
effective  even  at  higher  pressures.  The  discharge  for  a  pressure  of 
100  lb.  per  sq.  in.  is  but  28  gal.  per  min.  It  is  recommended  that 
M-in.  nozzles  be  used  with  IM-in.  hose.  For  nozzles  larger  than  H 
in.,  the  discharge  would  become  greater  and  increase  the  loss  of  head 
in  the  hose  to  such  an  extent  that  there  would  not  be  enough  nozzle 
pressure  left  to  produce  a  stream  which  would  carry  a  sufficient  distance. 

With  the  aid  of  the  tables  the  discharge  for  any  of  the  nozzles 
may  be  readily  computed  for  any  pressure  in  the  mains.  If  the  nozzle 
is  at  a  higher  elevation  than  the  main,  subtract  from  the  pressure  in 
the  main  an  amount  equal  to  0.434  Limes  the  difference  in  elevation  in 
feet  between  the  nozzle  and  the  main.  Take  a  discharge  from  the 
table  for  any  pressure  at  the  base  of  the  nozzle  for  the  size  of  nozzle 
used,  then  take  the  corresponding  value  of  the  head  lost  in  the  kind  of 
hose  used,  multiply  this  value  by  the  length  of  hose  in  feet  used  and 
divide  by  100.  The  result  gives  the  total  loss  in  the  hose  for  the 
assumed  discharge.  If  there  is  any  connecting  pipe,  the  loss  in  it  will 
be  the  same  as  the  loss  in  a  corresponding  length  of  rubber-lined  hose. 
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Add  the  losses  in  the  pipe  and  hose  to  the  pressure  at  the  base  of  the 
nozzle  for  the  assumed  discharge  to  obtain  the  pressure  in  the  main 
(corrected  for  the  difference  in  elevation)  necessary  to  produce  this 
discharge.  The  discharge  will  vary  as  the  square  root  of  this  pres- 
sure. Letting  q'  =  the  assumed  discharge,  P'  =  the  pressure  in  the  main 
(corrected  for  the  difference  in  elevation)  which  will  produce  this  dis- 
charge, g  =  the  discharge  to  be  determined,  P  =  the  actual  pressure  in 
the  mains  and  £r  =  difference  in  elevation  between  the  nozzle  and  the 
main  in  feet  gives  the  relation 


?'V- 


q^q.jP-0AS4H 


P' 
which  gives  the  required  discharge. 

To  illustrate  the  use  of  the  formula  the  following  assumptions  are 
made.  Pressure  in  mains,  P  =  60  lb.  per  sq.  in.,  80  ft.  of  linen  hose, 
50  ft.  of  IK-in.  connecting  pipe,  elevation  of  nozzle  above  main  30  ft. 
and  }4-m.  nozzle  used. 

Assume  a  discharge  of  46  gal.  per  min.  and  from  the  table  the 
following  values  are  obtained: 

Nozzle  pressure  =  40 

^        .    ,  80X18.8     _  ^ 

Loss  m  hose  =  — r^r-r —  =  15.0 

T        .     ■  .         50X10.2      _  . 
Loss  in  pipe  =  — :rz- —  =  5.1 

Total     =  P'  =  60n 

Substituting  in  the  formula 

g  =  40.7  gal.  per  min. 

The  following  method  may  be  used  to  determine  the  discharge 
for  any  size  of  nozzle  for  any  pressure  in  the  mains.  Assume  any 
pressure  at  the  base  of^the  nozzle,  h',  in  feet  of  water.  The  discharge 
for  this  pressure  may  be  determined  by  the  formula 

q'  =  cA  ■\l2gh' 
9'  =  discharge  in  cu.  ft.  per  sec. 

c  =  coefficient  of  discharge  and  may  be  taken  as  0.98 
i4  =  area  of  opening  of  nozzle  in  sq.  ft. 
2fif  =  64.4  ft.  per  sec.  per  sec. 
Determine  the  velocity  in  the  hose  for  this  discharge  from  the 
formula 
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q' 

v  =  — 

y  =  velocity  in  hose  in  ft.  per  sec. 
a  =  area  of  hose  in  sq.  ft. 
Determine  the  loss  in  the  hose  from  the  formula 

i^2  =  head  lost,  in  feet 
f=  friction  factor  which  may  be  taken  as  0.03  for  rubber  lined 

hose  or  0 .  06  for  unlined  linen  hose 
I  =  length  of  hose  in  feet 
d  =  diameter  of  hose  in  feet 
y  =  velocity  in  hose  in  ft.  per  sec. 
2gf  =  64.4  ft.  per  sec.  per  sec. 

If  there  is  any  pipe  connecting  the  hose  to  the  main,  the  loss  for 
it  may  be  computed  by  the  same  formula  as  for  the  hose,  using  0.03 
for  the  friction  factor  for  IM-in.  pipe.     Call  this  lost  head  hs. 

The  pressure  in  the  main  to  give  the  assumed  nozzle  pressure  is 

This  pressure  will  be  in  feet  of  water.     Then  using  the  relation 


"''^w 


H' 

gives  the  required  discharge.     If  the  main  is  below  the  nozzle,  subtract 
the  difference  in  elevation  in  feet  from  H  in  the  formula. 

It  is  recognized  that  this  method  is  not  strictly  accurate  since  the 
head  does  not  vary  exactly  as  the  square  of  the  discharge,  but  the 
results  obtained  will  be  close  enough  for  practical  use. 

29.     Summary. — The  following  brief  summary  is  given  as  applying 

to  small  hose  and  nozzles  with  velocities  in  the'  hose  ranging  from  about 

4  to  8  ft.  per  sec.  and  with  pressures  at  the  base  of  the  nozzle  ranging 

from  about  10  to  85  lb.  per  sq.  in. 

(1)     The  friction  factor  (/  in  the  equation  for  the  lost  head, 

Iv^  \ 
h  =f  -j-^  I  for  rubber-lined  hose  varies  but  little  with  the  velocity 

in  the  hose,  and  is  nearly  the  same  as  for  clean  iron  pipe  of  the  same 
diameter. 
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(2)  The  friction  factor  for  unlined  linen  hose  decreases  as 
the  velocity  increases.  In  general  the  loss  of  head  in  iinlined  linen 
hose  is  about  twice  as  great  as  in  rubber-lined  hose  of  the  same 
diameter  and  for  the  same  velocity. 

(3)  The  nozzle  should  have  a  smooth  cylindrical  tip  at  least 
one-half  inch  long  to  keep  the  jet  from  spraying.  A  cj'lindrical 
tip  is  a  much  more  important  factor  in  securing  a  good  fire  stream 
than  a  smooth  surface  in  the  interior  of  the  nozzle. 

(4)  Nozzle  openings  commonly  in  use  to  supply  fire  streams 
in  the  interior  of  buildings  seem  too  small  for  adequate  temporary 
fire  protection.  It  is  recommended  that  a  nozzle  with  a  H-in. 
opening  be  used  ^ith  a  1.^2-in.  hose  in  order  to  secure  a  sufficient 
quantity  of  water  for  an  effective  fire  stream. 

(5)  The  coefficient  of  discharge  of  a  small  conical  nozzle 
varies  but  little  with  the  velocity  and  is  close  to  0.98.  The  value 
of  0.95  obtained  with  the  :^i6-in.  nozzle,  which  was  12  in.  long  as 
compared  with  6  in.  for  the  other  nozzles  tested,  indicates,  how- 
ever, that  the  nozzle  should  be  short  to  obtain  the  value  of  0.98. 
A  cylindrical  tip  on  the  nozzle  seems  to  have  little  influence  on 
the  coefiicient  of  discharge. 
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Part  IV 
THE  ORIFICE   BUCKET  FOR   MEASURING   WATER 


X.     Introduction 

30.  Purpose. — The  purpose  of  Part  IV  is  to  describe  a  method 
of  measuring  water  by  means  of  a  simple,  portable,  and  inexpensive 
device,  here  called  an  orijfice  bucket,  and  to  present  experimental  data 
applying  thereto  for  a  range  of  conditions  sufficient  to  indicate  that 
the  device  is  reliable  for  use  in  engineering  practice.  An  orifice  bucket 
is  a  cylindrical  vessel  into  which  water  to  be  measured  falls  vertically 
and  passes  out  through  a  number  of  holes  or  orifices  in  the  bottom. 
A  vertical  glass  tube  placed  just  outside  the  bucket  is  connected  to  the 
sides  of  the  bucket  near  the  bottom,  and  the  height  of  the  water  in 
the  tube  indicates  the  head  on  the  orifice. 

The  orifice  bucket  was  devised  for  the  purpose  of  measuring  the 
discharge  of  several  artesian  wells  pumped  by  means  of  air  lift,  the 
water  from  each  of  which  discharged  into  a  separate  cistern  or  small 
reservoir  through  a  vertical  pipe.  In  each  case  the  water  left  the  pipe 
mth  considerable  blast  and  momentum.  Several  possible  methods 
for  the  measurement  of  the  discharge  were  considered  but  were  thought 
to  be  impracticable  for  various  reasons  or  inapplicable  for  the  particular 
case.  After  some  preliminary  laboratory  experimenting  an  orifice 
bucket  was  devised  which  served  very  satisfactorily  in  determining  the 
discharge  from  each  of  the  wells.  It  was  at  first  feared  that  the  water 
would  enter  the  bucket  with  such  a  blast  that  entrained  air  would  enter 
the  vertical  glass  tube  and  cause  trouble  in  determining  the  height  of 
water  in  the  bucket.  There  was,  however,  no  trouble  from  this  cause 
and  the  fluctuations  of  the  water  level  in  the  glass  tube  offered  no  seri- 
ous difficulties. 

The  orifice  bucket  has  also  given  satisfaction  in  tests  made  to  deter- 
mine yields  of  well  pumps  of  the  reciprocating  type.  It  should  give 
satisfactory  results  in  the  field  where  simpUcity  of  construction  and 
portabihty  are  desirable  and  where  extreme  accuracy  is  not  of  great 
importance. 
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XI.     Apparatus  and  Method  of  Calibrating 

32.  Orifice  Bucket. — Fig.  23  shows  the  construction  and  dimen- 
sions of  one  of  the  first  orifice  buckets  used  in  the  experiments,  and 
Fig.  24  shows  the  bucket  in  use.     This  bucket  weighed  23  lb. 

As  previously  stated  an  orifice  bucket  is  a  cylindrical  vessel  having 
holes  or  orifices  in  its  bottom  and  into  which  water  to  be  measured 


Fig.  23.     Fifteen-inch  Orifice  Bucket  Having  Fifty-six  Orifices 
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falls  vertically,  the  head  of  water  on  the  orifices  being  indicated  by 
the  height  of  the  water  in  a  vertical  glass  piezometer  tube  attached 
near  the  bottom  of  the  bucket. 

Fig.  25  shows  the  construction  of  the  most  elaborate  orifice  bucket 
which  has  been  used.  It  is  provided  with  a  short  tube  checker-work 
to  smooth  out  the  flow  of  the  water  on  its  way  to  the  orifices  in  the 
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Fig.  25.    Twenty-inch  Orifice  Bucket  Having  Nineteen  Orifices 


Fig.  24.    View  Showing  Orifice  Bucket  in  Use 
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bottom  of  the  bucket.  The  vertical  glass  tube  is  connected  to  a 
piezometer  chamber  or  ring  around  the  base  of  the  bucket,  pressure 
being  transmitted  to  the  piezometer  ring  through  a  large  number  of 
small  holes. 

The  orifice  bucket  may  be  adapted  for  the  measurement  of  water 
for  a  considerable  range  in  the  discharge  by  varying  the  head  on  the 
orifices  and  also  by  varying  the  number  of  holes  which  are  stopped  or 
plugged  with  corks  or  wooden  stoppers.  The  range  in  the  capacities 
of  the  orifice  buckets  which  have  been  used  is  from  about  40  to  1000 
gal.  per  min. 

33.  Method  of  Calibrating  Orifice  Bucket. — In  calibrating  the  ori- 
fice bucket  it  was  hung  underneath  a  vertical  pipe  as  shown  in  Fig.  24. 
The  quantity  of  water  discharged  was  measured  with  a  6-in.  Venturi 
meter  in  most  of  the  calibration  tests  although  a  calibrated  measuring 
pit  was  used  in  some  of  the  tests  to  determine  the  volume  discharged 
in  a  given  time. 

With  a  given  number  of  holes  open,  the  flow  in  the  orifice  bucket 
was  regulated  by  means  of  a  valve  between  the  Venturi  meter  and  the 
bucket  until  the  height  in  the  bucket  remained  constant.  The  Venturi 
meter  reading  and  the  head  on  the  orifices  were  then  taken.  This 
procedure  was  repeated  for  several  different  heads  and  for  different 
numbers  of  orifices  open. 

The  effect  of  varying  the  conditions  of  flow  was  investigated  some- 
what. The  height  of  the  free  fall  of  the  water  from  the  inflow  pipe  to 
the  orifice  bucket  was  varied;  likewise  different  sizes  of  pipe  were  used 
giving  different  velocities  to  the  stream  entering  the  bucket.  The 
stream  was  also  allowed  to  enter  near  to  one  side  of  the  bucket  instead 
of  at  the  center.  Different  groupings  of  the  open  orifices,  furthermore, 
were  tried,  and  different  methods  were  employed  in  attempting  to 
spread  or  distribute  the  inflowing  stream. 

In  using  the  orifice  bucket  it  is  necessary  to  estimate  the  average 
head  shown  in  the  glass  tube  because  there  is  some  fluctuation.  The 
amount  of  the  fluctuation  may  be  reduced  by  throttling  the  valve  in 
the  connection  of  the  glass  tube  to  the  orifice  bucket.  If  the  proper 
conditions  are  observed,  there  should  be  little  trouble  from  this  source. 
It  should  be  remembered  that  the  rate  of  discharge  is  proportional  to 
the  square  root  of  the  head  and  that  the  effect  of  the  error  which  might 
occur  in  the  head  reading  itself  is  thus  reduced  in  determining  the 
discharge. 
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XII.     Experimental  Data  and  Discussion 

34.  Fifteen-inch  Orifice  Bucket  Having  Fifty-six  Orifices. — Fig.  26 
shows  the  calibration  curves  for  the  15-inch  orifice  bucket  shown  in 
Fig.  23  and  24.  There  were  fifty-six  1-in.  holes  in  the  bottom  of  the 
bucket  giving  a  maximum  capacity  of  about  1000  gal.  per  min.  With 
all  the  orifices  open  the  rate  of  discharge  was  varied  from  about  600 
to  1000  gal.  per  min.  by  varying  the  head  from  about  M  ft.  to  2  ft. 
With  thirty-two  orifices  open  the  discharge  had  a  range  of  about  300 
to  600  gal.  per  min.  by  varying  the  head  from  about  M  ft.  to  2.5  ft. 
In  closing  the  twenty-four  orifices,  corks  were  used  of  such  size  that 
they  projected  but  httle  into  the  bucket.  It  was  found  that  in  filling 
the  orifices  a  symmetrical  arrangement  gave  somewhat  steadier  action, 
particularly  when  the  orifices  near  the  circumference  were  the  ones 
filled.     The  inflowing  stream  was  discharged  from  an  8-in.  pipe.     A 
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Fig.  26.     Calibration  Curves  for  15-inch  Orifice  Bucket  Having 

Fifty-six  Orifices 
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3-iii.  pipe  was  also  tried  but  did  not  give  satisfactory  results,  on  account 
of  the  high  velocity  which  produced  an  extremely  agitated  condition 
of  the  water  in  the  bucket.  This  condition  may  be  overcome,  however, 
by  use  of  a  deflector  or  distributor,  such  as  an  open  bag  or  sack  attached 
to  the  end  of  the  discharge  pipe. 

The  rate  of  discharge  for  any  other  number  of  open  orifices  for  this 
bucket  may  be  obtained  from  the  equation 

5  =  12. 8nVr 

which  represents  fairly  well  the  relation  between  the  quantity,  q,  in 
gal.  per  min.,  the  number  of  orifices  open,  n,  and  the  head  in  the 
bucket,  h,  in  ft.  The  experiments  give  an  average  coefficient  of  dis- 
charge for  the  1-in.  orifices  of  this  bucket  of  about  0.63. 

35.  Fifteen-inch  Orifice  Bucket  Having  Only  Three  Orifices. — 
Fig.  27  shows  an  orifice  bucket  of  the  same  dimensions  as  the  one  just 
described  but  with  three  iron  tubes  about  1  in.  long  inserted  in  a  1-in. 
wooden  bottom.  It  was  provided  with  two  screens  through  which  the 
water  passed  on  its  way  to  the  orifices  in  the  bottom  of  the  bucket. 

Fig.  27  also  shows  the  calibration  curves  for  this  orifice  bucket. 
It  will  be  noted  that  the  discharge  ranges  from  about  35  to  115  gal. 
per  min.  This  orifice  was  constructed  and  calibrated  for  immediate 
use  and  not  for  experimental  purposes.  The  calibration  curves  are  of 
value  in  indicating  the  reliability  of  the  orifice  bucket  under  a  rather 
wide  range  in  the  details  of  its  construction. 

36.  Twenty-inch  Orifice  Bucket  Having  Nineteen  Orifices. — An 
illustration  of  the  most  elaborate  orifice  bucket  used  in  the  experi- 
ments is  shown  in  Fig.  25,  the  capacity  of  which  is  about  1000  gal. 
per  min.  It  contains  a  checkerwork  of  vertical  tubes  through  which 
the  water  flows  in  passing  to  the  orifices.  The  gage  glass  which 
indicates  the  head  on  the  orifices  is  connected  to  a  piezometer  ring  or 
chamber  around  the  base  of  the  bucket.  The  pressure  of  the  water  in 
the  bucket  is  transmitted  to  the  piezometer  chamber  through  a  large 
number  of  M-in.  holes.  The  bottom  of  the  bucket  consists  of  Ke-in. 
boiler  plate  in  which  nineteen  IM-in.  circular  holes  are  drilled. 

The  calibration  curves  for  this  orifice  bucket  are  shown  in  Fig.  28, 
for  all  holes  open  and  for  ten  holes  open.  The  discharge  for  any  other 
number  of  orifices  open  may  be  found  with  a  fair  degree  of  accuracy 
from  the  equation 
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Fig.  27.    Calibration  Curves  for  15-inch  Orifice  Bucket  Having 
Only  Three  Orifices 


HYDRAULIC    EXPERIMENTS 


75 


1000 

/ 

/ 

900 

/ 

/ 

/ 

/ 

600 

/ 

/ 

/ 

/ 

/ 

/ 

■c"  VUO 

A 

y 

\600 

I 
^00 

1 

// 

si/ 

^^/ 

)  / 

t^^^ 

7 

^ 

^ 

^400 
•5» 

/ 

i 

p 

^ 

^ 

/ 

\ 

f- 

300 

; 

/ 

f 

/ 

/ 

200 

1 

/ 

/ 

Hn 

/f^s  f- 

^^  *!■ 

/ 

0P^ 

100 

1 

1 

/ 

^ 

tP/0 

'P^ec 

/ 

/ 

/ 

0 

/ 

0      .2      ^      .6      .6      /.O     /.2     /.4     /.6     /.d     ^.0    2.2    24    26  23 

/ieoGf/n  feet 


Fig.  28.     Calibration  Curves  for  20-inch  Orifice  Bucket  Having 
Nineteen  Orifices 
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q  =  ^2.7n^!~h 
in  which  q  is  expressed  in.  gal.  per  min..  n  is  the  number  of  holes  open, 

and  h  is  the  head  on  the  orifices  in  feet.     The  average  coefficient  of 
discharge  for  the  l?s-in.  orifices  of  this  bucket  is  0.61. 

The  curves  in  Fig.  28  were  obtained  when  the  bucket  was  supported 
firmly  in  an  upright  position  with  the  stream  to  be  measured  discharging 
vertically  in  the  center  of  the  bucket  and  with  the  free  fall  into  the 
bucket  small.  The  velocity  of  the  inflowing  stream,  furthermore,  was 
not  high  (2  or  3  ft.  per  sec),  thereby  causing  but  httle  agitation  of 
the  water  in  the  bucket.  Experiments,  however,  in  which  more  or  less 
variation  from  these  conditions  were  allowed  indicated  that  no  serious 
errors  resulted. 

37.  Conclusions. — The  conditions  under  which  the  discharge  of 
water  has  to  be  measured  are  so  varied  and  the  purpose  or  aim  in  deter- 
mining the  discharge  differs  so  much  in  different  problems  that  nearly 
any  one  of  the  many  common  methods  of  measuring  water  has  a  rather 
restricted  field  of  usefulness,  while  some  methods  apply  only  to  ver\' 
spyecial  conditions. 

The  orifice  bucket  is  designed  to  meet  rather  special  conditions. 
It  is  peculiarly  adapted  for  the  measurement  of  water  where  a  device 
which  is  portable  (fight  weight  and  small  size),  simple  in  construction, 
and  low  in  cost  are  essential  features.  The  measuring  capacity,  more- 
over, covers  a  considerable  range.  The  orifice  bucket  is  particularh' 
fitted  for  the  measurement  of  water  when  the  water  discharges  with 
considerable  blast  and  momentum  from  the  end  of  a  vertical  pipe,  in 
such  a  manner  that  the  spray  covers  the  entire  surface  of  the  water  in 
the  bucket,  as  in  the  case  of  air  lift  pumping.  "When  so  used  the  orifice 
bucket  gives  results  which  should  be  correct  within  5  per  cent  if  the 
proper  precautions  are  observed  in  its  use,  as  is  shown  by  the  cahbration 
curves,  and  correct  within  10  per  cent  for  the  more  unfavorable  condi- 
tions to  be  met  in  the  field.  The  highest  accuracy  is  obtained  when 
the  ori&ce  bucket  is  supported  rigidly  in  an  upright  position  with  the 
center  of  the  discharging  stream  vertically  over  the  center  of  the  bucket. 
The  free  fall  of  the  water  should  be  as  small  as  possible  and  the  velocity 
of  the  water  as  it  enters  the  bucket  should  not  be  large,  tmless  the  stream 
is  distributed,  so  as  to  avoid  high  local  velocities  in  the  bucket.  The 
orifice  bucket,  however,  gives  vers'  satisfactory'  results  even  when  there 
are  considerable  deviations  from  these  desirable  conditions  and  renders 
a  service  for  which  other  measuring  devices  may  not  be  adapted. 
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TEST  OF  A  FLAT  SLAB  FLOOR  OF  THE  WESTERN  NEWS- 
PAPER UNION  BUILDING 


1.  Preliminary.— This  bulletin  gives  the  results  of  the  test  made 
on  a  four-way  reinforced  concrete  flat  slab  floor  of  the  Western  News- 
paper Union  Building  in  Chicago  in  August  and  September,  1917. 
A  load  of  913  lb.  per  sq.  ft.  was  applied  over  four  panels.  The  build- 
ing, which  was  nine  years  old  at  the  time  of  the  test,  was  to  be  torn 
down  to  clear  the  site  for  the  new  Union  Passenger  Station;  the  op- 
portunity was  utilized  to  apply  a  test  load  much  greater  in  propor- 
tion to  the  design  load  than  had  been  used  in  previous  tests  of  build- 
ings. The  test  was  carried  far  enough  to  give  stresses  in  the  rein- 
forcing bars  and  concrete  markedly  higher  than  have  been  obtained 
in  other  building  tests.  The  information  on  the  action  of  the  slab  in 
its  various  parts  given  by  the  strain  measurements  has  an  important 
bearing  on  the  design  of  the  flat  slab  structure. 

2.  Acknowledgment. — The  test  was  made  as  investigative  work 
of  the  Engineering  Experiment  Station  The  testing  work  was  done 
under  the  direct  supervision  of  Mr.  Gonnerman.  He  and  Mr.  N.  E. 
Ensign,  Associate  in  Theoretical  and  Applied  Mechanics,  acted  as 
observers.  The  results  have  been  reduced  and  prepared  for  publication 
as  a  bulletin  of  the  Engineering  Experiment  Station. 

Acknowledgment  of  valuable  aid  received  in  carrying  out  the 
test  is  made.  The  Portland  Cement  Association  furnished  the  labor 
for  preparing  for  the  test  and  for  hauling  the  loading  material  and 
loading  and  unloading  the  floor.  The  Universal  Portland  Cement 
Company  assisted  in  making  arrangements  and  gave  assistance  on  the 
test.  The  pig  iron  used  for  loading  material  was  lent  by  the  Illinois 
Steel  Company.  The  freight  on  the  pig  iron  was  borne  jointly  by 
the  Pennsylvania  Railroad  and  the  Portland  Cement  Association. 
Opportunity  to  use  the  building  for  the  purpose  of  the  test  was  given 
by  the  Chicago  Union  Station  Company;  the  test  was  made  at  the 
suggestion  of  A.  J.  Hammond,  Principal  Assistant  Engineer.  The 
CoNDRON  Company  provided  an  assistant  for  tracing  and  checking 
the  transfer  of  the  loading  material. 
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3.  The  Building. — The  Western  Newspaper  Union  Building 
was  an  eight-story  reinforced  concrete  structure  located  at  Clinton 
and  Adams  Streets,  Chicago.  The  building  was  erected  in  the  spring 
of  1909  by  the  George  Hinchcliff  Company,  contractors,  according  to 
plans  furnished  by  S.  N.  Crowen,  architect,  and  Ritter  and  Mott,  en- 
gineers. It  had  been  in  use  by  a  printing  company  until  1916.  The 
floor  tested  had  been  occupied  by  printing  presses.  Pig.  1  is  a  view 
of  the  building  at  the  time  of  the  test;  the  wrecking  of  the  building 
had  begun. 

Two  types  of  floor  construction  were  used  in  the  building.  The 
first  five  floors  were  slab  and  girder  type;  the  sixth,  seventh,  and 
eighth  floors  were  Turner  mushroom  flat  slab  type  (four-way  rein- 
forcement). The  floors  of  the  building  were  divided  into  panels  17 
ft.  5^  in.  by  19  ft.  4^  in.  The  test  was  made  on  the  sixth  floor.  This 
floor  was  designed  for  a  live  load  of  250  lb.  per  sq,  ft.  and  was  nominal- 
ly 81/2  in.  thick.  A  considerable  variation  in  thickness  was  found,  the 
measured  thickness  over  the  test  area  ranging  from  7.5  to  9.8  in.  Fig. 
3  gives  the  thickness  of  the  floor  at  a  number  of  places  as  determined 
by  readings  with  an  engineer's  level.  In  general^  the  thickness  was 
greater  away  from  th6  columns  than  in  the  vicinity  of  the  columns. 
The  interior  columns  were  octagonal  in  form,  24  in.  in  short  diameter 
below  the  floor  tested  and  21  in.  in  short  diameter  above  it.  The  inside 
diameters  of  the  hooping  of  the  columns  on  the  fifth  and  sixth  floors 
are  given  on  the  plans  as  21  in.  and  18  in.,  respectively.  The  column 
capitals  were  pyramidal;  the  short  diameter  at  the  top  of  the  capital 
•was  54  in.  The  building  plans  called  for  15  %-in.  round  bars  in  each 
of  the  four  bands  of  reinforcement  in  the  floor  slab  and  indicated  that 
over  most  of  the  columns  in  the  test  area  there  were  laps  in  certain 
bands.  After  the  test  was  made,  the  floor  was  broken  into  and  the 
location  and  extent  of  all  laps  and  the  position  of  reinforcing  bars 
with  respect  to  the  surfaces  of  the  slab  were  found.  Fig.  4  shows  the 
arrangement  of  the  reinforcement  found  over  the  test  area,  including 
the  position  of  the  laps.  In  several  places  the  arrangement  of  rein- 
forcement differs  from  that  given  in  the  building  plans.  In  three 
places  in  rectangular  bands  the  reinforcement  for  positive  moment  was 
double  that  given  on  the  plans  (30  bars  instead  of  15).  The  lapping 
of  bars  at  columns  was  generally  greater  than  that  indicated  on  the 
plans.  At  column  15  three  bands  were  lapped ;  at  columns  14,  16,  21, 
26,  27,  and  28,  two  bands;  and  at  columns  22  and  23,  one  band.  In 
most  cases,  the  length  of  lap  and  its  position  were  such  that  the  extra 
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Fig.  1.    View  of  Western  Newspaper  Union  Building  at  Time  of  Test 


-s:^ — 1 


I'  u 


rr./--^'~^^Jr 


% 


Fig.  2.    View  Showing  Full  Load  on  Floor 
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metal  was  effective  in  regions  of  greatest  moment.  In  some  cases  the 
laps  were  poorly  arranged,  as  at  columns  15,  16,  and  27.  No  reason 
is  apparent  for  the  lapping  of  bars  between  columns.  There  was  no 
reinforcement  for  negative  moment  in  the  region  midway  between 
columns.  The  eight  li/4-in.  column  rods  were  bent  out  into  the  slab, 
and  two  circumferential  ring  rods  (circles  of  5  ft.  6  in,  and  8  ft.  6  in. 
diameters)  rested  on  these  and  supported  the  lower  layers  of  rein- 
forcing bars.     The  measurement  of  position  of  bars  with  respect  to 
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Fig.  3.     Thickness  of  Floor  in  Test  Area 

the  surface  of  the  slab  showed  considerable  variation  at  the  several 
columns.  The  method  of  lapping  was  not  always  the  same;  in  some 
cases  the  laps  of  a  given  band  were  not  at  the  same  level — at  columns 
15  and  22,  for  example,  there  were  five  layers  of  %-in.  bars  besides 
the  circumferential  and  bent-out  column  bars.  At  the  columns  the 
distance  of  the  centers  of  the  bars  of  the  top  layer  from  the  upper 
surface  of  the  slab  varied  from  0.90  in.  to  2.00  in.,  and  that  of  the 
lower  layer  from  3.60  to  4.00  in.     At  points  between  columns  the 
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centers  of  the  bars  of  the  rectangular  bands  were  from  2.30  in  one 
case  to  4,20  in.  above  the  lower  surface  of  the  slab.  In  the  region  of 
the  center  of  the  panel  the  centers  of  the  lower  layer  of  diagonal 
bars  were  from  1.20  to  2.20  in.  above  the  lower  surface  of  the  slab. 

The  variation  in  amount  of  reinforcement  available  at  the  dif- 
ferent sections  of  the  slab  due  to  the  diversity  in  amount  and  position 


Fig.  4.     Arrangement  of  Reinforcement  in  Test  Area 


of  laps,  and  the  variation  in  depth  of  reinforcing  bar  and  thickness 
of  slab,  as  well  as  variations  in  the  quality  and  stiffness  of  the  concrete 
in  different  parts  of  the  loaded  area,  may  be  expected  to  cause  some 
lack  of  uniformity  in  the  stresses  and  deflections  at  points  similarly 
located  on  the  test  area. 

The  concrete  in  the  slab  was  1-2-4  mix ;  in  the  columns  1-1-2  mix 
was  used.  The  coarse  aggregate  was  gravel.  At  the  time  of  the  test 
the  building  was  eight  years  old.  Pieces  of  the  concrete  were  cut  out 
from  the  floor  and  sawed  into  test  prisms  approximately  5  in.  square 
and  16  in.  long ;  one  face  of  the  prism  was  coincident  with  the  upper 
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surface  of  the  slab.  The  concrete  was  taken  from  parts  of  the  slab 
(indicated  in  Fig.  3)  which  had  not  been  highly  stressed  and  which 
was  relatively  free  from  reinforcing  bars  and  cracks.  The  results 
of  the  tests  are  given  in  Table  1.    The  strength  of  these  test  prisms 


Table  1 
Compression  Tests  of  Concrete  Prisms 


Specimen 

From 
Panel 

Length 
inches 

Section 
inches 

Loaded 
Area 
sq.  in. 

Maximum 
Applied 

Load 
pounds 

Unit 

Compressive 

Strength 

lb.  per 

sq.  in. 

Modulus  of 

Elasticity 

lb.  per 

sq.  in. 

Al 
A2 
A3 

A 
A 
A 

16.9 
16.8 
16.2 

4.6  by  4.8 

4.7  by  4.7 
4.9  by  3.9 

22.1 
22.1 
19.1 

71  000 
119  300 
104  400 

3210 
5400 
5460 

4  500  000 

5  100  000 
4  800  000 

Average 

4690 

4  800  000 

Bl 
B2 

B 
B 

18.0 
15.0 

6.5  by  4.5 
4.7  by  4.7 

29.3 
22.1 

93  400 
79  100 

3190 
3580 

4  200  000 
3  500  000 

Average 

3385 

3  850  000 

Dl 
D2 
D3 
D4 
D5 

D 
D 
D 
D 
D 

16.0 

16.5 

10.0 

9.5 

8.0 

4.5  by  3.0 
5.1  by  2.6 
4.9  by  3.1 
5.0  by  3.1 
4.5  by  3.2 

13.5 
12.8 
15.2 
15.5 
14.4 

48  600 
42  800 
60^600 

sgjoo 

48  200 

3600 
3340 
3990 
3850 
3350 

4  600  000 
4  500  000 

Average 

3626 

4  550  000 

ranged  from  3190  lb.  per  sq.  in.  in  panel  B  to  5460  lb.  per  sq.  in.  in 
panel  A,  and  the  initial  modulus  of  elasticity  from  3  500  000  to  5  100- 
000  lb.  per  sq.  in.  When  the  floor  was  broken  up  after  the  test,  a 
noticeable  difference  was  found  in  the  quality  of  the  concrete  in  the 
four  test  panels.  The  concrete  in  panels  A  and  D  appeared  much 
stronger  and  harder  than  that  in  panels  B  and  C.  That  in  panel  D 
was  very  hard. 

Steel  coupons  were  cut  from  reinforcing  bars  at  different  places 
in  the  tested  floor.  The  results  of  the  tension  tests  of  these  bars  are 
given  in  Table  2.  The  bars  gave  an  average  yield  point  by  drop  of 
beam  of  63  600  lb.  per  sq.  in.  and  an  average  ultimate  strength  of 
101  300  lb.  per  sq.  in. 


4.  The  Test. — The  method  of  testing  was  similar  to  that  used  in 
previous  buildings  tests,  as  described  in  Bulletin  No.  64  of  the  Uni- 
versity of  Illinois  Engineering  Experiment  Station,  ''Tests  of  Kein- 
forced  Concrete  Buildings  Under  Load. ' '  The  loading  material  was  pig 
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Table  2 
Tension  Tests  of  Eeinforcing  Bars 


Average 

Yield  Point 
lb.  per  sq.  in. 

Ultimate 

Elongation 

Reduction 

Specimen 

Diameter 

Strength 

in  8  Inches 

of  Area 

No. 

inches 

lb.  per  sq.  in. 

per  cent 

per  cent 

1 

.602 

66  800 

103  500 

17.2 

37.6 

2 

.603 

59  900 

96  200 

17.8 

34.0 

3 

.619 

69  100 

115  600 

17.8 

33.4 

4 

.625 

55  400 

86  700 

21.5 

48.0 

5 

.626 

64  000 

100  000 

16.2 

39.4 

6 

.625 

66  500 

115  000 

14.6 

45.3 

7 

.625 

64  900 

101  600 

15.1 

45.3 

8 

.615 

60  000 

99  000 

18.6 

45.3 

9 

.621 

65  700 

102  700 

16.9 

41.7 

Average 

63  600 

101  300 

17.2 

41.1 

iron.  The  pig  iron  was  hauled  from  the  freight  yards  to  the  building  in 
auto  trucks.  The  net  weight  of  each  truck  load  of  iron  was  obtained  by 
weighing  on  a  certified  scale  before  it  was  hauled  to  the  building.  At 
the  building  the  pig  iron  was  loaded  on  hand  trucks,  hoisted  to  the 
test  floor  by  means  of  an  electric  freight  elevator,  and  then  placed  on 
the  test  area  by  hand.  A  record  was  kept  of  the  number  of  truck  loads 
placed  on  each  panel  and  the  total  weight  on  each  panel  was  obtained 
from  the  truck  weights. 

The  load  was  applied  over  the  four  interior  panels  of  the  sixth 
floor.  Fig.  5  gives  the  location  of  the  panels  tested.  The  load  on  each 
panel  was  divided  into  quarters  by  means  of  aisles  6  to  8  in.  wide  ex- 
tending at  right  angles  to  each  other  along  the  center  lines  of  the 
panels  and  along  the  boundaries  between  panels.  The  space  occupied 
by  the  aisles  and  by  the  boxes  built  on  the  floor  to  afford  access  to  the 
gage  lines  amounted  to  17  per  cent  of  the  panel  areas.  The  final  load 
on  the  slab  was  913  lb.  per  sq.  ft.,  a  total  load  of  308  400  lb.  per  panel. 
Fig.  2  shows  the  full  load  in  place. 

Gage  lines  were  prepared  in  advance  of  the  test — 103  on  the  rein- 
forcing bars  and  75  on  the  concrete.  Fig.  6  and  7  show  the  location 
of  the  gage  lines  on  the  upper  and  lower  sides  of  the  slab.  To  insure 
reliability  of  initial  readings,  three  sets  of  strain  gage  readings  (and 
more  on  many  of  the  gage  lines)  were  taken  before  the  load  was  ap- 
plied. Strain  gage  readings  were  taken  at  loads  of  234,  425,  637,  855, 
and  913  lb.  per  sq.  ft.  of  panel  area.  In  each  case  except  for  the  first 
load  two  complete  sets  of  strain  readings  were  taken  on  the  reinforcing 
bars  and  the  concrete,  and  sometimes  more.  The  deflection  of  the  slab 
was  measured  at  20  points.    The  location  of  the  deflection  points  are 


TEST   OF    THE   WESTERN    NEWSPAPER    UNION    BUILDING 


15 


shown  in  Fig.  8.  The  appearance  of  cracks  was  also  noted.  Readings 
of  deformation  and  deflection  at  the  more  important  points  were  taken 
from,  time  to  time  as  the  load  was  being  placed  on  the  floor. 

Readings  were  also  taken  three  days  after  the  maximum  load  had 


Fig.  5.      Location  of  Test  Panels 


been  placed  on  the  floor  in  order  to  get  information  on  the  time  effect 
of  the  load  upon  deformations  and  deflections.  After  the  removal  of 
the  load  readings  were  taken  to  find  the  amount  of  recovery  in  the 
floor. 
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The  test  area  was  chosen  where  there  would  be  the  least  effect  of 
floor  openings  and  where  the  building  plans  showed  laps  in  only  the 
rectangular  bands  over  the  column  in  the  center  of  four  panels.  In  a 
building  test  the  considerable  time  required  to  reduce  the  data  of  the 
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Fig.  6.    Location  of  Gage  Lines  on  Upper  Side  of  Slab 


readings  into  form  for  analysis  renders  it  necessary  to  restrict  the 
number  of  gage  lines  and  so  their  distribution  over  the  test  area  be- 
comes a  matter  of  importance.  The  gage  lines  in  this  test  were  placed 
with  a  view  of  getting  some  information  on  (1)  the  amount  and  dis- 
tribution of  the  stresses  in  the  reinforcement  along  sections  through 
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Fig.  7.     Location  of  Gage  Lines  on  Lower  Side  of  Slab 


the  panel  centers  and  through,  the  panel  edges,  and  at  other  points, 

(2)  the  strain  in  the  concrete  at  the  more  important  points  in  the  slab, 

( 3 )  the  moment  of  resistance  accounted  for  by  the  stresses  in  the  rein- 
forcing bars  which  cross  sections  through  the  panel  centers  and  through 
the  panel  edges,  and  (4)  something  on  the  stresses  in  columns  at  the 
edges  of  the  loaded  area  due  to  bending  under  the  applied  load. 
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Fig.   8.    Load-deflection  Diagrams  and  Location  of  Deflection  Points 
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The  gage  lines  in  panels  A  and  C  with  few  exceptions  were  laid  out 
in  duplicate  in  order  that  readings  obtained  on  the  gage  lines  in  the  one 
panel  might  serve  as  a  check  on  readings  obtained  at  corresponding 
gage  lines  in  the  other,  and  also  to  find  out  whether  there  was  similarity 
of  action  in  the  two  panels. 

5,  Deflection  of  Slab. — The  deflections  of  the  slab  at  the  several 
deflection  points  are  plotted  in  Fig.  8,  the  diagrams  for  points  similar- 
ly located  being  grouped  together.  The  recovery  of  deflection  one  day 
after  the  load  was  removed  is  indicated  by  the  points  plotted  at  the 
bottom  of  the  diagram.  The  second  point  plotted  for  the  load  of  637 
lb.  per  sq.  ft.  is  the  deflection  16  hours  after  the  last  of  the  load  was 
applied ;  the  second  point  for  the  load  of  855  lb.  per  sq.  ft.,  37  hours 
after;  the  second  point  for  the  load  of  913  lb.  per  sq.  ft.,  66  hours  after. 
Where  no  second  point  is  plotted,  the  change  in  deflection  was 
negligible. 

The  deflections  at  the  centers  of  panels  A,  B,  C,  and  D  under  the 
load  of  913  lb.  per  sq.  ft.  were  1.06, 1.12,  1.04,  and  0.87  in.,  respectively. 
It  may  be  noted  in  this  connection  that  panels  C  and  D  had  a  greater 
amount  of  reinforcement  than  A  and  B  and  that  panel  D  was  thicker. 
The  concrete  of  panels  A  and  D  was  of  unusually  good  quality. 

Of  the  deflections  at  the  middle  of  the  inner  edges  of  the  loaded 
panels,  that  at  point  8  (Fig.  8)  was  considerably  greater  than  that  at 
point  16,  and  that  at  point  12  was  more  than  at  point  20.  The  dif- 
ferences are  explainable  by  differences  in  quality  of  concrete  and 
in  amount  and  arrangement  of  reinforcement. 

At  the  outer  edges  of  the  loaded  area,  the  deflections  at  points  5 
and  9  were  considerably  greater  than  at  points  15  and  18 ;  and  the  de- 
flections at  points  2  and  11  were  greater  than  at  points  14  and  19 — 
the  same  circumstances  explain  these  differences  in  deflections. 

It  may  be  noted  that  points  1  and  6  (Fig.  8)  distant  one-quarter 
of  the  panel  lengths  from  the  panel  edges  gave  a  measurable  deflec- 
tion. Point  7  (center  of  adjacent  panel)  remained  stationary  and 
point  4  showed  an  upward  movement. 

6.  Cracks  in  Slai. — It  was  noted  before  the  load  was  applied 
that  there  were  numerous  checks  in  the  upper  surface  of  the  slab  in 
the  regions  around  the  column  and  along  the  panel  edges.  Most  of 
these  were  evidently  surface  checks ;  others  were  tension  cracks  formed 
under  previous  loads.    The  latter  opened  upon  the  application  of  load. 


20 


ILLINOIS  ENGINEERING  EXPERIMENT  STATION 


Fig.  9  gives  the  location  of  the  more  important  cracks  on  the  upper 
side  of  the  slab  which  either  opened  or  formed  under  the  test  load. 
These  cracks  were  all  open  cracks — much  more  marked  than  hair 
cracks.  Under  the  load  of  913  lb.  per  sq.  ft.  they  ranged  in  width  from 
0.02  to  0.06  in.  These  cracks  show  the  regions  of  high  tensile  stress  in 
the  top  of  the  slab.  The  main  cracks  at  the  columns  were  generally  at 
or  near  the  edges  of  the  column  capital;  they  branched  out  to  join  the 
cracks  extending  along  the  panel  edges  between  the  columns.  The 
cracks  at  the  capitals  of  the  columns  bordering  the  loaded  area  were 
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Fig.  9.     Location  of  Main  Cracks  in  Upper  Side  of  Slab 


fully  as  wide  as  those  at  the  capital  of  the  central  column.  The  cracks 
along  the  panel  edges  were  generally  as  pronounced  as  those  around  the 
capitals. 

Fig.  10  shows  the  location  of  the  more  important  cracks  on  the 
lower  side  of  the  slab  in  panels  A  and  C,  the  panels  in  which  the 
principal  tension  gage  lines  on  the  lower  side  of  the  floor  were  placed. 
In  panels  B  and  D,  in  addition  to  those  noted  in  the  figure,  there  were 
cracks  over  the  panels  in  positions  similar  to  those  noted  in  panels  A 
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and  C.  In  panel  D  the  cracks  were  not  so  wide  nor  so  numerous  as 
in  the  other  panels,  even  at  the  maximum  load.  Panel  B  had  larger 
and  more  numerous  cracks  than  the  other  panels.  Most  of  the  cracks 
on  the  lower  side  of  the  slab  were  found  in  bands  extending  in  rec- 
tangular directions.  In  a  small  area  at  the  panel  centers  cracks  ex- 
tended in  diagonal  directions.  No  cracks  or  checks  had  been  noted  on 
the  lower  side  of  the  slab  before  loading  was  begun.  The  first  hair 
cracks  here  were  observed  at  a  load  of  234  lb.  per  sq.  ft.  At  a  load  of 
425  lb.  per  sq.  ft.,  the  cracks  were  fairly  well  defined  and  for  higher 
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Fig.  10.     Location  of  Main  Cracks  in  Lower  Side  of  Slab 


loads  they  gradually  opened  up  and  extended.  The  main  cracks  on 
the  lower  side  of  the  slab  did  not  open  so  much  as  the  main  cracks  on 
the  upper  side  of  the  slab.  The  construction  joint  shown  in  Fig.  9  and 
10  opened  appreciably^  under  the  application  of  load. 

Upon  the  removal  of  the  load  the  cracks  closed,  giving  the  slab  an 
appearance  similar  to  that  which  it  had  before  the  load  was  applied. 


7.     Load-strain  Diagrams. — In  Figs.  11  to  13  the  load-strain  dia- 
grams are  given  for  gage  lines  on  the  upper  and  lower  sides  of  the 
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Unit  Jfra/'n  -  /'n  per  in. 

F;g.     n.     Load-strain  Diagrams  FOR  Gage  Lines  ON  Reinforcing  Bars  ON  Uppek 

Side  of  Slab 
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Unit  Strain  -  in.  per  /a 

Fig.  12.     Load-stila.in  Diagrams  for  Gage  Lines  on  Reinforcing  Bars  on  Upper 
AND  Lower  Sides  of  Slab 
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Unit  Sfra/n  -  in.  per  /n. 

Fig.  13.     Lo.\d-str.\ix  Diagr-\ms  for  Gage  Lixes  ix  Coxcrete  ox  Upper  axd 

Lower  Sides  of  Slab 
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slab.  In  these  diagrams  tensile  strains  are  plotted  to  the  right  and 
compressive  strains  to  the  left  of  the  axis.  Gage  lines  having  similar 
positions  on  the  floor  have  been  grouped.  Averages  of  the  several  read- 
ings were  used  in  computing  the  strains.  It  will  be  noted  that  for 
gage  lines  on  bars  in  the  upper  side  of  the  slab  the  diagrams  show  de- 
formations of  considerable  amount  at  the  load  of  234  lb.  per  sq.  ft ;  the 
diagrams  for  gage  lines  on  bars  on  lower  side  show  markedly  smaller 
deformations.  For  loads  greater  than  234  lb.  per  sq.  ft.  the  deforma- 
tions in  bars  on  the  lower  side  of  the  slab  increased  fairly  uniformly 
with  increase  of  load ;  it  has  already  been  noted  that  the  first  cracks  on 
the  lower  side  appeared  at  this  load.  The  diagrams  for  gage  lines  on 
the  concrete  on  both  upper  and  lower  sides  of  the  slab  show  deforma- 
tions of  considerable  amount  at  the  first  load  and  a  fairly  uniform  in- 
crease in  deformation  for  higher  loads. 

8.  Stresses  in  Reinforcing  Bars  in  Upper  Side  of  Slab. — The 
stresses  in  the  reinforcing  bars  at  the  several  loads  may  be  computed 
from  the  strains  given  in  Fig.  11  and  12.  For  convenience  of  compari- 
son the  stresses  corresponding  to  the  strains  for  the  maximum  load 
(913  lb.  per  sq.  ft.)  are  given  in  Fig.  14.  The  values  shown  at  points 
around  the  columns  are  in  bars  at  the  upper  side  of  the  slab ;  the  others 
are  in  bars  at  the  lower  side. 

For  bars  on  the  upper  side  of  the  slab  the  greatest  stresses  were 
found  at  gage  lines  located  on  diagonal  bars  at  the  edge  of  the  column 
capitals.  At  column  22  (the  central  column  of  the  loaded  area)  the 
stresses  in  diagonal  bars  over  the  edge  of  the  column  capital  ranged 
from  49  200  to  57  300  lb.  per  sq.  in.  The  stresses  in  diagonal  bars  at 
column  22  at  gage  lines  located  some  distance  from  the  column  capital 
ranged  from  15  000  to  34  500  lb.  per  sq.  in.  The  stresses  in  diagonal 
bars  at  the  columns  bordering  the  loaded  area  ranged  from  36  600  to 
54  900  lb.  per  sq.  in.  In  general,  the  stresses  in  the  diagonal  bars  at 
the  columns  bordering  the  loaded  area  were  nearly  as  great  as  those 
observed  at  corresponding  gage  lines  at  the  central  column.  The 
stresses  given  do  not  include  the  stress  due  to  the  load  of  the  slab 
itself ;  allowing  for  this,  it  is  apparent  that  the  yield  point  of  the  steel 
was  not  reached  in  even  the  most  highly  stressed  bars. 

The  stresses  in  the  east  and  west  rectangular  band  at  column  22 
averaged  about  41  400  lb.  per  sq.  in.  The  stresses  in  the  north  and 
south  rectangular  band  at  column  22  ranged  from  23  700  lb.  per  sq.  in. 
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at  the  edge  of  the  columii  capital  to  40  500  lb.  per  sq.  in.  at  gage  lines 
near  the  edge  of  the  band  on  either  side  of  the  column.  The  bars  in 
this  band  were  lapped  at  column  22,  the  bars  ending  about  80  inches 
north  and  south  of  the  column  center.  It  will  be  noted  that  at  gage 
lines  near  the  edges  of  the  rectangular  bands  the  stresses  were  greater 
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Fig.  14.    Stresses  in  Eeinforcing  Bars  in  Pounds  per  Square  Inch  at  Load  of 
913  Pounds  per  Square  Foot 


than  in  bars  at  the  middle  of  the  band.  In  bars  outside  the  loaded 
area  and  near  the  edge  of  a  rectangular  band  stresses  were  found  as 
great  as  6000  lb.  per  sq.  in.  It  is  evident  that  portions  of  the  slab  out- 
side the  loaded  area  contributed  measurably  to  the  resistance  developed 
in  the  slab. 
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9.  Stresses  in  Reinforcing  Bars  in  Lower  Side  of  Slab. — On  the 
lower  side  of  the  slab  the  greatest  stresses  were  found  in  the  bars  of 
the  rectangular  bands  (Fig.  14).  At  the  maximum  load  stresses  from 
24  300  to  30  000  lb.  per  sq.  in.  were  observed  in  rectangular  bands  with- 
in the  loaded  area.  In  the  one  which  had  30  bars  instead  of  the  usual 
15,  stresses  from  18  000  to  21  OQO  lb.  per  sq.  in.  were  found. 

The  stresses  in  the  rectangular  bands  at  the  edge  of  the  loaded 
area  varied  from  5100  lb.  per  sq.  in.  in  a  bar  outside  the  loaded  area 
to  22  500  lb.  per  sq.  in.  in  a  bar  inside  the  loaded  area.  At  one  gage 
line  outside  the  loaded  area  and  near  the  edge  of  the  band  a  stress  of 
15  600  lb.  per  sq.  in,  was  found. 

The  stresses  in  the  diagonal  bands  in  the  region  of  the  center  of  the 
panels  were  smaller  than  those  in  bars  of  the  rectangular  bands  in 
the  region  between  columns.  The  stresses  in  diagonal  bars  at  gage  lines 
away  from  rectangular  sections  which  pass  through  panel  centers 
ranged  from  6300  to  18  300  lb.  per  sq.  in. 

The  effect  of  position  of  reinforcing  bars  with  respect  to  surface 
of  slab  on  the  stress  developed  is  discussed  in  another  place. 

10.  Strains  in  Concrete  at  Upper  Surface  of  Slab. — The  unit- 
strains  in  the  concrete  at  the  several  loads  are  plotted  in  Fig.  13.  For 
convenience  of  comparison,  the  unit-strains  at  the  maximum  load  are 
recorded  in  Fig.  15.  The  values  for  points  around  the  columns  are 
for  gage  lines  on  the  lower  side  of  the  slab;  a  few  gage  lines  which 
cross  the  panel  edges  between  columns  are  also  on  the  lower  side..  The 
remaining  gage  lines  are  on  the  upper  side  of  the  slab. 

On  the  upper  surface  of  the  slab  the  greatest  compressive  strains 
v/ere  found  at  gage  lines  along  the  inner  panel  edges  midway  between 
columns.  Strains  from  0.00089  to  0.00097  in.  per  in.  were  observed 
at  these  gage  lines.  Assuming  a  modulus  of  elasticity  of  concrete  of 
4  000  000  lb.  per  sq.  in.  and  a  straight-line  stress-strain  relation  the 
stresses  in  the  concrete  corresponding  to  these  deformations  would  be 
3560  and  3880  lb.  per  sq.  in.  Strains  as  great  as  0.00054  in.  per  in. 
(corresponding  stress  in  the  concrete  on  the  assumption  just  given, 
2160  lb.  per  sq.  in.)  were  found  at  gage  lines  at  the  panel  centers. 

11.  Strains  in  Concrete  at  Lower  Surface  of  Slab. — The  greatest 
strains  in  concrete  on  the  lower  surface  of  the  slab  were  found  close  to 
the  edge  of  the  capital  of  column  22.     The  strains  at  this  column  at 
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the  diagonal  gage  lines  (see  Fig.  15)  ranged  from  0.0012  to  0.0016  in. 
per  in.  at  the  maximum  load.  These  strains  are  as  great  as  the  strains 
which  were  found  at  failure  in  the  tests  of  the  concrete  prisms  cut  from 
the  slab ;  they  represent  the  range  in  deformation  at  the  ultimate  load 
usually  found  in  compression  tests  of  concrete.    Spalling  or  chipping 
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Fig.  15.     Unit-strains  in  Concrete  at  Load  of  913  Pounds  per  Square  Foot 
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of  the  concrete  surface  was  plainly  visible  near  the  edge  of  the  capital 
of  column  22  in  panel  A.  At  rectangular  gage  lines  near  the  capital  of 
this  column  a  strain  in  the  concrete  of  0.0014  in.  per  in.  was  observed. 
These  high  deformations  indicate  that  the  concrete  near  the  capital  of 
column  22  was  highly  stressed  and  that  at  certain  gage  lines  it  was 
stressed  to  its  ultimate  strength,  the  action  of  the  surrounding  con- 
crete preventing  its  complete  failure. 
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Near  the  edges  of  the  capitals  of  columns  bordering  the  loaded 
area  strains  from  0,00054  to  0.0011  in.  per  in.  were  observed  at  di- 
agonal gage  lines,  and  strains  from  0.00044  to  0.00081  in.  per  in.  at 
rectangular  gage  lines.  With  a  modulus  of  elasticity  of  concrete  of 
4  000  000  lb.  per  sq.  in.  the  stresses  corresponding  to  these  strains 
would  range  from  1760  to  4400  lb.  per  sq.  in. 

At  the  gage  lines  crossing  the  inner  panel  edges  at  a  section  of 
negative  moment  between  columns  15  and  22,  compressive  strains  about 
one-half  those  found  near  the  column  capital  were  observed  at  the 
lower  loads,  even  though  there  was  no  tension  reinforcement  in  the 
upper  side  of  the  slab  in  this  region.  For  the  highest  load  when  the 
concrete  at  the  capital  had  begun  to  crush  there  was  a  relatively  great 
increase  in  the  strains  in  this  middle  region,  a  value  as  great  as  0.0012 
in.  per  in.  being  found. 

It  should  be  noted  that  there  were  compressive  strains  of  some 
amount  in  regions  of  negative  moment  outside  the  loaded  area. 

'12.  Influence  of  Position  of  Bar. — The  stresses  in  Fig.  14  are 
given  without  reference  to  the  position  of  the  bar  with  respect  to  the 
surface  of  the  slab  and  without  reference  to  its  position  in  the  band. 
It  may  be  expected  that  the  stresses  in  the  several  layers  of  bars  will 
vary.  The  average  depths  of  the  layers  of  bars  at  the  edge  of  the 
capital  of  column  22  ranged  from  0.90  in.  below  the  upper  surface  of 
the  slab  for  the  upper  layer  to  3.65  inches  for  the  lower  layer.  At  this 
column  the  layers  of  bars  in  the  order  of  their  position  with  respect 
to  the  upper  surface  of  the  slab  were  as  follows:  (1)  north  and  south 
rectangular  bars  (one  lap),  (2)  diagonal  bars  running  to  northwest, 
(3)  east  and  west  rectangular  bars,  (4)  diagonal  bars  running  north- 
east, (5)  north  and  south  rectangular  bars  (second  lap),  (6)  circum- 
ferential ring  bars,  (7)  radial  column  bars.     (See  Fig.  20.) 

The  strains  in  steel  and  concrete  at  gage  lines  near  the  capital  of 
column  22  for  the  load  of  913  lb.  per  sq.  ft.  have  been  plotted  in  Fig.  16 
to  show  the  position  of  the  neutral  axis  for  the  various  layers  of  bars 
on  which  readings  of  deformation  were  taken.  The  strains  found  at 
gage  lines  5  and  17  are  markedly  smaller  than  those  found  at  gage 
lines  8,  9,  20,  and  22A  which  were  placed  on  bars  of  the  same  layer. 
Gage  line  22A,  like  gage  lines  5  and  17,  was  placed  over  the  edge  of 
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the  capital  and  it  will  be  noted  that  the  deformation  found  at  this  gage 
line  is  more  in  harmony  with  the  deformations  found  at  other  gage 
lines  on  bars  of  the  same  layer  than  are  the  deformations  at  5  and  17. 


Un/f  3tra/n  in  3tee/  -//i.per/n. 
I       ^       "^ 


/:^//^//Z7//7  //?  Concrefe  -/h.per  in. 

Fig.  16.    Position  of  Neutral  Axis  for  the  Several  Layers  of  Baks  at 

Column  22 


No  reason  for  the  markedly  smaller  value  in  gage  lines  5  and  17  is 
apparent.  For  the  gage  lines  other  than  5  and  17  the  position  of  the 
neutral  axis  with  respect  to  the  under  side  of  slab  ranged  from  0.43 
to  0,46  of  the  effective  depth  of  the  several  layers.  The  value  of  3 
(which  represents  the  ratio  of  the  distance  between  the  bar  and  the 
centroid  of  compressive  stresses  to  the  distance  between  the  bar  and 
the  face  of  the  slab)  for  these  bars  is,  therefore,  about  0.85.  The  value 
of  7"  found  in  a  similar  way  for  gage  lines  located  at  columns  border- 
ing the  loaded  area  was  0.87.  It  will  be  noted  in  Fig.  16  that  the  strain 
in  the  lower  layer  of  diagonal  bars  is  nearly  as  great  as  that  in  the 
upper  layer  of  diagonal  bars.    The  strain  in  the  layer  of  rectangular 
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bars  between  the  two  layers  of  diagonal  bars  was  less  than  that  found 
in  the  diagonal  bars. 

No  measurements  of  strain  were  made  on  the  rings  nor  on  the 
column  bars  bent  out  radially  into  the  slab.  These  bars  were  placed 
low  in  the  slab  and  near  where  the  neutral  axis  may  be  expected  to  be. 
It  is  probable  that  they  were  stressed  somewhat.  As  has  been  stated 
elsewhere  these  bars  were  not  taken  into  account  in  the  calculations  of 
resisting  moment. 

For  the  diagonal  bars  in  the  central  area  of  the  panels,  the  stresses 
in  the  bars  of  the  lower  layers  were  generally  considerably  greater 
than  those  in  the  upper  layer.  In  the  one  case  where  the  lower  bar 
shows  considerably  less  stress,  the  gage  lines  were  near  the  end  of 
lapped  bars. 

The  bars  in  the  rectangular  bands  at  sections  of  positive  moment 
were  farther  from  the  under  surface  of  the  slab  than  were  the  bars  of 
the  diagonal  bands,  but  the  stresses  in  the  former  were  greater  than 
in  the  latter  except  where  laps  occurred.  It  should  be  noted  that  the 
bars  at  the  middle  of  the  rectangular  bands  were  farther  from  the  un- 
der surface  of  the  slab  than  were  the  outer  bars.  Differences  in  the 
magnitude  of  stresses  in  bars  in  similar  places  at  sections  of  positive 
moment  are  partly  accounted  for  by  differences  in  the  position  of  the 
bars ,'  for  example,  the  bar  at  gage  line  236  was  2.7  in.  from  the  lower 
surface  and  the  one  at  237  was  1.15  in.  from  the  lower  surface,  while 
the  stresses  were  12  600  and  21  600  lb.  per  sq.  in.  respectively.  Sim- 
ilarly, the  bars  for  gage  lines  219,  221,  and  239  are  higher  in  the  slab 
than  the  corresponding  bars  at  the  edges  of  the  band. 

Gage  lines  2,  7  and  10  were  placed  on  the  same  diagonal  bar. 
Similarly,  gage  lines  11,  14,  and  18  were  on  another  diagonal  bar. 
The  bar  having  gage  lines  2,  7,  and  10  was  about  1.95  in.  below  the 
upper  surface  of  the  slab  and  the  other  bar  about  3.15  in.  below  the 
upper  surface.  The  stresses  at  gage  lines  2,  7,  and  10  were  27  000, 
34  500  and  19  800  lb.  per  sq.  in.,  respectively ;  the  stresses  at  gage  lines 
11,  14,  and  18  were  16  200,  23  700,  15  000  lb.  per  sq.  in.,  respectively. 
It  will  be  seen  that  the  stresses  at  the  gage  lines  opposite  the  column 
capital  (7  and  14)  were  greater  than  those  observed  at  the  other 
gage  lines. 

13.  Resisting  Moment  Accounted  for  'by  Stresses  in  Reinforcing 
Bars. — It  will  be  of  interest  to  find  the  magnitude  of  the  resisting 
moments  developed  in  sections  of  the  slab  and  to  compare  the  values 
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with  the  bending  moment  due  to  the  external  forces.  As  the  part 
played  by  the  tensile  stresses  in  the  concrete  is  unknown  and  uncertain, 
only  that  part  of  the  resisting  moment  found  by  using  the  measured 
stress  in  the  reinforcing  bars  can  be  considered.  The  resisting  moment 
based  on  the  tensile  stresses  in  these  bars  may  not  be  expected  to  ac- 
count fully  for  the  bending  moment.  The  two  sections  considered  will 
be  (1)  a  section  across  the  panels  midway  between  columns  (AB,  Fig. 


Fig.  17.     Sections  of  Positive  Moment  and  Negative  Moment  Considered  in 

THE  Calculations 


17)  and  (2)  one  along  an  edge  of  the  panels  parallel  to  the  first  section 
but  skirting  the  part  of  the  periphery  of  the  column  capitals  at  the 
corners  of  the  panels  (CDE,  Fig.  17).  It  will  be  noted  that  the 
edges  of  the  area  here  considered  are  along  lines  of  zero  shear,  except 
around  the  column  capitals.  The  external  forces  acting  on  the  row  of 
half  panels  are  the  load  on  the  two  half  panels  and  the  reaction  or 
external  shear  at  the  three  column  capitals.  The  moment  of  the  cou- 
ple formed  by  these  two  external  forces  will  be  resisted  by  the  numeri- 
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cal  sum  of  the  resisting  moments  developed  in  the  two  sections  AB, 
and  CDE.  The  moment  of  the  internal  stresses  at  the  section  of 
the  panel  midway  between  columns  is  referred  to  as  the  positive  re- 
sisting moment  and  that  at  the  edge  of  the  panel  as  the  negative  re- 
sisting moment.  The  actual  distribution  of  these  resisting  moments 
along  the  sections  need  not  be  considered  in  making  the  desired  com- 
parison. 

The  point  of  application  of  the  resultant  of  the  load  on  the  two 
half  panels  is  shown  at  F ;  that  of  the  resultant  of  the  reaction  of  the 
three  supports  at  G.  The  moment  of  the  couple  formed  by  these  two 
resultants  is  the  bending  moment  due  to  the  external  forces  and  is 
the  moment  to  be  considered.  Analysis  shows  that,  for  a  uniformly 
distributed  load,  and  round  columns,  the  value  of  this  bending  mo- 
ment for  a  load  two  panels  wide  is  given  quite  closely  by  the  equation 

for  sections  at  right  angles  to  the  long  way  of  the  panel,  and 

M  =  lwi.[l-^j-]' («) 

for  sections  at  right  angles  to  the  short  way  of  the  panel  where 

M    =  bending  moment  for  a  width  of  two  panels 

W    =  load  on  one  panel 

li     =  long  side  of  an  oblong  panel  measured  from  center  to 

center  of  column 
l^     =  short  side  of  an  oblong  panel  measured  from  center  to 

center  of  column 
c      =  diameter  of  column  capital. 

With  the  load  of  913  lb.  per  sq.  ft.  over  four  panels,  the  bending 
moment  for  a  width  of  two  panels,  as  obtained  by  equations  (1)  and 
(2),  is  12  820  000  Ib.-in.  for  the  long  way  of  the  panels  (resisted  at 
north  and  south  sections)  and  11  060  000  lb  ..-in.  for  the  short  way  (re- 
sisted at  east  and  west  sections). 

The  positive  moment  (the  resisting  moment  at  the  section  across 
the  panels  midway  between  columns)  and  the  negative  moment  (the 
resisting  moment  at  the  section  at  the  edge  of  the  panels)   together 
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must  resist  this  bending  moment.  With  a  condition  of  ends  of  slab 
for  which  the  tangent  to  the  curve  of  flexure  at  the  edges  of  the  panels 
remains  horizontal  when  the  load  is  applied  (usually  termed  fixed 
ends),  the  condition  assumed  in  the  analysis,  the  positive  moment 
will  be  found  by  analysis  to  be  one-third  of  the  total  resisting  mo- 
ment and  the  negative  moment  two-thirds,  provided  the  slab  is  uni- 
formly stiff  throughout.  If  the  tangents  at  the  panel  edges  deflect 
somewhat,  the  positive  moment  will  be  greater  than  one-third  and  the 
negative  moment  less  than  two-thirds.  In  the  comparisons  to  be  made 
it  will  be  assumed  that  the  proportions  given  by  analysis  are  one-third 
for  the  positive  moment  and  two-thirds  for  the  negative  moment.  As 
stated  in  "14,  Bending  of  Columns,"  calculations  of  the  resisting 
moment  developed  at  sections  of  the  slab  at  the  boundaries  of  the 
loaded  area  as  accounted  for  by  the  observed  stresses  in  the  reinforc- 
ing bars,  the  results  of  analytical  determinations  of  the  moments  at 
sections  at  the  edges  and  at  the  middle  of  the  loaded  area,  and  the 
amount  of  flexure  in  the  columns  all  go  to  show  that  there  is  little  in- 
accuracy in  this  assumption  in  the  case  under  consideration.  The 
analytical  value  of  the  positive  resisting  moment  will  be  termed  the 
analj^tical  positive  moment  and  that  of  the  negative  resisting  moment 
the  analytical  negative  moment.  For  the  north  and  south  sections 
the  magnitude  of  these  analytical  moments  becomes  4  270  000  and 
8  550  000  lb. -in.  respectively,  and  for  the  east  and  west  sections  3  700- 
000  and  7  400  000  Ib.-in.  respectively. 

The  sections  used  in  obtaining  the  resisting  moment  accounted 
for  by  the  stresses  observed  in  the  reinforcing  bars  are  shown  in  Fig. 
18.  QKC-BJT  is  the  east  and  west  section  of  positive  moment  used, 
and  MNOP  the  east  and  west  section  of  negative  moment;  similarly, 
IJO-NKL  is  the  north  and  south  section  of  positive  moment,  and 
ABCD  and  BFGH  the  north  and  south  sections  of  negative  moment. 
Sections  of  negative  moment  in  the  north  and  south  direction  are 
taken  on  two  sides  of  the  column  capitals,  because  the  available  rein- 
forcement differed  in  the  two  sections.  The  sections  of  positive  mo- 
ment were  taken  as  shown  because  they  cross  the  greatest  number  of 
gage  lines. 

In  the  calculation  of  the  resisting  moments  developed,  lapped 
bars  were  considered  as  contributing  to  the  resisting  moment  where- 
ever  the  bars  extended  beyond  the  section  a  sufficient  distance  to  in- 
sure adequate  anchorage  with  respect  to  the  magnitude  of  the  stress 
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developed  in  the  bar.  Many  of  the  laps  were  made  in  such  a  way 
that  the  additional  section  may  not  be  expected  to  contribute  much 
to  the  resisting  moment.  As  measurable  stresses  were  found  in  bars 
near  the  edge  of  the  band  outside  the  loaded  area,  they  were  taken 
into  account  in  the  calculations.  The  ring  rods  around  the  columns 
and  the  column  bars  which  were  bent  out  into  the  slab  were  not  in- 
cluded in  the  reinforcement,  for  no  measurements  of  strain  were  made 
on  these  bars.  For  the  diagonal  bars  the  component  of  the  stress  was 
taken  in  a  direction  at  right  angles  to  the  direction  of  the  panel  edge. 
The  average  of  the  stresses  at  the  principal  critical  gage  lines  was 
generally  used.  For  the  bands  at  the  edges  of  the  loaded  area  the 
stresses  were  considered  to  vary  over  the  band  from  gage  line  to  gage 


Fig.  18.     Sections  of  Positive  and  Negative  Moment  Considered  in  the  Cal- 
culation OF  the  Resisting  Moments  Accounted  for  by  Stresses 
IN  the  Reinforcing  Bars 


line.  Some  judgment  had  to  be  used  in  determining  the  stress  varia- 
tion as  well  as  the  availability  of  lapped  bars,  but  it  is  believed  that 
the  assumptions  made  give  results  well  below  the  actual  resistance  de- 
veloped in  the  slab.  It  should  be  noted  that  the  maximum  stresses 
observed  in  bars  of  negative  moment  were  15  per  cent  greater  than 
the  average  of  the  stresses  used  in  computing  the  resisting  moment 
accounted  for  by  these  stresses,  not  counting  bars  in  bands  near  the 
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edges  of  the  loaded  area,  and  similarly  the  maximum  stresses  in  bars 
at  sections  of  positive  moment  were  25  per  cent  greater  than  the  aver- 
age of  the  stresses  used  in  computing  the  positive  moment.  The 
measured  position  of  the  bars  with  reference  to  the  face  of  the  slab 
and  the  measured  thicknesses  of  the  slab  were  used.  The  position  of 
the  neutral  axis  was  determined  from  the  strains  measured  in  the  re- 
inforcing bars  and  in  the  concrete  at  the  face  of  the  slab;  knowing 
this  distance,  the  values  of  jd,  the  distance  from  the  bar  to  the  center 
of  gravity  of  the  compressive  stresses,  were  computed  in  the  usual 
way.  The  value  of  jd  was  generally  about  0.87  of  the  distance  from 
the  center  of  gravity  of  the  bars  to  "the  face  of  the  slab. 


Table  3 

Eesisting  Moments  Accounted  for  by  Stresses  Observed  in  Reinforcing  Bars 

(Moments  are  given  in  pound  inches) 


North  and 

South  Sections 

Negative  Moment 

Positive  Moment 

Width  AB 

Fig.  18 
Width  BC 
Width  CD 

2  760  000 

2  720  000 
1  690  000 

Width  IJ 

Width  JO-NK 
Width  KL 

560  000 

1  570  000 
750  000 

Total 

7  170  000 

Total 

2  880  000 

Width  EF 

2  950  000 
2  890  000 
2  030  000 

Width  FG 

Width  GH 

Total 

7  870  000 

Average  total 

7  520  000 

East  axd  V 

T'est  Sections 

Negative  Moment 

Positive  Moment 

Width  MN 
Width  NO 
Width  OP 

2  190  000 
2  950  000 
1  680  000 

Width  QK 
Width  KG-FJ 
Width  JT 

600  000 

1  340  000 

730  000 

Total 

6  820  000 

Total 

2  670  000 

Table  3  gives  the  resisting  moments  accounted  for  by  the  stresses 
observed  in  the  reinforcing  bars  as  calculated  by  the  method  described. 
A  comparison  of  these  moments  with  the  values  of  the  analytical 
moments  already  given  indicates  that  about  88  per  cent  of  the  analyti- 
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cal  negative  moment  is  accounted  for  by  the  stresses  in  the  rein- 
forcing bars  in  the  case  of  the  north  and  south  section  and  92  per  cent 
in  the  case  of  the  east  and  west  section.  For  positive  moments  68  per 
cent  of  the  analytical  positive  moment  is  accounted  for  in  the  north 
and  south  section  and  72  per  cent  in  the  east  and  west  section.  The 
average  percentages  for  the  sections  in  the  two  directions  are  90  for 
the  negative  moment  and  70  for  the  positive  moment. 

The  reinforcing  bars  are  not  the  only  source  of  tensile  resistance 
in  the  slab ;  tensile  strength  of  concrete  assists.  It  is  evident  that  at 
sections  of  positive  moment  tension  in  the  concrete  may  make  up  a 
considerable  part  of  the  resistance  offered  by  the  slab,  and  even  at 
sections  of  negative  moment  it  may  have  an  effect.  This  tension  will 
be  especially  influential  in  regions  away  from  cracks.  At  points  of 
the  sections  which  are  outside  the  loaded  area  and  where  the  stresses 
in  the  bars  are  small  it  may  be  expected  to  form  a  not  inconsiderable 
part  of  the  total  resisting  moment  developed.  Of  course,  if  all  panels 
were  loaded,  the  effect  of  tension  in  the  concrete  would  be  much  less, 
since  its  greatest  proportional  effect  is  outside  the  loaded  area. 

In  making  comparisons,  it  must  be  kept  in  mind  that  the  unit- 
strain  computed  from  the  measurements  gives  the  average  strain  over 
the  gage  length  and  that  at  a  crack  the  stress  in  the  bar  will  be  more 
than  the  average  stress  over  the  gage  length. 

Measurements  made  in  beam  tests  in  various  laboratories  gener- 
ally show  that  up  to  loads  near  the  ultimate  load  the  measured  stress 
in  the  reinforcing  bars  is  less  than  that  necessary  to  account  for  the 
full  bending  moment  due  to  the  applied  load.  At  the  lower  stresses 
the  deficiency  is  considerable;  at  stresses  near  the  yield  point  of  the 
steel  it  may  not  be  much,  and  the  measured  stresses  may  even  be 
larger  than  necessary  to  account  for  the  bending  moment.  The  ef- 
fect is  particularly  noticeable  in  concrete  of  high  quality. 

On  the  whole  the  analytical  values  of  the  moments  are  closely  ap- 
proached, as  closely  as  may  be  expected  in  tests  of  this  kind.  The 
negative  moment  of  course  is  most  fully  accounted  for.  The  positive 
moment  is  not  wholly  accounted  for;  but  as  the  section  of  positive 
moment  involves  relatively  low  stresses  the  effect  of  the  tensile  re- 
sistance of  the  concrete  on  the  measured  stresses  m^y  be  considerable, 
especially  in  the  part  of  the  slab  outside  the  loaded  area.  It  must  not 
be  overlooked,  also,  that  the  stress  in  the  bars  at  the  cracks  will  be 
larger  than  the  average  stress  over  the  gage  length. 
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It  should  be  noted  that  in  the  case  of  negative  moments  the 
magnitudes  of  the  moments  found  for  the  part  of  the  sections  ad- 
jacent to  the  central  column  are  smaller  than  those  for  the  corres- 
ponding parts  of  the  sections  adjacent  to  the  outer  columns.  In  the 
case  of  column  15,  part  of  this  difference  is  due  to  the  additional 
amount  of  reinforcement  furnished  by  the  extra  laps  at  this  place, 
and  it  should  be  noted  too  that  the  larger  number  of  laps  at  the  outer 
columns  makes  this  portion  of  the  slab  stiffer  than  the  portion  around 
the  central  column.  In  general,  however,  most  of  it  appears  to  be  due 
to  the  stresses  developed  in  slab  and  reinforcing  bars  outside  the 
loaded  area,  a  part  of  the  slab  which  has  not  usually  been  considered 
to  contribute  to  the  resisting  moment.  In  the  sections  of  positive  mo- 
ment, the  magnitudes  of  the  resisting  moments  found  are  less  propor- 
tionally at  the  ends  of  the  sections  than  at  the  middle,  a  condition 
which  may  be  due  to  the  greater  proportional  effect  of  the  tensile  re- 
sistance developed  in  the  concrete  in  these  regions. 

The  foregoing  comparisons  have  been  made  on  the  basis  of  the 
full  analytical  value  of  the  bending  moment  and  by  considering  one- 
third  of  it  as  positive  moment  and  two-thirds  as  negative  moment. 
The  Joint  Committee  on  Concrete  and  Reinforced  Concrete  recom- 
mended for  the  sum  of  the  positive  and  negative  moments  a  value 
which  is  about  85  per  cent  of  the  analytical  value  heretofore  used  and 
recommended  that  the  distribution  be  three-eighths  positive  moment 
and  five-eighths  negative  moment.  It  may  be  of  interest  to  note  that 
the  sum  of  the  positive  and  negative  moments  accounted  for  by  the 
measured  stresses  in  the  reinforcing  bars  has  nearly  the  same  value 
as  the  sum  of  the  moments  recommended  by  the  Joint  Committee. 
The  negative  moments  so  accounted  for  are  13  per  cent  higher  than 
the  value  recommended  b}^  the  Joint  Committee,  and  the  positive  mo- 
ments are  about  73  per  cent  of  the  committee's  values.  In  judging 
of  the  results,  it  should  be  remembered  that  at  the  section  of  positive 
moments  tensile  stresses  in  the  concrete  have  a  considerable  influence 
at  the  stage  of  the  loading  indicated  by  the  stresses  in  the  bars  in  the 
loaded  area  and  outside  of  it.  The  reference  to  the  tensile  resistance 
of  the  concrete  as  contributing  to  the  resisting  moment  of  the  slab  in 
the  test  should  not  be  taken  to  mean  that  it  will  be  effective  as  a  re- 
sistance when  the  ultimate  load  is  reached.  It  is  apparent,  also,  that 
requirements  less  than  those  of  the  Joint  Committee  will  not  provide 
for  all  the  moment  developed  by  the  bars  of  the  slab. 
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In  making  a  comparison  with  methods  used  in  design  it  should 
be  borne  in  mind  that  the  principal  observed  maximum  stresses  were 
from  15  to  25  per  cent  greater  than  the  average  of  the  observed 
stresses  which  were  used  in  computing  the  resisting  moments  accounted 
for  by  the  stresses  in  the  bars ;  in  designing,  a  uniform  stress  over  the 
section  is  assumed. 

14.  Bending  of  Columns. — A  few  gage  lines  were  placed  on 
columns  bordering  the  loaded  area.  In  Fig.  19  the  location  of  these 
is  shown,  together  with  the  load-strain  diagrams.    Although  for  some 
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Fig.  19.     Load-strain  Diagrams  for  Gage  Lines  Located  on  Columns 


of  the  gage  lines  the  strains  show  as  tensile  strains,  it  is  probable  that 
for  the  gage  lines  given  as  in  tension  the  compressive  strain  in  the 
column  due  to  the  weight  of  the  floors  above  was  sufficient  to  over- 
come the  tensile  strain  measured  by  the  instrument. 
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The  direction  of  the  bending  was  in  the  direction  which  would  be 
expected  from  the  condition  of  loading.  For  gage  line  406  on  a 
column  reinforcing  bar  the  deformation  at  the  load  of  913  lb.  per  sq. 
ft.  corresponded  to  a  flexural  tensile  stress  of  10  500  lb.  per  sq.  in. 
and  for  gage  line  407  on  the  concrete  on  the  opposite  face  of  the 
column  the  strain  was  0.00054  in.  per  in.  corresponding  to  a  stress  of 
2160  lb.  per  sq.  in.  with  a  modulus  assumed  as  4  000  000  lb.  per  sq. 
in.  Similarly  at  gage  line  401  on  a  column  reinforcing  bar  at  the 
east  face  of  column  14  a  stress  of  8100  lb.  per  sq.  in.  was  found,  and 
for  gage  line  403  on  the  concrete  on  the  opposite  face  of  the  column 
the  compressive  stress  was  1200  lb.  per  sq.  in.  based  on  the  same 
modulus  of  elasticity"  of  concrete.  The  highest  compressive  strain  on 
column  14  was  found  at  gage  line  404  on  the  southwest  face  of  the 
column.  Gage  line  402  was  placed  across  an  opening  which  had  been 
cut  into  the  concrete  of  the  column  in  an  unsuccessful  effort  to  ex- 
pose column  bars  at  this  point.  A  fine  crack  formed  across  this  gage 
line.    It  is  seen  that  the  deformation  at  this  gage  line  is  large. 

Fine  cracks  formed  on  the  tension  side  of  the  columns  at  or  near 
the  juncture  of  the  column  shaft  and  capital.  At  column  15  a  crack 
was  found  about  half  way  up  the  column  capital.  All  the  cracks 
noted  were  fine  cracks — much  smaller  than  those  observed  on  the 
lower  surface  of  the  slab. 

The  amount  of  flexure  in  the  columns  was  apparently  not  suf- 
ficient to  give  more  than  a  slight  reduction  in  the  proportion  of  re- 
sisting moment  carried  by  the  slab  at  the  sections  at  the  edges  of  the 
loaded  area,  nor  more  than  a  slight  increase  in  the  moment  carried  at 
the  sections  through  the  middle  of  the  loaded  area.  This  view  is  borne 
out  by  calculations  of  the  resisting  moment  developed  at  sections  of 
the  slab  at  the  boundaries  of  the  loaded  area,  as  accounted  for  by  the 
observed  stresses  in  the  reinforcing  bars,  and  also  by  the  results  of 
analytical  determinations  of  the  moments  at  sections  at  the  edges  and 
the  middle  of  the  loaded  area. 

15.  Time- Effect  of  Load  and  Recovery  upon  Removal  of  Load. — 
As  has  been  stated,  two  or  more  sets  of  strain  gage  and  deflection 
readings  were  generally  taken  after  an  increment  of  load  had  been 
applied, — the  first  set  immediately  after  the  last  of  the  load  had  been 
placed  and  another  set  12  hours  thereafter.  A  third  set  was  taken  66 
hours  after  the  load  of  913  lb.  per  sq.  ft.  had  been  applied. 
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The  effect  of  time  on  the  strains  in  the  steel  and  concrete  was 
very  small;  the  reading  in  a  few  of  the  gage  lines  increased  slightly 
after  12  hours,  but  generally  not  enough  to  allow  two  points  to  be 
plotted  on  Fig.  11  to  13  and  not  more  than  may  be  considered  to  be 
within  the  error  of  observation.  This  was  true  for  both  steel  and  con- 
crete even  in  the  most  highly  stressed  places  at  the  maximum  load 
after  a  period  of  6Q  hours  had  elapsed. 

The  deflection  readings  were  affected  but  little  through  the  12- 
hour  period  until  a  load  of  637  lb.  per  sq.  ft.  was  reached;  Fig.  8 
shows  that  at  this  load  a  marked  change  in  deflection  occurred  at  the 
centers  of  panels  B,  C,  and  D  in  the  12  hours'  time.  At  the  maxi- 
mum load  the  increase  in  deflection  through  the  66-hour  period  was 
small. 

Four  days  were  consumed  in  removing  the  load.  Four  hours 
after  the  last  of  the  load  was  removed,  readings  were  taken  on  the 
gage  lines  and  deflection  points,  and  twenty  hours  later  another  set 
was  taken.  The  cracks  in  both  upper  and  lower  surfaces  of  the  slab 
had  closed  so  that  they  were  not  easily  traced.  The  recovery  in  de- 
flection is  given  by  the  plotted  points  at  the  bottom  of  the  diagrams  in 
Fig.  8.  The  recovery  at  the  centers  of  the  panels  was  about  75  per 
cent ;  at  other  points  it  was  generally  greater.  The  recovery  in  strains 
in  steel  and  concrete  was  also  large.  Even  where  high  stresses  and 
open  cracks  had  been  observed  the  residual  strain  in  the  steel  was  not 
more  than  that  to  be  expected  from  the  lack  of  interlocking  of  parti- 
cles at  the  cracks.  In  the  region  of  high  compressive  stress  in  the  con- 
crete the  recovery  at  the  principal  gage  lines  was  75  per  cent  or  more ; 
in  the  reinforcing  bars  the  recovery  averaged  about  80  per  cent. 
In  general  the  action  of  the  slab  was  that  of  concrete  of  high 
quality. 

16.  General  Comments. — Although  there  were  differences  in  the 
stresses  and  deflections  found  at  corresponding  points  in  the  four 
loaded  panels,  these  differences  can  generally  be  accounted  for  by  (1) 
difference  in  the  arrangement  and  number  of  the  reinforcing  bars, 
(2)  differences  in  position  of  the  bars  with  respect  to  the  surfaces 
of  the  slab,  and  (3)  differences  in  strength  and  stiffness  of  concrete 
in  the  four  panels.  The  large  amount  of  steel  in  the  region  of  the 
column  capitals  bordering  the  loaded  area  (where  there  were  two  or 
three  bands  lapped)  added  greatly  to  the  stiffness  of  the  slab  in  this 
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region.  The  effect  of  this  added  stiffness  was  to  cause  higher  relative 
stresses  to  be  developed  at  the  columns  bordering  the  loaded  area,  and 
relatively  large  negative  resisting  moments  were  developed  at  col- 
umns where  lapped  bars  were  numerous.  Another  effect  of  the  lapping 
of  bars  at  columns  and  in  certain  of  the  rectangular  bands  was  to  de- 
crease the  deflection  of  the  slab  in  the  panels  affected  by  the  laps.  The 
influence  of  the  position  of  the  reinforcing  bars  has  already  been  dis- 
cussed. Higher  stresses  in  reinforcing  bars  and  greater  deflections  in 
the  slab  were  found  in  the  panels  for  which  the  compression  tests 
showed  weaker  and  less  stiff  concrete.  Cracks,  also,  were  wider  and 
more  numerous  in  these  panels.  It  is  apparent  that  the  tensile  resist- 
ance of  the  concrete  at  sections  of  positive  moment,  particularly  near 
the  outer  edges  of  the  loaded  panels,  contributed  to  the  resistance  of 
the  slab  even  at  the  maximum  load. 

With  reference  to  the  design  of  the  slab,  it  may  be  noted  that  the 
slab  was  strongly  reinforced,  though  the  reinforcing  bars  were  not 
distributed  to  the  best  advantage  and  the  laps  were  not  placed  so  as 
to  be  fully  effective.  Taking  the  total  reinforcement  found  over  the 
loaded  area  and  immediately  outside,  and  including  such  lapped  bars 
as  had  sufficient  anchorage  beyond  critical  sections  to  be  effective 
(there  were  many  lapped  bars  which  were  not  counted  as  effective), 
and  considering  the  thinness  of  the  slab,  the  amount  of  reinforcement 
for  negative  moment  was  on  the  average  as  much  as  that  required  for 
the  negative  moments  recommended  by  the  Joint  Committee  on  Con- 
crete and  Reinforced  Concrete,  The  amount  of  reinforcement  avail- 
able for  positive  moment  was  on  the  average  more  than  50  per  cent 
greater  than  that  required  for  the  positive  moments  recommended  by 
the  same  committee.  The  distribution  of  the  reinforcing  bars  was, 
however,  quite  different  from  that  reconunended  by  this  committee. 
It  may  be  noted  also  that  the  amount  of  reinforcement  was  greater 
than  that  required  by  most  building  regulations. 

Although  the  nominal  thickness  of  the  slab  (8^  in,)  was  less 
than  that  required  by  building  regulations,  the  slab  fulfilled  the 
common  requirements  for  compressive  and  shearing  stresses  in  con- 
crete of  the  high  quality  shown  in  the  tests  of  prisms  taken  from  the 
slab.  The  provisions  of  the  Joint  Committee  on  Concrete  and  Rein- 
forced Concrete  for  bending  moments  and  working  stresses  in  con- 
crete of  3000  lb,  per  sq,  in.  strength  give  a  thickness  about  the  same 
as  the  designed  thickness  of  the  slab. 
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In  view  of  the  large  number  of  lapped  bars  not  shown  on  the 
building  plans,  the  use  of  high-carbon  steel  instead  of  the  mild  steel 
specified,  and  the  unexpectedly  high  strength  of  the  concrete,  it  is 
not  strange  that  the  floor  carried  a  much  higher  load  than  was  antici- 
pated when  the  test  was  begun. 

17.  Wrecking  of  the  Floor. — As  soon  as  the  load  was  removed, 
portions  of  the  floor  in  the  four  panels  of  the  loaded  area  were  broken 
into  to  uncover  the  reinforcing  bars  at  important  sections.  Measure- 
ments of  the  position  and  location  of  the  reinforcing  bars  were  made 
for  use  in  calculation.  The  thickness  of  the  floor  was  measured  at  a 
number  of  points  to  check  the  values  obtained  from  level  readings. 
Photographs  were  taken  to  give  a  record  of  the  position  and  location  of 
reinforcing  bars  and  their  laps ;  Fig.  21  is  a  sample.  As  the  wrecking 
of  the  floor  by  the  contractor  progressed,  further  measurements  of  the 
position  of  the  reinforcing  bars  and  their  laps,  including  those  in  the 
bands  outside  of  the  loaded  area,  were  taken. 

The  wrecking  of  the  building  by  the  contractor  was  an  interest- 
ing- operation.  Fires  were  first  built  around  the  columns  on  the  floor 
below  the  one  to  be  wrecked ;  the  effect  on  the  concrete  at  the  base  of 
the  column  after  several  hours  application  of  heat  was  to  crack  and 
loosen  the  concrete  shell  and  expose  the  reinforcement.  To  assist  in 
cracking  the  concrete  and  separating  it  from  the  steel,  in  mapy  cases 
water  was  thrown  over  the  columns  after  they  were  well  heated.  A 
heavj^  iron  pear-shaped  weight  (about  1600  pounds)  was  dropped  on 
the  floor  immediately  over  the  column  capital  close  to  where  the 
column  of  the  story  above  had  been.  After  the  column  capital  had 
been  sheared  and  shattered  by  this  operation,  the  portion  of  the 
floor  surrounding  the  column  and  that  directly  between  columns  was 
broken  up  with  the  weight  and  with  sledge  hammers.  After  the  con- 
crete of  sections  of  the  floor  had  been  removed  in  this  way,  the  re- 
inforcing bars  were  cut  with  the  oxyacetylene  flame.  Many  of  the 
bars  were  taken  out  in  good  condition.  The  process  was  continued 
until  the  entire  floor  was  wrecked.  The  longitudinal  reinforcing  bars 
in  the  column  were  then  cut  near  the  floor  below  and  the  columns 
were  pulled  down  on  the  floor  and  broken  up  with  the  heavy  weight 
and  hammers. 

18.  Summary. — The  following  deductions  have  been  drawn  in 
the  foregoing  presentation  of  the  results  of  the  test : 


44  ILLINOIS   ENGINEERING   EXPERIMENT   STATION 

(1)  The  tests  of  samples  of  the  concrete  from  the  slab,  as 
well  as  the  hardness  and  toughness  of  the  concrete  observed  in 
breaking  up  the  slab,  indicate  that  the  concrete  was  of  unusually 
good  quality  and  that  it  had  high  strength  and  stiffness.  The 
action  of  the  slab  under  load  was  that  to  be  expected  with  high 
grade,  well-seasoned  concrete.  The  effect  of  time  on  the  stresses 
in  steel  and  concrete  and  on  the  deflection  of  the  slab  under  a 
sustained  load  was  slight,  even  over  a  period  of  66  hours  under 
the  maximum  load  of  913  lb.  per  sq.  ft., — conditions  which  would 
not  exist  at  an  early  age  of  concrete.  Upon  removal  of  load,  the 
recovery  in  deflection  at  the  centers  of  the  panels  was  about  75 
per  cent  of  that  under  load,  and  at  other  points  generally  more; 
the  recovery  in  strains  in  steel  and  concrete  was  as  large. 

(2)  The  position  of  the  important  cracks  on  both  upper  and 
lower  sides  of  the  slab  may  be  expected  to  indicate  the  region  of 
high  tensile  stresses  in  the  reinforcing  bars;  it  is  also  an  indica- 
tion of  the  general  action  of  the  slab  in  flexure.  The  cracks  on 
the  upper  side  at  the  load  of  913  lb.  per  sq.  ft.  opened  to  a  width 
of  0.02  to  0.06  in. ;  those  on  the  lower  side  were  not  so  wide.  Up- 
on removal  of  the  load  the  cracks  closed,  leaving  the  surfaces  of 
the  slab  with  the  appearance  which  they  had  before  the  load  was 
applied. 

(3)  For  reinforcing  bars  in  the  upper  side  of  the  slab  in 
the  regions  of  negative  moment,  the  stresses  in  bars  of  diagonal 
bands  were  greater  than  those  in  bars  of  rectangular  bands,  a 
stress  of  57  300  lb.  per  sq.  in.  being  observed  in  a  diagonal  bar 
and  one  of  42  000  lb.  per  sq.  in.  in  a  rectangular  bar  at  the  maxi- 
mum load.  Stresses  were  found  in  both  rectangular  and  diagonal 
bars  at  the  columns  bordering  the  loaded  area  nearly  as  great  as 
those  at  corresponding  points  at  the  central  column.  Stresses  of 
some  magnitude  were  found  in  bars  outside  the  loaded  area.  The 
stresses  given  do  not  include  the  stress  due  to  the  load  of  the 
slab  itself. 

(4)  For  reinforcing  bars  in  the  lower  side  of  the  slab  in 
the  regions  of  positive  moment,  the  stresses  in  bars  of  rectangular 
bands  were  greater  than  those  in  bars  of  diagonal  bands  even 
though  the  former  were  farther  above  the  lower  surface  of  the 
slab  than  the  latter;  in  the  one  apparent  exception,  the  presence 


Fig.  20.     View  Showing  Arrangement  of  Eeinforcement  at  Column  22 


Fig.  21.    View  of  Slab  after  Eeinforcing  Bars  were  Exposed 
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of  laps  doubled  the  usual  number  of  bars.  At  the  maximum  load 
stresses  of  24  000  to  30  000  lb.  per  sq.  in.  were  observed  in  bars 
of  rectangular  bands  and  of  20  000  to  24  000  lb.  per  sq.  in.  in 
bars  of  diagonal  bands.  A  stress  of  15  600  lb.  per  sq.  in.  was 
observed  in  a  bar  outside  the  loaded  area  at  the  edge  of  a  rec- 
tangular band. 

(5)  On  the  upper  surface  of  the  slab  the  greatest  com- 
pressive strains  were  found  at  gage  lines  along  the  inner  panel 
edges  midway  between  columns,  ranging  from  0.0009  to  nearly 
0.001  in.  per  in.  at  the  maximum  load;  at  the  centers  of  the 
panels  values  about  half  as  great  were  found.  On  the  lower  sur- 
face the  greatest  strains  were  found  at  the  middle  column;  these 
ranged  from  0.0012  to  0.0016  in.  per  in.,  values  which  are  as  great 
as  the  strains  found  at  failure  in  the  tests  of  the  concrete  prisms 
cut  from  the  slab  and  as  great  as  are  ordinarily  found  in  com- 
pression tests  of  concrete  at  the  ultimate  load.  In  some  places 
there  was  chipping  and  spalling  of  the  concrete.  It  is  evident 
that  the  action  of  the  surrounding  concrete  assisted  in  prevent- 
ing failure.  At  gage  lines  crossing  the  inner  panel  edges  high 
compressive  strains  also  were  found,  even  though  there  was  no 
tension  reinforcement  in  the  upper  side  of  the  slab  in  this  region. 
It  may  be  noted  that  the  maximum  compressive  strains  on  the 
upper  surface  of  the  slab  were  one-half  to  three-fifths  those  found 
on  the  lower  surface.  The  intensity  of  the  strains  at  various 
points  along  sections  of  positive  moment  and  negative  moment 
will  give  some  measure  of  the  distribution  of  intensity  of  moments 
along  those  sections. 

(6)  The  observed  stresses  in  the  reinforcing  bars  accounted 
for  about  90  per  cent  of  the  analytical  negative  moment  and 
about  70  per  cent  of  the  analytical  positive  moment,  as  given  by 
the  methods  used.  It  should  be  noted  that  the  observed  stresses 
used  are  average  stresses  over  the  gage  length,  and  the  stress  at 
a  crack  may  be  expected  to  be  greater  than  the  average  over  the 
gage  length.  It  seems  probable  that  tensile  resistance  of  the  con- 
crete contributed  to  the  resistance  of  the  slab,  particularly  in  the 
sections  of  positive  moment  and  in  regions  near  the  edges  of  the 
loaded  area.  A  similar  influence  of  the  tensile  resistance  of  con- 
crete, when  the  stresses  in  the  steel  are  well  below  its  yield  point, 
has  been  observed  in  numerous  beam  tests.     That  the  tensile  re- 
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sistance  of  the  concrete  contributed  to  the  resisting  moment  of 
the  slab  in  the  test  should  not  be  taken  to  mean  that  it  will  be 
effective  in  resisting  moment  when  the  ultimate  load  is  reached. 
It  may  be  noted  also  that  the  sum  of  the  positive  and  negative  mo- 
ments accounted  for  by  the  measured  stresses  in  the  reinforcing 
bars  has  almost  the  same  value  as  the  sum  of  the  positive  and 
negative  moments  recommended  by  the  Joint  Committee  on  Con- 
crete and  Reinforced  Concrete,  and  that  the  negative  moments 
so  accounted  for  are  about  ll3  per  cent  and  the  positive  moments 
about  73  per  cent  of  the  moments  recommended  by  this  commit- 
tee. In  making  a  comparison  with  methods  used  in  designing  it 
should  be  borne  in  mind  that  the  principal  maximum  stresses 
were  from  15  to  25  per  cent  greater  than  the  average  stresses 
which  were  used  in  computing  the  resisting  moments  accounted 
for  by  the  stresses  in  the  bars;  in  designing,  a  uniform  stress 
over  the  section  is  assumed. 

Although  the  arrangement  of  bars  was  not  as  recommended, 
the  amount  of  reinforcement  for  negative  moment,  considering 
all  available  bars  over  the  area  used,  was  as  much  as  that  required 
for  the  negative  moments  recommended  by  the  Joint  Committee 
on  Concrete  and  Reinforced  Concrete,  even  though  the  slab  was 
thinner  than  recommended  for  ordinary  concrete.  The  amount 
of  reinforcement  for  positive  moment  was  more  than  50  per  cent 
greater  than  that  required  for  the  positive  moments  recomm.ended 
by  the  committee.  Although  the  nominal  thickness  of  the  slab 
was  less  than  that  required  by  building  regulations,  it  fulfilled 
the  provisions  of  the  committee  for  bending  moments  and  working 
stresses  for  concrete  of  a  test  strength  of  3000  pounds  per  square 
inch. 

(7)  The  action  of  the  floor  slab  under  test  should  give  added 
confidence  in  the  suitability  and  reliability  of  the  flat  slab  as  a 
load-carrying  structure. 
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ANALYSIS   AND   TESTS   OF  RIGIDLY   CONNECTED 
REINFORCED   CONCRETE   FRAMES* 


I.     Introduction 


1.  Preliminary. — The  rigidly  connected  frame  has  frequent  ap- 
plications in  reinforced  concrete  construction.  It  is  made  use  of  in 
engineering  structures  in  a  variety  of  forms.  With  a  wider  knowledge 
of  the  analysis  of  rigidly  connected  frames  of  reinforced  concrete  it  is 
believed  that  the  frame  as  an  element  in  design  will  become  more 
important  and  will  be  utilized  in  various  ways  in  gaining  economies 
and  in  securing  effective  designs. 

Notwithstanding  the  importance,  the  exact  determination  of 
stresses  as  they  actually  occur  in  a  rigidly  connected  reinforced  con- 
crete frame  is  not  usually  attempted.  In  most  cases  the  determina- 
tion requires  considerable  time  and  labor  to  work  out  the  formulas 
for  statically  indeterminate  quantities  which  depend  upon  the  number 
and  the  fixity  of  the  supports.  There  are  few  publications  in  English 
which  treat  this  subject  systematically,  and  formulas  for  practical 
use  are  not  generally  available.  In  some  quarters  there  may  still  be 
a  lack  of  acceptance  of  the  principle  of  continuity  and  the  effect  of 
rigidity  of  joints  as  applied  to  reinforced  concrete  construction. 

In  this  bulletin  formulas  for  moments  and  other  indeterminate 
quantities  for  several  types  of  indeterminate  structures  are  presented. 
For  the  derivation  of  the  formulas  the  method  which  involves  the  use 
of  the  principle  of  least  work  was  chosen.  To  test  the  applicability 
and  reliability  of  the  methods  of  analysis  test  frames  designed  according 
to  the  formulas  found  by  the  analyses  were  fabricated  and  the  deforma- 
tions produced  in  various  parts  of  the  members  under  the  action  of  the 
loads  measured,  and  a  study  and  comparison  of  the  results  of  analysis 


*This  bulletin  presents  a  resume  of  the  analytical  treatment  of  rigidly  connected  reinforced  con- 
crete frames  and  the  principal  results  of  the  experimental  work  on  reinforced  concrete  frames  which 
were  given  in  the  thesis  of  Mikishi  Abe  as  presented  in  partial  fulfillment  of  the  requirements  for  the 
degree  of  Doctor  of  Philosophy  in  Engineering  in  the  Graduate  School  of  the  University  of  Illinois, 
June,  1914.  The  work  of  condensation  and  reformulation  necessary  to  bring  the  text  within  the 
space  available  for  the  bulletin  has  been  done  by  members  of  the  department  of  Theoretical  and 
Applied  Mechanics.  The  complete  thesis  is  on  file  in  the  library  of  the  University  of  Illinois.  The 
original  data  of  the  testa  and  more  detailed  work  of  the  analyses  are  on  file  at  the  Laboratory  of  Applied 
Mechanics  of  the  University  of  Illinois. 

It  may  be  helpful  to  note  that  Dr.  Abe's  name  is  pronounced  in  two  syllables;  thus,  Ah'be. 
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and  test  have  been  made.  The  general  rigidity  at  the  places  where 
the  members  are  joined  has  been  investigated.  The  work  is  presented 
in  the  thought  that  it  will  be  helpful  in  bringing  into  wider  use  the 
principles  applicable  to  the  design  of  rigidly  connected  reinforced  con- 
crete constructions. 

2.  The  Use  and  the  Advantages  of  the  Rigidly  Connected  Reinforced 
Concrete  Frame. — Since  about  1905  reinforced  concrete  frame  construc- 
tion has  been  extensively  used  in  continental  Europe.  Many  examples 
can  be  found  in  the  German  texts  and  magazines.  In  England  also 
frame  constructions  of  reinforced  concrete  viaducts  and  other  structures 
have  been  built  in  recent  years.  There  is  also  a  tendency  in  America 
to  use  reinforced  concrete  frames  for  buildings  and  bridges. 

The  field  of  the  application  of  rigid  frames  is  almost  unlimited, 
for  most  reinforced  concrete  structures  are  composed  of  elements  of 
rigid  frames.  It  covers  such  constructions  as  buildings,  bridge  struc- 
tures, trestles  and  viaducts,  culverts  and  sewers,  subway  construction, 
retaining  walls,  and  reservoirs  and  water  tanks.  In  these  structures 
rigid  connections  are  used  between  members  and  in  many  or  most  of 
them  the  bending  moments  are  statically  indeterminate. 

It  is  clear  that  every  building  construction  of  reinforced  concrete 
may  be  considered  as  a  rigidly  connected  frame,  for  columns,  girders, 
beams  and  slabs  are  all  rigidly  connected  with  each  other,  even  though 
the  effect  of  this  condition  is  not  fully  considered  in  the  design.  In 
continental  European  countries  it  is  most  common  to  use  frames  in 
building  constructions,  such  as  roofs,  balconies,  towers,  and  the  build- 
.  ing  as  a  whole.  In  the  design  the  requirements  and  the  advantages 
of  the  frame  are  taken  into  account. 

Bridge  structures  are  in  the  field  of  the  rigid  frame.  Arches, 
beam  and  bent  construction,  and  most  bridge  structures  can  be  designed 
as  frames  on  a  rigid  analytical  basis.  In  highway  bridges,  for  exam- 
ple, a  spandrel-braced  arch  is  frequently  used.  In  such  a  case  columns 
are  rigidly  connected  to  the  arch  ribs  and  to  the  superstructure,  and 
therefore  the  design  should  be  made  as  a  rigidly  connected  frame. 
The  designing  of  trestles  and  viaducts  as  a  frame  will  secure  safety 
and  at  the  same  time  obtain  the  best  proportioning  of  parts. 

Box  culverts .  and  the  box  type  of  construction  for  subways  give 
sections  which  are  examples  of  the  rigidly  connected  frame  and  which 
may  not  be  rationally  designed  without  a  sufficient  knowledge  of  rigid 
frames. 
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In  water  tanks  and  reservoirs  of  a  rectangular  or  a  polygonal 
form,  the  unknown  negative  bending  moment  due  to  a  rigid  connection 
of  wall  to  wall  or  base  to  wall  will  exist  at  each  corner.  These  moments 
are  modified  by  the  relative  thickness  of  walls  and  the  other  dimen- 
sions of  the  structure.  A  knowledge  of  the  rigid  frame  will  suggest 
the  proper  method  of  solution. 

It  can  thus  be  seen  that  most  monolithic  construction  falls  within 
the  field  of  the  rigid  frame.  A.  study  of  the  rigid  frame  will  assist  in 
developing  judgment  for  use  in  the  design  of  such  construction. 

In  building  and  structural  design,  insufficient  attention  is  often 
given  to  the  bending  of  columns  caused  by  the  rigidity  of  connections. 
The  bending  moment  for  a  beam  is  frequently  taken  as  an  assumed 
fraction  of  PI  (where  P  is  the  load  and  I  is  the  span)  while  bending 
moments  at  the  ends  and  in  the  columns  are  disregarded  entirely,  thus 
leaving  the  structure  inadequate  or  making  one  part  stronger  at  the 
expense  of  the  other. 

The  reinforced  concrete  frame  is  advantageous  in  that  material 
can  be  saved  and  a  much  better  result  obtained  from  the  theoretical 
and  structural  point  of  view.  In  ordinary  concrete  building  construc- 
tion the  element  of  rigidity  is  usually  not  fully  taken  advantage  of. 
With  the  concrete  frame  construction,  however,  the  rigidity  of  the 
connection  of  the  members  may  be  used.  The  rigid  frame  is 
capable  of  exact  design,  and  therefore  the  economical  distribution  of 
materials  can  be  realized. 

One  reason  why  some  engineers  hesitate  to  use  concrete  frames 
extensively  is  that  they  hardly  believe  in  the  continuity  of  the  parts 
of  the  structure  and  doubt  the  effect  of  the  rigidity  of  the  connection. 
The  question  is  also  naturally  raised  if  the  formulas  deduced  from 
the  elastic  work  of  deformation  of  a  non-homogeneous  material  like 
reinforced  concrete  will  hold  good  for  such  composite  members  with 
fair  agreement;  furthermore  the  secondary  stresses  may  act  to  modify 
the  results.  Under  actual  conditions,  as  is  well  known,  the  fundamental 
assumptions  which  imclerlie  the  static  considerations  can  seldom  be 
more  than  partially  fulfilled  even  under  carefully  prepared  specifications 
and  well  executed  designs.  These  things  must  be  considered  before 
coming  to  a  conclusion  as  to  the  reliability  of  rigidly  connected  rein- 
forced concrete  frames.  It  is  evident  that  reinforced  concrete  frames 
will  be  reliable  if  there  is  perfect  continuity  or  complete  rigidity  of  joint, 
close  agreement  between  theory  and  experiment,  and  a  small  effect  of 
stresses  of  a  secondary  character.     It  is  not  known  that  an  experi- 
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mental  study  of  this  subject  has  before  been  made.  It  may  be  expected 
then  that  careful  experiments  and  investigation  vnU  give  information 
which  will  help  to  settle  these  questions. 

3.  Scope  of  Investigation  and  Acknowledgment. — In  this  bulletin 
formulas  for  several  types  of  statically  indeterminate  structures  which 
have  been  deduced  by  the  use  of  the  principle  of  least  work  are  given. 
For  vertical  load  the  following  cases  have  been  analyzed:  (1)  single 
story,  single  span;  (2)  single  story,  three  spans;  (3)  trestle  bent  with 
tie,  single  span;  (4)  building  frame  with  several  stories  and  several 
spans;  and  (5)  bridge  trestle.  For  horizontal  load  the  following  cases 
have  been  analyzed:  (1)  single  story,  single  span;  (2)  octagonal  reser- 
voir or  tank;  and  (3)  rectangular  reservoir  or  tank. 

In  order  to  put  to  practical  test  the  reliability  of  these  formulas 
for  reinforced  concrete  structures,  eight  test  frames  designed  according 
to  the  formulas  found  by  the  analyses  were  made,  and  the  deformations 
produced  in  the  various  parts  of  the  members  by  the  series  of  test  loads 
were  measured.  In  the  design  of  the  frames  requirements  not  touched 
upon  by  the  analyses  referred  to  were  provided  for  in  a  practical  way. 
The  analyses  and  the  results  of  the  tests  have  been  subjected  to  critical 
study  and  discussion.  The  specimens  were  made  in  November  and 
December,  1913,  and  January,  1914,  and  were  tested  in  January, 
Februarj'-,  and  IMarch,  1914.  In  making  these  tests  the  purpose  was 
to  obtain  experimental  information  along  the  following  lines  which  have 
a  bearing  on  the  design  of  rigidly  connected  reinforced  concrete  frames : 

(1)  The  amount  and  the  distribution  of  stresses  in  the  rein- 
forcement and  in  the  concrete 

(2)  The  continuity  of  the  composing  members  of  a  frame 

(3)  The  location  of  sections  of  critical  stress 

(4)  The  reliabihty  of  a  reinforced  concrete  frame 

(5)  The  applicability  of  the  theoretical  formulas  in  the  design 
of  frames. 

The  experimental  work  was  done  as  a  research  problem  of  the 
Engineering  Experiment  Station  of  the  University  of  Illinois. 

The  work  was  under  the  charge  of  Professor  Arthur  N.  Talbot, 
to  whom,  as  well  as  to  other  members  of  the  staff,  acknowledgment  is 
due  for  valuable  suggestions  and  aid. 

The  limits  of  space  set  for  this  bulletin  will  not  permit  publication 
of  even  a  small  part  of  the  details  of  the  derivation  of  the  formulas 
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found  nor  of  the  observations,  calculations,  and  other  data  of  the 
tests.  Instead  the  plan  has  been  followed  generally  of  giving  the 
formulas  found  from  the  analyses  without  the  details  of  the  derivation 
and,  in  the  case  of  the  experimental  work,  of  showing  graphically  the 
main  stresses  that  were  observed  at  the  principal  loads,  and  of  not 
including  details  of  the  data.  The  original  and  the  reduced  data  and 
more  detailed  work  of  the  analyses  are  on  file  at  the  Laboratory  of 
Applied  Mechanics  of  the  University  of  Illinois. 
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II.     The  Analysis  of  Rigidly  Connected  Frames 

4.  Notation. — The  follo\niig  notation  is  used  generally  throughout 
the  bulletin: 

A  =  area  of  cross-section  of  a  member.  Numerical  suffixes  are 
used  for  individual  members  when  a  frame  is  composed  of 
members  of  different  sizes. 

A  is  also  used  as  a  coefficient  to  represent  certain  alge- 
braic expressions. 

a  =  distance  from  the  left  corner  or  axis  of  a  frame  to  the  point 
of  application  of  a  concentrated  load  on  a  top  beam. 

6  =  distance  from  the  right  corner  or  axis  of  a  frame  to  the 
point  of  apphcation  of  a  concentrated  load  on  a  top  beam. 

S= modulus  of  elasticity  (considered  as  constant)  of  the 
material. 

i?  =  horizontal  reaction  acting  at  the  end  of  a  column. 

I  =  moment  of  inertia  in  general. 

h  =  total  vertical  height  of  frame. 

I  =  total  length  of  horizontal  span  of  frame. 

s  =  length  of  an  inclined  member. 

w  =  ratio  of  moment  of  inertia  of  horizontal  member  to  that 
of  vertical  member. 

n  =—j-  =  ratio  of  height  of  frame  to  length  of  span. 

iVf  =  bending  moment  in  general. 

A^  =  normal  force  or  stress  on  a  section  (total  internal  force 

normal  to  the  section). 
P  =  a  concentrated  load. 
p  =  intensity  of  a  uniformly  distributed  load. 
T'  =  vertical  reaction, 
/j  =unit  stress  in  steel  in  tension. 
f's  =  unit  stress  in  steel  in  compression, 
/e  =unit  stress  in  concrete  in  compression. 

In  the  diagrams  representing  the  forms  of  the  frames  analyzed, 
the  ends  of  members  are  indicated  by  lower  case  letters  and  the  symbols 
for  the  properties,  forces,  and  moments  use  these  letters  as  subscripts 
to  indicate  the  members  to  which  they  apply  as  well  as  the  point  of 
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application.  The  method  of  use  will  be  made  clear  by  the  following 
examples  and  by  reference  to  Fig.  6: 

Ha  =  horizontal  reaction  at  a. 

7„b   =  moment  of  inertia  of  member  ab. 

/?6e  =  vertical  height  of  be. 

l^^    =  length  of  horizontal  projection  of  be. 

Mbc  =  bending  moment  at  any  point  in  be. 

5.  Statically  Determinate  and  Indeterminate  Systems  and  Number 
of  Statically  Indeterminates. — A  force  is  said  to  be  statically  determinate 
when  its  direction  and  magnitude  and  its  point  of  application  are  known 
from  the  conditions  of  static  equilibrium.  The  conditions  of  static 
equilibrium  for  any  number  of  forces  in  a  plane,  as  is  generally  well 
known,  are  three,  that  is  to  say, 

(1)  F  =  0,  or  the  algebraic  sum  of  all  vertical  forces  acting 

on  a  body  is  equal  to  zero. 

(2)  X  =  0,  or  the  algebraic  sum  of  all  horizontal  forces  acting 

on  a  body  is  equal  to  zero. 

(3)  M  =  0,  or  the  algebraic  sum  of  the  moments  of  all  forces 

is  equal  to  zero. 

The  loads  to  which  structures  may  be  subjected  are  always  given. 
The  other  external  forces  are  the  reactions  due  to  the  loads.  The 
reactions  are  exerted  by  the  supports  of  the  structure,  and  in  order 
that  they  may  be  determined  from  the  statical  conditions  the  total 
number  of  unknowns  must  not  exceed  three.  The  ordinary  trusses 
without  redundant  members  are  always  statically  determinate  if  a 
frictionless  pin  is  used  at  each  joint'  and  if  in  the  determination  the 
effect  of  the  longitudinal  deformation  of  members  on  the  stresses  is 
neglected.  If  a  case  in  which  two  members  meet  at  a  joint  is  considered 
as  shown  in  Fig.  1,  two  unknown  forces  exist  at  the  joint,  the  vertical 


Fig.  1.     Simple  Hinged  Frame  with  Concentrated  Load 
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and  horizontal  forces,  and  therefore  the  total  number  of  unknown 
forces  due  to  the  external  force  P  is  six.  But  each  member  w^ll  give 
three  statical  conditions  as  stated  before,  and  therefore  this  is  a  stati- 
cally determinate  system. 

In  studying  the  behavior  of  statically  determinate  and  statically 
indeterminate  systems,  the  conception  of  the  connection  of  members 
by  means  of  joint  bars  is  a  convenience.  In  Fig.  2  (a)  the  two  members 
are  not  connected.     They  are  entirely  free  to  move  horizontally  and 


K:^ 


(a) 


^^ 


(c) 


Cej 


(g) 


^^  ^■^^'^> 


0J 


(c/J 


(fj 
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Fig.  2.     Illustrations  of  Degree  of  Indeterminateness  by  Means  of 

Joint  Bars 

vertically  and  also  are  free  in  rotation;  accordingly  it  may  be  called 
the  arrangement  having  three  freedoms  in  motion.  An  example  of 
this  arrangement  is  a  touching  joint  between  the  free  ends  of  cantilever 
beams  as  showm  in  Fig.  2  (b) .  In  Fig.  2  (c)  two  members  are  connected 
by  a  single  bar,  and  they  are  prevented  from  moving  vertically,  but 
are  free  to  move  horizontally  and  to  rotate  about  a  point  A.  This 
may  be  called  the  arrangement  having  two  freedoms  in  motion.  An 
example  of  this  arrangement  is  the  frictionless  roller  end  of  a  cantilever 
as  shown  in  Fig.  2  (d).  In  Fig.  2  (e)  two  members  are  connected  by 
two  connecting  bars  and  have  only  one  freedom  in  motion,  that  is,  the 
rotation  of  a  member  about  A,  the  intersecting  point  of  two  bars. 
The  crown  hinge  of  an  arch.  Fig.  2  (f),  is  an  example.  In  Fig.  2  (g), 
two  members  are  connected  by  three  joint-bars,  and  may  be  called  a 
rigid  connection  which  allows  no  freedom  of  motion.  The  restrained 
end  of  a  cantilever  beam.  Fig.  2  (h),  is  an  example  of  this  arrangement. 
To  make  a  rigid  joint  it  is  necessary  to  have  three  joint  bars  at 
each  connection  between  members,  and  Z&  conditions  of  equihbrium 
must  be  set  up  to  determine  3S  unknowns  when  the  structure  is  com- 
posed of  <S  members.     If  the  structure  is  rigidly  connected  to  the  ground, 
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more  conditions  than  dS  are  required.  Let  a  be  the  number  of  joint- 
bars  needed  to  connect  one  member  to  another,  and  h  be  the  number, 
of  joint  bars  needed  to  coimect  the  member  to  the  ground;  then  from 
the  existing  3S  conditions  the  following  relation  is  necessary  to  make 
the  structure  statically  determinate, 

a-\-h  =  SS 

When  the  members  in  the  structure  are  all  rigidly  connected  to  each 
other,  a+6  always  exceeds  SS  and  therefore  the  case  becomes  a  stati- 
cally indeterminate  system  in  which 

a-\-h—3S  =  m 

where  m  represents  the  number  of  the  statically  indeterminate  forces. 
Such  a  system  is  called  m-fold  statically  indeterminate,  and  m  addi- 
tional equations  of  condition  are  necessary  to  determine  these  unknowns. 
Fig.  3  gives  a  few  examples. 


'^'(C)  W/"' 


W/^^^jW/ 
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w^ 
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Fig.  3.     Types  of  Frames  of  Vamoits  Degrees  of  Indeteeminateness 


Case  a.  a+6  — 3>S  =  5+4  — 9  =  0,  therefore  statically  deter- 
minate. 

Case  b.  a+6  — 3;S  =  6-f4— 9  =  1,  1-fold  statically  indeter- 
minate. 

Case  c.  a+6-3*S  =  6+12-9  =  9,  9-fold  statically  indeter- 
minate. 

Cased.  a+6-3S=18+18-21  =  15,  15-fold  statically  inde- 
terminate. 

Casee.  a+6-35  =  36+3-30  =  9,  9-fold  statically  indeter- 
minate. 
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In  general  the  change  in  length  of  a  member  due  to  the  direct 
stresses  in  the  member  viiR  have  an  effect  on  the  magnitude  of  the 
stresses  developed.  However,  as  is  shovm  in  a  later  paragraph,  this 
effect  is  verj-  shght  in  all  ordinary  forms  of  construction  and  has  been 
neglected  in  stating  the  method  of  determining  the  degree  of  indeter- 
minateness.  Consequently  in  smy  member  in  which  the  change  in 
length  due  to  the  direct  stress  has  an  appreciable  effect  on  the  stress 
developed,  the  criterion  stated  does  not  apply.  Fig.  4  illustrates  such 
a  case. 


i 


P 


1 

Fig.  4.    Type  of  SxErcTiTRi:  est  which  Effect  of  XoRiiAi,  Force  is  Great 

6.  Princi'ple  of  Least  Work. — By  a  law  of  nature,  the  principle 
of  least  work,  the  resisting  forces  will  develop  no  more  energ\'  than  the 
minimum  which  is  necessary  to  maintain  equihbrium  with  the  external 
forces;  or  in  other  words,  the  external  forces  are  so  adjusted,  among 
themselves,  as  to  develop  internal  forces  in  the  structure  which  will 
make  the  total  internal  work  of  resistance  of  the  internal  forces  a 
minimum.  When  forces  act  upon  an  elastic  system  in  which  the 
deformations  are  proportional  to  the  stresses,  the  principle  of  least 
work  may  be  applied  to  determine  the  staticaUy  indeterminate  forces. 

The  principle  of  least  work  has  been  known  for  a  hundred  years. 
but  the  first  complete  announcement  of  this  theorem  was  given  by 
Castighano  in  1879.  Professor  Cain  expresses  the  principle  in  the 
following  words:* 

''The  elastic  forces  experienced  between  the  molecules  after 
deformation  correspond  to  a  minimum  of  the  work  of  deformation  of  the 
system,  expressed  as  a  function  of  certain  stresses,  taken  with  respect 
to  these  stresses  successively,  regarded  as  independent  during  the 
differentiation. ' ' 

Professor  Hiroi^  translates  Castighano  "s  exiDression  of  the  prin- 
ciple of  least  work  in  the  foUo'^ing  words:     "The  partial  derivatives 


*See  Trans.  Amer.  Soc.  Civ.  Eng.,  Vol.  XXR',  p.  291. 
tSee  Statically  Indeterminate  Stresses,  by  I.  Hiroi. 
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of  the  work  of  resistance  with  respect  to  statically  indeterminate  forces 
which  are  so  chosen  that  the  forces  themselves  perform  no  work  are 
equal  to  zero. ' ' 

The  total  internal  work  may  be  subdivided  into  the  parts  due  to 
bending  moment,  normal  stress,  and  shearing  stress. 

The  total  work  due  to  the  bending  moment  ilf  in  a  member  will 
be 

"MHx 


Wx 


-I'- 


2EI 

For  the  total  internal  work  due  to  a  total  normal  stress*  Ai^  on  a  section 

'N^dx 


W2- 


i 


2EA 


If  shearing  stress  S  is  uniform  over  the  cross-section,  the  expression 
for  the  internal  work  due  to  shearing  stress  is 


J  2G, 


where  G  expresses  the  shearing  modulus  of  elasticity  of  a  material. 
Since,  however,  the  shearing  stress  is  not  uniform  over  the  cross-sections, 
the  expression  for  the  internal  work  due  to  shear  is  modified,  and 

"KS'dx 


Ws 


--P 


2GA 


where  i^  is  a  known  factor  for  a  specified  form  of  the  cross-section. 
Therefore    for    the    total    work    of    resistance, 


^,  ,        ,  1  fM'dx  ,   1  fN'dx    ,   1  f 

W  =  wx+w,+w^  =  -^J  -^j-  +^J  -^j-  +  2 J 


KS^dx 
GA 


Suppose    that   there   are   n    statically   indeterminate   forces    Pi, 
P2, P„  in  an  elastic  system.  According  to  the  theorem  of  Castigliano 

dPi     J  EI  dP,      ^J  EA  dPi      ^J  GA  dPi 

J  EI  dP,      ^J  EA  dP,  "^"^  ^  j  GA  dP,  ^      ^ 


dP2 


dW 
dP 


'-  =  (K^dx  +  (^   ^dx  +  f^  ^dx  =  0 
n     J  EI  dP^^    ^J  EA  dP^      ^J  GA  dP^  ^"^    ^ 


I 


*NorniaI  to  a  cross-section  of  the  member. 
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These  furnish  as  many  equations  of  condition  as  there  are  unknown 
quantities.  The  solution  of  these  equations  will  give  the  exact  formulas 
for  staticall}^  indeterminate  quantities. 

7.  The  Effect  of  Work  of  Normal  Force  on  the  Magnitude  of  Stati- 
cally Indeterminate  Forces. — In  the  general  equation 

J  EI    dP      ^J  EA    dP       ^JgA    dP 

dN  . 
the  second  term  will  disappear  when  ^-5  is  equal  Ip  zero  or,  in  other 

words,  when  the  normal  force*  does  not  contain  any  of  the  statically 
indeterminate  quantities. 

When  a  frame  is  fixed  at  its  column  ends,  the  vertical  and  hori- 
zontal reactions  and  the  bending  moment  at  the  fixed  column  ends 
are  statically  indeterminate.  Generally  the  normal  force  in  any  mem- 
ber contains  these  reactions  as  factors.  But  if  a  frame  having  a  single 
span  is  symmetrical  in  form  and  in  the  manner  of  loading,  the  vertical 
reactions  become  statically  determinate,  and  therefore  the  horizontal 
reaction  is  the  only  indeterminate  term  which  enters  into  the  expression 
of  the  normal  force.  If,  at  the  same  time,  the  columns  are  vertical, 
the  horizontal  reactions  do  not  affect  the  normal  forces  in  the  columns, 
and  in  the  horizontal  members  only  are  the  normal  forces  affected  by 
a  statically  indeterminate  force,  namely,  the  horizontal  reaction. 

From  these  statements  it  will  be  seen  that  the  form  of  frame  which 
will  be  largely  affected  by  the  normal  force  is  that  having  a  sloped 
column  under  a  vertical  load. 

The  frame  shown  in  Fig.  5  is  used  to  illustrate  the  method  of 


Fig.  5.     Unsymmetrical  Frame  under  Concentrated  Load 


♦Normal  to  a  cross-section  of  the  member. 
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analysis  and  to  bring  out  the  effect  of  the  work  of  the  direct  normal 
force  on  the  magnitude  of  the  statically  indeterminate  forces.     In  this 
case  H  is  the  only  statically  indeterminate  force. 
Taking  the  moment  of  all  forces  about  h' 

V,  l-P{l^,+l,,^,)  =0  or  V,  Jj^^sL+l^p^KP 
and 

V^-=P-KP  ovV,,={l-K)P 

K  being  used  as  a  general  coefficient. 

In  general  the  internal  work  due  to  shearing  stress  may  be  neg- 
lected, and  the  general  equation  becomes 

J  EI   dH'^''  ^  i  EA    dH  ^"^    ^ 

All  necessary  elements  in  forming  this  equation  are  arranged  in  Table  1. 
Inserting  these  values  in  the  general  equation  gives  the  following 
expression,  in  which  it  is  assumed  that  E  and  I  are  constant: 

1       r^  1        ff-co 

^       {V,tand,y-Hy)(-y)secdidy+^^l    {y,U,+V,x-Hh){-h)dx 

Jo  Jo 

'^ET;A   ^''\vAc  +  V,x-Hh-P{x-u\{-h)dx 

'''■CO 

1    r^ 

+— ^    /  (y,.tandoy-Hy)  (-y)  secd2dy 

J^J-b'c'     \ 

Jo 

\  fh  1  (      flco  flee'        ) 

+  ^^     /  {Vt,cosdi-\- HsinSx)  sinQisecdidy+-^rT—     I  Hdx-{-  I    Hdxi 
'jo  "'V«  A,        ) 

'h 


+  ^ri —  /     jFb'COS02j+  H sin 6 2  \sind2secd2dy  =  0 
EA,,I     I  I 
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Integrating  and  simplifying  this  equation  gives  the  following 
general  expression  for  the  statically  indeterminate  force  H,  in  which 
the  work  of  the  normal  force  is  fully  counted : 

L    Oifto  ^^cc'  olyc'  Aijg  -A-ii'c'  J         L         ^J-cc'  ol  1,'c'  -^b'c'    J 


^1 

H  = P 


,   r  Sbc      ,     Icc'     ,     Sb'c'  "I    ,    [  sinditandi        sinB-j  tandi    .      he'   1 
L  olbc  Igc'         olfj'c'  -i        L         A-bc  -Afo'c'  nA.cc' J 

I'b'c'  ~r  I'oc' 


where  K  = 


I 


In  this  formula,  the  terms  which  contain  Abe,  Ace',  and  Ab-c'  enter 
because  of  taking  into  consideration  the  work  of  the  normal  forces 
represented  by  the  second  term  of  the  general  equation 

J  EI    dH'^'^^J  EA  dH'^''     ^ 
If  the  effect  of  the  normal  force  is  neglected,  then 

T7-        hc^bc      I      ^I'bchc'    r ''  cc'   __     h'c'^b'c'       l^oc'        he)      ^b'e'h'c' 

L   olbe  ^-i  ee'  'J^h'c'    -J  L  ^^  cc'  'J^b'c'     J 

H  = p 


h 


^bc       I        I'cc'        ,         ^i 


.Olhn  1  r.n'  ol 


•}'c'  -i 


In  most  cases  a  value  of  6  greater  than  30  degrees  will  not  be  used, 
because  an  increase  in  6  rapidly  increases  the  horizontal  reaction  at 
the  end  of  the  column. 

Assume  a  case  in  which  he  =  he'  =  h'c'  =  h=  120  inches.  61=62  = 
45  degrees,  Abc=Acc'  =  Ab'e'=  10  by  12  inches.     Ibe  =  Iee'=  Ib'e'= '^,000 

in.'    K=-^ 

When  the  effect  of  the  work  of  the  direct  force  is  considered, 

i?  =  0.5637P 
K  the  effect  of  the  work  of  the  direct  force  is  neglected, 

i?  =  0.5643P 

The  difference  0.0006P  (0.0011/^)  is  inconsiderable. 
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In  the  foregoing  example  it  is  seen  that  the  final  formula  is  very- 
much  comphcated  by  taking  the  direct  force  into  consideration  and 
that  the  effect  of  the  internal  work  of  all  the  direct  stresses  on  the  final 
value  for  statically  indeterminate  stresses  is  inconsiderable  when  com- 
pared with  that  of  the  bending  moment.  The  work  of  the  normal 
force  is  therefore  disregarded  in  making  the  analyses  of  the  frames 
treated  in  this  bulletin. 


Ihlcc',  25bc[/7ab,hbf]}l 

iJ  Ice-  *^I^-^"^^^'tJ 
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Fig.  6.     Simple  Frames  undeh  Vertical  Load;  Lower  Ends  of  Columns 

Hinged 
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Attention  is  called  to  the  fact  that  even  though  the  effect  of  the 
internal  work  of  the  direct  stresses  may  be  neglected  in  determining 
the  reactions  the  direct  stresses  themselves  can  not  be  neglected  when 
calculating  the  total  stress  in  any  member.  The  direct  stresses  may 
be  added  algebraically  after  the  statically  indeterminate  stresses  are 
found. 

The  effect  of  the  work  of  the  deformation  due  to  shear  is  generally 
so  insignificant  when  compared  with  that  due  to  the  bending  that  it 
may  be  entirely  neglected  without  sensible  error  in  the  calculation  of 
the  internal  work. 

8.  Simple  Frames  under  Vertical  Load. — In  Fig.  6  are  given  forms 
of  a  type  of  simple  frame.  The  form  at  the  left  of  the  figure  is  the 
general  form  of  the  inverted  U-frame,  and  the  others  are  special  cases 
of  this  frame.  The  column  connections  at  the  base  are  hinged  and 
all  other  joints  are  rigid.  Three  forms  of  vertical  loading  are  pre- 
sented— a  single  concentrated  load,  two  concentrated  loads,  and  a 
uniform  load.  For  this  frame  the  statically  indeterminate  force  is 
the  horizontal  reaction  H,  Formulas  for  H,  derived  by  analysis  using 
the  principle  of  least  work,  are  given  in  the  figure  for  the  three  forms 
of  frame  and  for  the  three  loadings. 

Knowing  the  horizontal  reaction  H,  the  bending  moment  and  the 
forces  at  any  section  of  the  frame  may  be  determined  by  the  ordinary 
analytical  method.  For  example,  the  bending  moment  at  the  middle 
of  the  top  beam  for  the  frames  with  two  concentrated  loads  shown  in 
Fig.  6  is  equal  to  the  algebraic  sum  of  the  moment  of  the  horizontal 
reaction  H  with  a  moment  arm  equal  to  the  height  of  the  frame,  the 

moment  of  the  vertical  reaction  V  about  the  section  considered,  and 

p 
the  moment  of  a  load  —  about  the  section. 

2 

As  a  specimen  appHcation  of  the  method  of  using  the  principle 
of  least  work,  the  general  solution  of  the  frame  and  loading  shown  in 
the  upper  left-hand  corner  of  Fig.  6  is  given.  The  statically  indeter- 
minate force  is  H.  The  effect  of  normal  forces  being  neglected,  the 
general  equation  of  condition  is 


/ 


'M_dM_      _ 
EI  dH  '^''"^ 


All  quantities  necessary  in  forming  the  conditional  equation  for  this 
case  are  arranged  in  Table  2. 
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Table  2 
Elements  Used  in  Conditional  Equations  foe  Solution  of  Inverted  TJ-frame 


Member 

I 

M 

dM 
dH 

ab         a'b' 

Tab 

Px 
2 

-Hy 

-y 

be         b'c' 

Ibc 

-  H  {hab  +  X  tan  9) 

—  {hab  +  X  tan  6) 

CO         co' 

Ice' 

^-H, 

-h 

Substituting  the  proper  values  in  the  general  equation  of  condition 


'"■aft 

Hy'^dy  — 


2secd 


■abjo 


Px 


-H{hab-\-  xtand) 


{hah-\-  xtand)  dx 


_2h_    r^^^+  2     ^Px 


(?--) 


Hh]dx^O 


(1) 


Integrating  equation  (1) 

h 


EL 


3 


-  -^j—  \—j-^  +  -^tand-H{h^^x+}iabXHand+-^tan'e) 


2h 


EL., 


Px^ 


-Hhx 


''be    T" 


(2) 


Substituting  the  limits  in  equation  (2) 


SL 


2Hhl,     2secevPllX,b  ,   Pit  p  n 


-£[4-^^^^'  +  T)-^^'f]=0 (3) 
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2KbH  ,  2sece  f 

Ol  ah 


'j^  [h!,kc+hJltand+f  tan'djH  4 


2h%cH 
2L. 


2secd  P 


''be' I' ah    1     ''be 


L    4 


tand 


,2hP(  Z^\ 


(4) 


Solving  for  H, 


2sec6  r  ZL^ 


H=- 


seed  r 


bc'l'ab 


-land 


2h 


4:L. 


-1    tfcc  I'cc'  -\ J— 

\  4 


^^^^(hl,hc+hadUand+^tan^d  )+  ^ 

Slab  he      \  ^  /  Ice 


P 


(5) 


Substituting  kc  sec  6  =  She  and  he  =  he  tan  i 

nice'  I   AT        I    7      .    \    .    ^hc    Ibc 


|^(4i.+U.)  + 


hab        hbc 

.  2~^yj 


ff=- 


p 


/i^L 


2Sb 


3  la 


hab-\-habllhc-\ TT 


(6) 


Fig.  7  gives  sketches  of  the  inverted  U-frame  having  the  lower 
ends  of  the  columns  fixed.  Equations  of  the  statically  indeterminates, 
the  horizontal  reaction,  and  the  bending  moment  at  the  lower  end  of 
the  column,  as  determined  from  analyses,  are  given  in  the  figure. 

Knowing  these  indeterminates,  the  moments,  and  the  forces  at 
any  section  of  the  frame  may  be  determined  by  ordinary  analysis. 
Thus  the  moment  at  the  middle  of  the  top  beam  for  the  frame  in  the 
upper  left-hand  corner  of  Fig.  7  is  equal  to  the  algebraic  sum  of  the 
bending  moment  at  the  lower  end  of  the  column,  Ma,  the  moment  of 
the  horizontal  reaction  H  with  a  moment  arm  equal  to  the  height  of 
the  frame,  the  moment  of  the  vertical  reaction  V  about  the  section 

considered,  and  the  moment  of  one  load  — -  about  the  section.     Fig.  7 

indicates  the  manner  in  which  the  moment  varies  along   the  members 
composing  the  frame. 
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^  abI-a\b, 

■iai       Jcc'      -ibc 


H: 


v^'B^y 


Mj, 
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Sic     Icf  ■       3 


//^     /   l6cJ 


K- 


2* 
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Fig.  7.     Simple  Frames  under  Vertical  Load;    Lower  Ends  of  Columns 

Fixed 


/K.-- 


Ibc 


he         Ibclcc'       Ibdbb'      ^bb'^cc' 


Phi 
3  Ice 


h'        hlcc-         hlcc'         l/c- 
J-bc  Jbdcc'       ■'be  ^66'      ■'bb'-'cc 


ih      U 


Ac 


_    _-_    J]__        '-'Ice-        hh^ 
[j/i,c  Icc'\ll/c         Ibchc'      Ibcibb'       hb'Icc 


Pile 
6lcc 


Fig.  8.     Rectangular  Frame  with  Rigidly  Connected  Tie  at  Base  op 

Columns 

Fig.  8  shows  a  rectangular  frame  in  which  all  the  joints  are  rigid, 
the  horizontal  cross  tie  at  the  bottom  of  the  frame  having  rigid  connec- 
tion to  the  columns.     The  equations  of  the  indeterminates  M},  and  B.\, 
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I 


for  this  frame  are  given  in  the  figure.     The  figure  indicates  the  manner 
in  which  the  moment  varies  along  tlie  members. 


P. 


hU 


M^max  pos)  '■ 


H'*m-'("'W  pi' 


C^^^ir') 


hlcj 


P^' 


Fig.  9.     L-frame  with  Column  Hinged  at  Support 


Fig.  9  shows  an  unsymmetrical  frame,  here  termed  an  L-frame, 
under  uniform  load  and  with  the  column  hinged  at  the  support.  For 
this  frame  the  horizontal  and  vertical  reactions  Zfb  and  Yh  at  the  column 
end  are  given  in  the  figure. 

The  maximum  positive  bending  moment  in  this  frame  occurs  at 
the  distance  x  from  c  where 


<^+-fe) 


3-f 


4/i7. 


lU 


The  value  of  the  maximum  positive  bending  moment  is  given  in  the 
figure.  The  maximum  bending  moment  is  the  negative  moment  at 
the  wall,  which  is  also  given  in  the  figure. 

Fig.  10  shows  an  L-frame  in  which  the  column  is  fixed  at  the  sup- 
port. On  account  of  the  fixity  of  the  column  there  are  three  statically 
indeterminates  for  this  frame,  R^^  Fb,  and  M5  or  M,-.  The  values  of 
these  are  given  in  the  figure. 
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Fig.  10.     L-FKAJME  with  Column  Fixed  at  Suppokt 

The  formulas  for  the  maximum  positive  moment  in  the  beam  and 
the  distance  of  the  section  of  maximum  positive  moment  from  c  are 

24 


M- 


max  pos  '■ 


3    1  + 


4.lh 


-2     1 


Ih 


u 


hic 
IK 


x  =  - 


1  + 


hL,      2 


llbc 

The  manner  in  which  the  bending  moment  varies  along  the  mem- 
bers composing  the  frames  is  indicated  in  Fig.  9  and  10. 

9.  Single  Story  Construction  with  Three  Spans. — In  the  design  of 
a  beam-and-girder  or  a  flat-slab  construction  of  a  single  story,  many- 
engineers  do  not  take  the  effect  of  the  bending  of  columns  on  the 
moments  in  other  portions  of  the  structure  into  consideration.  Authors 
also  have  tried  to  analyze  the  stress  distribution  without  taking  this 
bending  into  account.  Obviously  a  bending  in  the  columns  will  allow 
an  increased  bending  moment  at  the  center  of  the  span  of  a  girder  or 
slab  loaded  unsjrnimetrically  with  respect  to  the  column,  and  stresses 
in  the  slab  will  be  modified  by  variations  in  the  ratio  of  the  moment 
of  inertia  of  the  girder  or  slab  to  that  of  the  column  and  of  the  column 


REINFORCED    CONCRETE    FRAMES 


31 


height  to  the  span  length.  Tests  have  shown  that  columns  may  be 
subjected  to  severe  bending,  and  it  will  be  seen  that  this  will  be  more 
important  for  a  single  story  structure  than  for  others. 

In  actual  cases,  there  may  be  twenty  or  more  spans  in  succession, 
with  different  span  lengths  and  different  cross-sections  of  members,  and 
consequently  an  exact  analysis  is  hardly  possible  with  any  assumption. 


-7JTST' 


^Load 


a' 
Co/umns 


b' 


-mp 


-wmr 


'WW 


^Ground  Let/e/ 
Fig.  11.     Continuous  Single  Story  Spans;    One  Panel  Loaded 


If  panel  aa'  in  Fig.  11  is  loaded,  the  bending  moments  in  slab  he, 
cd,  h'c',  and  c'd'  are  so  small  as  to  be  negligible  in  actual  cases.  It 
may  be  assumed,  therefore,  that  the  end  condition  of  slabs  or  beams 
ah  and  a'h'  will,  perhaps,  be  between  the  hinged  and  the  fixed  state 
at  h  and  h' ,  the  degree  of  fixity  depending  upon  the  ratio  of  moments 
of  inertia  of  the  column  and  the  slab  at  that  joint.  Formulas  will, 
therefore,  be  given  for  both  conditions. 

Fig.  12  shows  the  manner  in  which  the  bending  moment  varies 
along  the  members  composing  the  frame  for  four  combinations  of  end 


Fig.  12.     Single  Story  Three-Span  Frame,  Having  Middle  Span 
Uniformly  Loaded 
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conditions  of  beams  and  columns  outside  the  loaded  panel.  The 
formulas  which  have  been  derived  for  these  four  cases  are  given  in 
Table  3. 

Table  3 

FORSnjLAS   FOR  REACTIONS,  BeNDINQ   MOMENTS,  AND   PoiNTS   OF   INFLECTION   FOR 

Single  Story  Three-Span  Frames 
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Table  4 

Coefficients  of  Bending  Moment  for  Single  Story  Three-Span  Frame 

a  =  coefficient  of  pP  for  bending  moment  at  end  of  middle  span, 
)3  =  coefficient  of  pl^  for  bending  moment  at  top  of  column. 


"3 

Values  of  m 

Values  of  n 

n- 

h 
~  I 

5fi 
o 
O 

Ice' 

m—  J 

Ibc 

0.20 

0.50 
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1.25 

1.50 

T3 

g 

-^ 
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.0735 

.0705 

.0682 
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s 

s 

1.0 

.0750 
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.0648 

.0625 
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.0595 

o  ^ 

05 

+ 

•o 

1.5 

.0722 

.0648 
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.0595 

.0582 

.0570 

1— f 

+ 

2.0 

.0700 
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.0577 
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.0555 
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0.5 
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.0588 
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.0408 
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In  Table  4  are  given  values  of  the  bending  moment  coefficients 
for  both  hinged  and  fixed  ends  at  top  of  colmnn  and  at  end  of  middle 
span  for  six  ratios  of  moments  of  inertia. 
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Fig.  13.     Single  Story  Three-Span  Frame  under  Concentrated  Load 

For  a  three-span  frame  with  concentrated  load  at  the  center  of 
the  middle  panel,  Fig.  13  shows  the  manner  in  which  the  moment 
varies  along  the  several  members  composing  the  frame. 

Assuming  symmetry  about  the  vertical  center  line  of  this  frame 
the  formulas  for  the  horizontal  and  vertical  reactions  are  given  in  Fig.  13, 
and  also  formulas  for  bending  moments  at  top  of  column  and  at  end 
of  middle  span. 


10.  Trestle  Bent  with  Tie. — The  frame  shown  in  Fig.  14,  fre- 
quently termed  the  A-frame,  may  be  used  in  trestle  construction. 
Formulas  for  Mcc',  Hh,  and  He  are  given  in  the  figure. 

Knowing  the  values  of  Mcc',  He,  and  Hb,  the  stresses  at  any  section 
of  the  frame  may  be  computed.  When  6  =  0,  he  =  0,  and  kc  approaches 
0,  making  hcd  =  h  (that  is  when  k  =  l),  this  frame  becomes  the  same  as 
that  shown  in  Fig.  8  and  the  formulas  for  Mcc'  and  He  reduce  to  the 
same  form  as  those  given  in  Fig.  8. 


REINFORCED    CONCRETE    FRAMES 


35 


Z^.- 


PZ^d' 


21^. 


'     JIcd\  .gMfJcc:! 


Jibe 


2/cc- 
Ice- 


Hc^ 


IdcfU.      —  .      -    -     ,    __     ,  ^ 


hldd'  Ice 
.lea  Jdd'-^c. 


■  fJibc        .  iicc'   ,   3Icd\    .  ^M'lcc'fjhc 

A  cfhl/-K)  ^    Ice-  '^  (fKh)  '^  ^rcdJcA^hii-n 


Ice 


iJcd 


r; 


8  f^h 


//S-- 


ldd'\lcc-(JIdd'     Ibc  _  3p      Itc       3p\      £p/T\  _  phUcc-IJf^hc  I       .^M;] 

Jdd'  \lcc'^Sg/?(/-n)^Icd    ql'-f^)Icd    W   !^\    Icd\lcA^(i-'^) led    V        Icd\ 


P 


hldd'^cc'  I  Jibe      ^  Hcc-  ^  Jjcd]   ,  <^jTfnJcc-  (Jibe       .    2Jcc-        4Icd\ 
'       '       '  Ice'       ^mJ'^   2/id/cc-\^/7(/-f^)         Ice'       ^/^f?) 


/cdldd'/cc'\  ^W-n) 


£ 


Fig.  14.     A-feame  Showing  Form  of  Moment  Curve 


11.  Building  Construction  with  Several  Stories  and  Spans. — In  the 
actual  construction  of  buildings  of  reinforced  concrete,  it  is  common 
to  use  a  continuous  slab  for  floors  supported  by  a  number  of  columns. 
A  loading  which  produces  serious  bending  in  columns  is,  of  course,  an 
eccentric  arrangement,  such  as  is  shown  in  Fig.  15.  The  moments 
of  inertia  of  columns  are  sometimes  smaller  than  those  of  slabs.  Ac- 
cordingly, the  bending  moment  in  the  floor  slab  fcc'f  is  greatly  modified 
by  the  flexure  of  columns  he,  h'c',  cd,  and  c'd'. 

In  present  practice,  frequently  little  attention  is  paid  to  this  point, 
and  columns  are  assumed  to  be  rigid  enough  to  resist  the  bending. 
This  assumption  may  be  approximately  true   for   the  lower  stories. 
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9         ^T 


b'     e' 


Fig.  15.     Cross-Section  of  Building   Frame  with  Single  Panel  Loaded 

where  the  columns  have  large  diameters,  but  it  is  not  true  for  the  upper 
stories,  where  the  cross-section  of  columns  is  usually  small,  and  serious 
bending  stress  may  exist  in  the  column  due  to  eccentric  loading.  An 
exact  analysis  is  hardly  possible  because  there  are  many  unknown 
conditions  entering  into  the  solution.  From  a  practical  standpoint, 
it  is  easily  understood  that  the  bending  moment  in  floor  slabs,  gdd'g' 
and  ebh'e',  (see  Fig.  15)  due  to  the  load  on  the  floor  cc'  is  so  small  as 
to  be  inconsiderable  if  the  floors  are  of  moderate  thickness.  That  is, 
the  columns  cb,  c'h',  cd,  and  c'd'  are  practically  fixed  at  b,  b',  d,  and  d', 
respectively.     If  the  floor  slabs  are  not   thick   enough  to  keep  the 


Fig.  1G.     Two-Story   Three-Span   Frame   Having   Middle   Span   Uniformly 

Loaded 
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Table  5 

Formulas  for  Two-Story 
Three-Span  Frames 
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column  ends  in  a'  fixed  condition,  the  end  condition  of  the  columns 
will  be  between  the  hinged  and  the  fixed  state.  Using  these  assump- 
tions an  analysis  which  is  almost  exact  is  possible.  The  resulting 
formulas  may  be  used  in  the  design  of  buildings.  For  such  a  frame, 
Fig.  16  shows  the  manner  in  which  the  moment  varies  along  the  mem- 
bers composing  the  frame  for  two  combinations  of  end  conditions  of 
beams  and  columns.  The  formulas  for  the  horizontal  and  vertical 
reactions  and  the  bending  moments  are  given  in  Table  5  for  ends  of 
columns  and  beams  hinged  and  for  ends  of  columns  and  beams  fixed, 
the  end  spans  being  equal  in  both  cases.  Formulas  are  also  given  for 
equal  spans  and  equal  moments  of  inertia  of  the  beams  and  for  equal 
spans,  story  heights,  and  moments  of  inertia  of  beams  and  columns. 
Fig.  17  gives  numerical  values  of  the  coefficients  of  pP  for  the  case  in 
which  ends  of  beams  and  columns  are  fixed,  a  being  the  coefficient  of 
the  bending  moment  at  the  top  of  the  lower  column  and  (3  the  coeffi- 
cient at  the  foot  of  the  upper  column.     In  Table  6  are  given  values 
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Fig.  17.    Coefficient  op  Bending  Moments  for  Top  of  Lower  Column  and 

Foot  of  Upper  Column  for  Two-Story  Three-Span  Frame  Having  All 

External  Connections  Fixed 
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Table  6 

Coefficients  of  Bending  Moment  for  Two-Story  Three-Span  Frame  With 
Ends  of  Columns  and  Beams  Fixed 

a  =  coefficient  of  pP  for  bending  moment  at  top  of  lower  column. 
/3  =  coefficient  of  pp  for  bending  moment  at  foot  of  upper  column. 
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Ifc 
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^ 

3.75 
3.33 
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.0139 
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.0162 
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.0165 
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.0181 
.0185 

.0173 
.0185 
.0192 
.0196 

of  the  bending  moment  coefficients  a  and  j8  for  four  ratios  of  the  moments 
of  inertia.  The  frame  with  hinged  ends  has  nine  statically  indeterminate 
quantities,  while  the  frame  with  fixed  ends  has  fifteen  statically  indeter- 
minates,  but  the  condition  of  sjrmmetrical  loading  shown  greatly 
reduces  the  number  of  these  quantities.  In  the  analyses  it  has  been 
assumed  that  the  vertical  reactions  at  h  and  d  (also  at  h'  and  d')  are  the 
same.  This  assumption  may  not  be  the  real  condition  in  actual  cases, 
but  no  effect  is  produced  on  bending  moments  by  it. 

12.  Frame  with  Three  Spans. — In  bridge  or  trestle  construction 
across  a  wide  stream  or  valley,  several  spans  may  be  built  continuously 
as  a  monolith.  Because  of  the  necessity  of  providing  expansion  joints, 
the  number  of  spans  thus  connected  is  frequently  limited  to  three. 

Rigidly  connected  frames  with  three  spans,  equal  or  unequal, 
may  advantageously  be  used  for  bridges  of  moderate  spans. 

No  analytical  formulas  for  such  frames  have,  to  the  writer's 
knowledge,  been  pubUshed.  Fig.  18  and  19  give  the  formulas  for  a 
three-span  frame  under  various  conditions  of  load.  Fig.  20  shows  the 
manner  in  which  the  moment  varies  along  the  members  composing 
the  frames.     Table  7  gives  values  of  the  bending  moment  coefficients 
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Fig.  20.    Single    Story    Three-Span   Frame    with   Four    Columns   Having 
Middle  Span  Uniformly  Loaded 


Table  7 

Coefficients  of  Bending  Moment    for    Single  Story  Three-Span  Frame 

Having  Four  Columns 

a  =  coefficient  of  'pV-  for  bending  moment  at  end  of  middle  span. 

/3  =  coefl&cient  of  pp  for  bending  moment  at  top  of  intermediate  column. 
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at  the  top  of  the  middle  columns  and  at  the  end  of  the  middle  span 
for  the  case  in  which  the  three  spans  are  equal,  the  moments  of  inertia 
of  the  beams  are  equal,  and  the  moments  of  inertia  of  the  columns 
are  equal,  a  uniform  load  being  applied  over  the  middle  span. 


13.  Square  Frame  under  Horizontal  Load. — Hitherto  only  the 
cases  in  which  the  load  was  applied  vertically  have  been  discussed. 
It  is  frequently  necessary  to  solve  for  the  statically  indeterminate 
stresses  due  to  a  horizontal  force,  such  as  a  wind  pressure  or  the  braking 
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force  of  a  locomotive.  The  method  of  determination  of  the  statically 
unknowns  is  the  same  as  that  used  for  frames  with  vertical  loads.  A 
few  cases  have  been  taken  as  illustrations  and  the  resulting  equations 
are  given  in  Fig.  21. 

Another  application  is  the  water  tank  or  reservoir  subject  to  the 
static  pressure  of  water,  such  as  may  be  found  in  filter  plants.  Fig.  21 
gives  two  examples  of  framed  constructions  of  this  character.  It  is 
seen  that  for  a  square  tank  having  the  same  walls  on  the  four  sides  the 

negative  moment  from  the  formula  for  rectangular  tank  becomes  j^  yP 
and  the  positive  moment  —  'pP,  as  is  known  from  other  sources. 

14.  The  Nature  of  the  Resulting  Formulas;  Relation  between  Hori- 
zontal Reactions  in  Frame  under  Uniform  Load  and  under  Concentrated 
Load. — It  is  interesting  and  important  to  note  from  the  results  of  the 
foregoing  analysis  that  there  is  a  fixed  relation  between  the  horizontal 
reactions  in  the  symmetrical  frame  under  distributed  loads  and  those 
in  the  same  frame  under  concentrated  loads.  To  show  this  relation 
a  few  cases  have  been  selected  as  illustrative.  These  are  shown  in 
Fig.  22. 

It  has  been  stated  previously  that  there  is  also  a  fixed  relation 
between  the  horizontal  thrust  and  the  bending  moment  at  the  fixed 
column  or  beam  ends,  and  the  bending  moment  can  be  expressed  in 
terms  of  the  horizontal  thrust.  The  bending  moment  at  any  section 
of  a  frame  is  a  function  of  the  horizontal  thrust.  Therefore,  it  may  be 
stated  that  the  statically  indeterminate  stresses  in  the  symmetrical 
frame  have  a  fixed  relation  under  distributed  and  concentrated  loads. 

From  the  foregoing  illustrations  it  will  be  seen  that  the  horizontal 
thrusts  at  the  column  ends  due  to  uniform  and  centrally  concentrated 
loads  may  be  expressed  in  the  following  forms: 

vP 
Uniform  load,  H  =  Kj^ 

PI 

Centrally  concentrated  load,  H=K—^ 

o 

The  coefl&cient  K  is  the  same  in  both  cases,  but  varies  with  the  form 
of  frame.  The  formula  for  the  horizontal  thrust  in  the  frame  under 
concentrated  load  may  be  written  directly  if  the  formula  for  thrust 
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in  the  frame  under  uniform  load  is  known.  An  analysis  of  the  statically 
indeterminate  forces  for  a  given  case  should  first  be  made  to  find  the 
form  of  the  function. 

The  bending  moment  at  the  end  of  the  span  in  these  frames  is: 

For  Case  a,  M  =  -       ^        vl'  _,r    P^' 


For  Case  a',  M  = 

For  Case  b,  M  = 

For  Case  b',         M  = 


It  is  known  that  when  a  beam  is  perfectly  fixed  at  its  ends  the  negative 

bending  moments  due  to  a  distributed  load  and  a  centrally  concentrated 

vF  PI 

load  are  ^  and  — ,  respectively.     It  is  seen,  therefore,  that  for  these 

cases  the  bending  moment  at  the  end  of  the  beam  is  obtained  from  the 
value  of  the  end  bending  moment  of  a  fixed  beam  by  multiplying  by  K, 
a  coefficient  which  depends  upon  the  form  of  the  frame,  but  is  inde- 
pendent of  whether  the  load  is  applied  uniformly  or  is  concentrated 
at  the  center  of  the  span. 

Returning  to  the  nature  of  the  formulas  for  the  horizontal  thrust 
at  the  lower  column  end  of  a  frame,  it  is  further  seen  from  Fig.  22  that 
the  given  constant  relation  between  the  values  of  the  horizontal  thrusts 
for  a  frame  under  a  distributed  load  and  under  a  concentrated  load 
still  holds  for  the  case  in  which  a  frame  is  subjected  to  a  non-syin- 
metrical  load.  These  simple  frames  are  sufficient  to  illustrate  the 
general  relation.  It  appears,  therefore,  that  for  the  same  frame  the 
coefficient  K  remains  constant  and  independent  of  the  method  of 
loading.  This  statement  can  easily  be  extended  to  the  case  of  multiple 
concentrated  loads,  for  then  the  horizontal  thrust  is  the  sum  of  the 
horizontal  thrusts  due  to  the  individual  concentrated  loads.  It  will  be 
found  that  this  statement  applies  also  to  the  non-symmetrical  frames 
of  Cases  d  and  d'. 
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Fig.  23.    Locus  of  Intersection  of  Reaction  Lines  in  Single  Span  Single 
Stoky  Frame  under  Single  Concentrated  Load 

For  a  concentrated  load,  it  will  be  of  interest  to  j&nd  the  locus  of 
yo,  the  point  of  intersection  of  the  lines  of  action  of  the  reactions  with 
the  line  of  action  of  the  load  (see  Fig.  23).  In  a  comphcated  form  of 
frame,  there  are,  of  course,  many  statically  indeterminate  quantities, 
but  H  is  an  important  one.  The  remaining  statically  indeterminate s 
have  always  the  same  factor  in  the  denominator  as  H.  Therefore,  it 
is  very  interesting  to  know  the  form  of  the  expression  for  H.  It  is 
evident  that  H  (Fig.  23)  is  a  function  of  I,  h,  I,  and  P  in  a  given  case. 

Since  the  moments  at  h  and  b'  (Fig.  23)  are  zero,  the  equilibrium 
polygon  for  the  load  P  must  pass  through  these  points.  Taking  the 
moments  of  H  and  Vb  about  the  point  o 

Vblco ' 


Vblco — Hyo  =  0        yo  = 


H 


H  and  Vb  are  known  in  this  case  when  P  and  ko'  are  given,  and 
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Therefore 


yo= 


1  -1  •  •  p 


<^-i> 


I      H  /I 


(t) 


or 


yo  =  2h(^l-^ 


dllbc 


This  equation  is  entirely  free  from  Ico',  lo'c',  and  P;  therefore,  yo  is  a 
constant  quantity  for  a  given  frame  and  is  not  changed  by  the  change 
of  the  point  of  appHcation  of  a  load  P.  Accordingly  the  locus  of  the 
point  0  is  a  straight  line  parallel  to  bV. 

In  the  case  in  which  :^'  =  1.0  and  ^  =  1.0,  yo  =  ^^.  For  ''^'='''  =  2.0 

Ibc  I  3  Ibc 

and  4-=  1.0,  2/o=Mi. 

The  equation  for  yo  permits  the  determination  of  the  position  of 

loads  which  gives  the  maximum  reaction  and  stress  in  any  member. 

The  same  method  may  be  extended  to  any  case,  if  it  is  remembered 

that  when  a  column  is  fixed  at  its  end  the  point  of  application  of  the 

Mb 
reaction  deviates  from  the  neutral  line  of  the  column  by  --^,  where  Mb 

Vb 

is  the  end  moment  and  Vb  is  the  vertical  reaction  at  that  point. 

15.  Effect  of  Variation  in  Moment  of  Inertia  and  Relative  Height 
of  Frame  on  Bending  Moment  in  Horizontal  Member. — Fig.  24,  25, 
26,  27,  and  28  give  bending  moment  coefficients  for  the  beam  of  the 
central  span  for  several  cases  of  a  three-span  frame  in  which  the  spans 
are  equal,  the  moments  of  inertia  of  the  three  beams  are  equal,  and  the 
moments  of  inertia  of  the  columns  are  equal.  The  effect  on  the  bending 
moment  caused  by  variation  in  the  relative  values  of  the  moments  of 
inertia  of  members  and  in  heights  of  frames  is  shown  in  these  figures. 

For  a  general  comparison  it  is  only  necessary  to  consider  the  bending 
moment  at  the  center  of  the  span  for  load  applied  eccentrically  with 
respect  to  the  columns,  since  the  effect   on  moments  at  other  places 
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Fig.  24.     Coefficient  of  Bending  Moment  at  Center  of  Middle  Span  for 
Single  Story  Three-Span  Frame  Having  Extreme  Ends  op  Columns 

AND  Beams  Hinged 

and  on  thrusts  will  be  similar.     From  the  general  nature  of  the  curves 
shown  the  following  conclusions  are  drawn: 

(1)     The  bending  moment  is  increased  rapidly  as  the  value 

of  -~  increases  from  0  to  1.5,  but  beyond  that  range  the  increase 

i-hc 

in  bending  moment  is  comparatively  small. 
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Fig.  25.     Coefficient  of  Bending  Moment  at  Center  of  Middle  Span  for 

Single  Story  Three-Span  Frame  Having  Extreme  Ends  op  Beams  Hinged 

AND  Column  Ends  Fixed 

(2)  An  increase  in  the  height  of  the  frame  has  an  effect 
of   the  same  nature  on  the  bending  moment  as   an   increase  in 

the  ratio  •—  • 

i-hc 

(3)  The  variation  in  coefficient  of  bending  moment  is  wider 
in  the  frame  hinged  at  ends  of  columns  and  beams  than  in  the  case 
of  fixed  ends. 

(4)  By  the  fixing  of  ends  of  columns  and  end  beams  the 
coefiicient  of  positive  bending  moment  is  slightly  decreased  from 
that  for  hinged  ends. 
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Fig.  26.     Coefficient  of  Bending  Moment  at  Center  of  Middle  Span  for 
Single  Story  Three-Span  Frame  Having  All  External  Connections 

Fixed 


(5)     In  most  common  cases  of   panels   under  uniform  load 

1l     .  Ice' 

where  the  ratio  -^is  not  far  from  1.0  and  -^  varies  from  1.5  to  3.0, 

t  I  he 

the  bending  moment  at  the  center  of  the  loaded  span  (case  of 
equal  spans)  varies  from  about  t^V^^  to  about  YaP^^'  ^^^  ^^^^  ^^ 


conveniently  assumed  as  jir^P. 
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Fig.  27.    Coefficient  of  Bending  Moment  at  Center  of  Middle  Span  for 
Single  Story  Three-Span  Frame  Having  Lower  Ends  of   Columns 

Hinged 

16.  E^ed  of  Variation  in  Moment  of  Inertia  on  Bending  Moment 
in  Vertical  Member. — The  variation  in  bending  moments  in  column 
ends  due  to  the  variation  in  properties  of  the  members  for  several  cases 
of  a  three-span  frame  is  shown  in  Fig.  17  and  29  and  in  Tables  4,  6, 
and  7.  In  Table  6  the  three  spans  are  taken  as  equal  and  the  story 
height  is  taken  equal  to  half  the  span. 
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Fig.  28.     Coefficient  of  Bending  Moment  at  Center  of  Middle  Span  for 
Single   Story  Three-Span  Frame   Having  Lower  Ends   op  Columns 

Fixed 

Values  of   coefficients  of  'pV-  for  various  values  of  -^  and  -~  are 

plotted  in  Fig.  17.  It  is  seen  from  the  diagram  that  for  structures 
having  the  relations  between  span  lengths  and  moments  of  inertia 
assumed  in  Table  6,  higher  bending  stress  will  exist  at  the  top  of  the 
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Fig.  29.    Coefficient   op   Bending   Moment  at   Lower  Ends   of   Interior 
Columns  for  Single  Story  Three-Span  Frame  Having  Lower  Ends  of 

Columns  Fixed 


lower  column  than  at  the  foot  of  the  upper  column  and  that  the  varia- 
tions in  moments  of  inertia  assumed  cause  less  variation  in  the  moment 
in  the  upper  columns  than  in  the  lower  columns. 
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III.    Tests  on  Rigidly  Connected  Reinforced  Concrete 

Frames 

17.  Test  Specimens. — Five  types  of  frames  were  selected  for  the 
tests.  The  cross-section  of  the  composing  members  varied  from  8  by  8 
in.  to  83^  by  17^  in.  The  length  of  span  of  the  frames  was  6  ft.  on 
centers  except  Frame  No.  8,  which  had  three  spans  of  4  ft.  8  in.  The 
height  of  the  frames  varied  from  about  5  ft.  to  about  10  ft.  The  size 
and  disposition  of  the  reinforcing  bars  and  the  dimensions  of  the  frames 
are  shown  in  Fig.  30  to  34.     Data  of  the  frames  are  given  in  Table  8. 

Care  was  taken  in  designing  the  test  specimens  to  secure  continuity 
of  connected  members  and  to  obtain  such  proportions  between  moments 
of  inertia  and  spans  as  would  result  in  high  bending  stresses  in  the 
columns  and  beams  at  nearly  the  same  time.  The  ends  of  the  steel 
reinforcing  bars  were  bent  into  hooks  in  the  specimens  having  columns 
fixed  at  the  ends.  Bars  continuous  from  one  end  to  another  were  used 
for  all  frames.  The  radius  of  bends  of  the  main  rods  was  about  5  in. 
Several  bars  were  welded  and  these  welds  were  located  at  points  where 
the  bending  moment  was  very  small. 

In  the  frames  with  stirrups,  U-shaped  or  double  U-shaped  stirrups 
were  used.  They  passed  under  the  longitudinal  bars  and  extended 
to  the  top  of  the  beam.  The  size  and  spacing  of  the  stirrups  are  given 
in  Table  8. 


Sect.  B-B 


Fig.  30.     Size  and  Distribution  of  Reinforcing  Bars  in  Frames  1  and  6 


56 


ILLINOIS   ENGINEERING   EXPERIMENT    STATION 


/4       o^3l' 


L^JJJ^. 


^*5ect.A-A 


Secf.C-C  cfl Tic 

Stirrups  j<* 


MrodsiJ 


^£4: 


-^'-/d?^ 


Fig.  31.     Size  and  Distribution  of  Reinforcing  Bars  in  Frames  2  and  4 
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Fig.  32.    Size  and  Distribution  of  Reinforcing  Bars  in  Frames  3  and  7 
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FiG.  33.     Size  and  Distribution  op  Reinforcing  Bars  in  Frame  5 


Zi\^yiY7"-^7i'W^7'^kfiWi " 


UP^ >rir ^ — ^i/ir  ^^^    %\ 

J. 


i^ 


f 


5ecf.  D-D 


r"i 


sail 


-<f'^" 


5ect.B-B 
B 


,S:4"- 


-^'■O- 


5ect.C-C 


I     ■  0        I     ;   ^" 


5tee/  f<p  ^^ 
Stirrups  ^  V 


•  \^V 


Fig.  34.     Size  and  Distribution  of  Reinforcing  Bars  in  Frame  8 


58 


ILLINOIS   ENGINEERING   EXPERIMENT   STATION 


o 

H 
P 


O  'S  >"  £ 


p^ 


o 


cq 


■"■  Pi 
o 

4)  '-+3 


IE  .S 


i:1h 


S  fl 


<fflOcDOOCOeD(M 


4h 


C  41  CO  05 -^  4h  lO 


:^- 

^• 

•  10 

■^ 

^"^ 

;C0 

CO 

<D   tt) 


o  T o  T  Too  t 


O?— lOi— 11— lOOO 


aaaaaaaa 


I  O  T— I  o  >— I  <— I 


02 


a-s 
3.a 


-1-3 


o  a 


1° 


.a. a. a. 9. a. 9. a. a 

MM  \cq  \(N  \(N  \(N  \(N  \N  \(N 


\^  \^  N^  \^  \P0  \^  \^  \^ 

rH05i-H05t>.i— Ii-Ht-H 
1-H  rH  I— I  1— I  r-H  T-H 

0000000000000000 


o  000000000 

I— I  1—1  I— 1 1—1       1—1  1—1 
0000000000000000 


OOOOOOOOO 

I    I    I    I    I    I    I    I 


OOOOCOOOOO 

I    I    I    I    I    I    I    I 

CDCOCOCOCOCDCO-4^ 


i-l(NCO'*iOCDl>QO 


OS 

X! 

T3 

C 

:=! 

0 

;h 

rj 

X 

^ 

a 

a 

■* 

«<-( 

1 

0 

(N 

-^J 

1 

Pi 

1—1 

<u 

a 

0 

0) 

fli 

-M 

01 

0 

U 

'B 

T) 

0 

fl, 

^^ 


a 

CQ  a 

a  I* 

1— I  cr  oj 

O)   0^   § 

OHO 


REINFORCED    CONCRETE    FRAMES 


59 


18.  Materials. — The  materials  used  in  making  the  test  frames 
were  similar  to  those  ordinarily  used  in  reinforced  concrete  construction. 
The  sand,  stone,  and  cement  were  taken  from  the  stock  of  the  Labora- 
tory of  Applied  Mechanics. 

A  good  quality  of  crushed  limestone  ordered  to  pass  over  a  3^-inch 
sieve  and  through  a  1-inch  sieve  was  used.  The  sand  was  of  good 
quality,  hard,  sharp,  well-graded,  and  generally  clean. 

The  reinforcing  bars  were  plain  round  rods  of  open  hearth  mild 
steel.  Test  pieces  were  taken  from  the  test  frames  after  the  test. 
Table  9  gives  the  results  of  the  tension  tests  of  the  steel. 


Table  9 

Tension  Tests  of  Reinforcing  Steel 


Nominal 

Diameter 

inches 

Yield  Point 
lb.  per 
sq.  in. 

Ultimate 

Strength 

lb.  per  sq.  in. 

Per  Cent 

Elongation 

in  8  in. 

3^ 

36  200 

55  100 

26.3 

¥2 

36  200 

54  200 

26.9 

K 

36  900 

54  700 

28.7 

K 

36  700 

54  600 

26.9 

Yi 

37  700 

54  200 

25.0 

¥2 

37  400 

55  900 

30.0 

Average 

36  850 

54  783 

27.3 

Universal  Portland  cement  was  used  for  all  specimens.  Standard 
briquettes  of  neat  cement  gave  an  average  tensile  strength  of  575  lb. 
per  sq.  in.  at  7  days  and  670  lb.  per  sq.  in.  at  28  days,  and  standard 
briquettes  of  1-3  mortar  207  lb,  per  sq.  in.  at  7  days  and  303  lb.  per 
sq.  in.  at  28  days.  Briquettes  of  1-3  mortar  made  with  the  sand 
used  in  the  concrete  gave  a  strength  of  279  lb.  per  sq.  in.  at  7  days 
and  353  lb.  per  sq.  in.  at  28  days.  Tests  with  the  Vicat  needle  indicated 
that  initial  set  occurred  in  3  hours  and  15  minutes  and  final  set  in 
6  hours. 

Men  skilled  in  this  kind  of  work  were  employed  in  making  the 
concrete.  Care  was  taken  in  measuring,  mixing,  and  tamping  to  secure 
concrete  as  nearly  uniform  as  possible.  All  the  concrete  was  made  in 
the  proportions,  1  part  cement,  2  parts  sand,  and  4  parts  stone,  by 
volume.     The  mixing  was  done  with  a  concrete  mixing  machine. 

The  results  of  compression  tests  on  6-in.  cubes  made  from  the 
concrete  used  in  the  frames  are  given  in  Table  10.     Tests  were  made 
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Table  10 
Compression  Tests  op  Concrete  Cubes  and  Cylinders 


Frame 

Age 

Maximum  Load 

Frame 

Age 

Maximum  Load 

No. 

at  Test 

lb.  per  sq.  in. 

No. 

at  Test 

lb.  per  sq.  in. 

days 

days 

6  in. 

8x16  in. 

6  in. 

8x16  in. 

Cube 

Cyl. 

Cube 

Cyl. 

1 

64 

1780 

1150 

5 

61 

3070 

2670 

1 

64 

1750 

5 

61 

3100 

1 

64 

1680 

5 

61 

2580 

Average 

1740 

Average 

2920 

2 

62 

2210 

1850 

6 

62 

2605 

2310 

2 

62 

2250 

6 

62 

2445 

2 

62 

2540 

6 

62 

2510 

Average 

2330 

Average 

2520 

3 

73 

2860 

2050 

7 

60 

2140 

1970 

3 

73 

2820 

7 

60 

2390 

3 

73 

2840 

7 

60 

2220 

Average 

2840 

Average 

2250 

4 

66 

2600 

1910 

8 

63 

3288 

3060 

4 

66 

2580 

8 

63 

3900 

4 

66 

2570 

8 

63 

3653 

Average 

2580 

Average 

3614 

on  one  8  by  16-in.  cylinder  for  each  frame,  and  the  axial  deformation 
was  measured  to  give  a  means  of  judging  of  the  modulus  of  elasticity 
of  the  concrete  used  in  the  frames.  Fig.  35  gives  the  stress-deformation 
diagrams  for  these  cylinders.  Table  10  gives  the  compressive  strength 
of  the  cylinders. 


19.  Making  and  Storage  of  Test  Frames. — It  had  been  hoped  to 
make  the  frames  in  a  vertical  position  similar  to  that  in  practice,  but 
because  of  the  difl&culty  and  added  expense  in  doing  this,  all  the  frames 
were  built  directly  on  the  concrete  floor  of  the  laboratory  in  a  hori- 
zontal position  with  a  strip  of  building  paper  beneath  the  forms. 

The  forms  were  generally  removed  after  seven  days,  and  the 
frames  were  lifted  from  the  horizontal  position  after  thirty  days  and 
were  kept  in  a  vertical  position  in  the  laboratory  where  they  were  made 
until  the  day  they  were  tested.  They  were  dampened  every  morning 
for  two  weeks  after  making  to  prevent  too  rapid   drying,  and  were 
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dampened   occasionally   after   that   time, 
room  ranged  from  55  to  70  degrees  F. 


The   temperatm-e   of   the 


20.  Testing. — To  develop  high  stresses  in  the  beam  and  in  the 
columns  nearly  at  the  same  time  one-third  point  loadings  were  used 
for  many  of  the  frames.  In  Frame  5  the  centrally  concentrated  load 
was  used  to  develop  as  high  a  flexural  stress  in  the  columns  as  possible. 

In  Frame  8  in  order  to  see  the  effect  of  the  eccentric  load  on  the 
adjacent  spans  and  at  the  same  time  to  produce  high  bending  stresses 
in  the  middle  beam  and  in  the  central  columns,  a  uniform  load  on  the 
middle  span  was  selected,  the  load  being  applied  through  a  number  of 
spiral  springs. 
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Fig.  35.     Stress-Deformation  Diagrams  for  Cylinders 

The  positions  of  the  loads  for  the  different  frames  are  shown  in 
Fig.  36  to  43.  The  specimens  were  tested  in  the  600,000-lb.  Riehle 
testing  machine  in  the  Laboratory  of  Applied  Mechanics  of  the  Uni- 
versity of  Ilhnois.  Deflections  were  read  on  some  of  the  frames.  The 
deformations  of  the  steel  and  of  the  concrete  were  measured  at  the 
various  parts  of  the  frames  for  each  load  applied. 
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Fig.  36.     Obseha-i;d  a^td  CoirprxED  Stresses  ix  Fr.^^ie  1 
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Fig.  37.     Observed  and  Computed  Stresses  in  Frame  2 
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Fig.  39.     Observed  and  Computed  Stresses  in  Frame  4 
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Fig.  41.     Observed  and  Computed  Stresses  in  Frame  6 
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Fig.  42.     Observed  and  Computed  Stresses  in  Frame  7 
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Extensometers  of  the  Berry  type  were  used  in  measuring  the 
deformations.  The  method  of  using  these  instruments  is  described 
in  Bulletin  64  of  the  Engineering  Experiment  Station  of  the  University 
of  Illinois,  ''Tests  of  Reinforced  Concrete  Buildings  under  Load," 
and  in  a  paper  in  Proceedings  of  the  American  Society  for  Testing 
Materials  for  1913,  "The  Use  of  the  Strain  Gage  in  the  Testing  of 
Materials."  Variation  in  temperature  is  sufficient  to  cause  an  appre- 
ciable change  in  the  length  of  the  instrmnent.  Hence  observations 
on  an  unstressed  standard  bar  of  invar  steel  were  taken  for  the  purpose 
of  making  temperature  corrections.  Small  steel  plugs,  about  one  inch 
long,  were  set  in  plaster  of  paris  in  the  concrete,  where  the  concrete 
deformations  were  to  be  measured.  Small  gage  holes,  0.055  in.  in 
diameter,  were  drilled  in  the  reinforcing  bars  and  in  the  steel  plugs- 
Two  sets  of  initial  readings  were  taken  before  the  application  of  load- 
A  complete  set  of  observations  of  the  deformations  was  taken  at  each 
increment  of  load.  In  reducing  the  strain  gage  readings  to  stress, 
temperature  corrections  were  made.  These  were  based  on  an  assumed 
linear  variation  of  length  with  time  between  successive  readings  on  the 
standard  bar. 

The  smallest  number  of  gage  lines  on  any  frame  was  75  on  Frame  1 ; 
the  greatest  number,  163,  on  Frame  8.  The  gage  lengths  used  were 
2  in.,  4  in.,  and  8  in.  The  average  deformation  over  the  gage  length 
was  used. 

The  faces  of  the  test  frames  were  whitewashed  to  enable  the 
appearance  of  cracks  and  their  growth  to  be  more  easily  observed. 
The  extent  of  the  crapks  at  the  several  loads  was  marked  on  the  speci- 
men during  the  test. 

21.     Explanation  of  Tables  and  Diagrams. — The    loads  given  in 

the  various  tables  and  figures  are   the  loads  applied  by  the  testing 

machine  and  do  not  include  the  weight  of  the  frame  itseK.     The  load 

at  first  crack  is  the  load  noted  when  the  first  fine  crack  was  observed 

during  the  test.     The  ultimate  load  is  the  highest  load  apphed  to  the 

specimen  just  before  the  load  carried  began   to  decrease  slowly.     The 

maximum  tensile  and  compressive  stresses    are   the  highest  stresses 

observed  at  the  points  specified.      The  vertical   shearing  stress  was 

V 
calculated  with  the    ordinary  formula  v  =  t-t-j,  where  v  represents  the 

vertical  shearing  unit-stress  in  the  concrete,  V  the  total  vertical  shear 
at  the  end  of  the  beam,  b  the  breadth  of  the  beam,  and  jd  the  distance 
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from  the  center  of  the  steel  to  the  center  of  the  compressive  stresses 

in  the  concrete.     The  bond  stress  in  the  beam  was  computed  by  means 

V 

of  the  formula  u  = r-j;  where  u  is  the  bond  stress  per  unit  of  area  of  the 

moja 

surface  of  the  reinforcing  steel,  m  the  number  of  reinforcing  bars,  and  o 

the  circumference  or  periphery  of  one  reinforcing  bar.     The  values  of 

jd  were  selected  with  reference  to  the  amount  of  reinforcing  steel  and 

the  modulus  of  elasticity  of  the  concrete. 

Loads  are  given  in  pounds,  unit-stresses  in  pounds  per  square  inch, 

and  moments  in  inch-pounds. 


Table  11 

Values  of  Modulus  of  Elasticity  of  Conckete  used  in  Stress 
Computations 


Frame 

E 

Frame 

E 

1 
2 
3 

4 

2  100  000 

3  600  000 

2  070  000 

3  600  000 

5 
6 

7 
8 

3  000  000 
3  900  000 
3  700  000 
3  300  000 

The  so-called  observed  stresses  have  been  obtained  from  the 
observed  deformations  by  using  a  modulus  of  elasticity  of  30,000,000  lb. 
per  sq.  in.  for  the  steel,  and  for  the  concrete  the  values  given  in  Table  11. 

Table  12  contains  general  data  of  the  tests  of  the  frames. 

Table  13  gives  computed  stresses  at  the  three  points  in  each  frame 
which  are  showTi  in  Fig.  44,  calculated  by  means  of  the  formulas  given 
in  the  preceding  pages,  the  values  being  expressed  in  terms  of  the  load 
appUed  to  the  frame.  The  values  in  columns  marked  I  were  obtained 
on  the  assumption  that  the  concrete  has  full  tensile  strength;  those  in 
columns  marked  II  on  the  assumption  of  no  tensile  strength.  The 
division  of  the  direct  stress  between  concrete  and  steel  was  computed 
by  the  usual  formulas  for  reinforced  concrete  columns. 

Other  explanations  of  tables  and  diagrams  are  made   elsewhere. 


22.  Phenomena  of  Frame  Tests.— As  may  be  expected  in  rein- 
forced concrete  flexural  members,  the  tensile  stresses  in  the  steel  were 
very  small  at  low  loads.  Undoubtedly  this  effect  was  largely  due  to 
the  abiUty  of  the  concrete  to  carry  tensile  stress.     As  soon  as  the  con- 
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Crete  on  the  tension  side  of  the  member  was  sufficiently  stretched,  a 
vertical  tension  crack  formed  on  the  beam  underneath  the  load  and 
then  a  crack  formed  at  the  side  near  the  juncture  of  the  column  and  the 
beam,  in  most  cases.  After  the  formation  of  these  cracks,  the  tension 
in  these  parts  was  taken  mainly  by  the  reinforcing  bars.  As  the 
loads  were  increased  the  cracks  developed  and  new  cracks  appeared 
on  the  tension  side  between  the  points  of  application  of  the  load  on 
the  beam,  and  horizontal  cracks  formed  at  regular  intervals  in  the 
columns. 

The  tensile  stress  due  to  the  negative  bending  moment  within  the' 
space  occupied  by  the  juncture  of  the  beam  and  the  column  was  small, 
and  in  these  places  tension  cracks  did  not  form  in  many  frames  until 
high  loads  were  applied.  The  bent-up  bars  in  the  beam  came  into 
action  as  soon  as  tension  cracks  formed  in  their  vicinity,  and  in  the 
bent-up  portions  tensile  stresses  as  high  as  22,000  pounds  per  square 
inch  were  developed  in  several  instances.  The  tensile  stresses  in  the 
steel  at  the  fixed  ends  of  the  columns  were  rather  low.  The  tensile 
strength  of  the  concrete  in  this  part  apparently  reduced  the  tensile 
stress  in  the  steel. 
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Fig.  44.     Points  Used  for  Comparison  of  Computed  and  Observed  Stresses 
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High  compressive  stresses  were  developed  in  the  concrete  in  the 
upper  portion  of  the  columns  below  the  intersection  with  the  beam, 
and  the  maximum  compression  was  observed  along  the  sharp  corner 
at  the  juncture  of  the  beam  and  the  column,  as  might  be  expected. 
This  is  due  to  the  curved  beam  action  at  the  rigid  joint.  In  each  frame 
the  maximum  load  was  higher  than  the  load  expected. 

Views  of  the  frames  which  show  the  location  of  cracks  are  given 
in  Fig.  49  to  57. 

The  general  phenomena  of  the  tests  of  the  individual  frames  are 
given  in  the  following  brief  notes. 

Frame  1 — Square  Frame  with  Columns  Hinged  at  Lower  End. — 
Nominal  span  length  was  6  feet.  Total  height  was  5  ft.  2  in.  Frame 
was  loaded  at  the  one-third  points  of  the  span  of  the  horizontal  member. 
Fig.  49  shows  the  frame  in  the  testing  machine.  The  location  of  the 
cracks  is  shown  in  Fig.  51.  At  the  12,000-lb.  load  the  first  fine  crack 
in  the  beam  appeared  directly  under  a  load  point  and  extended  from 
the  bottom  of  the  member  vertically  2  in.  to  the  level  of  the  reinforce- 
ment. At  the  same  load  the  first  noticeable  cracks  appeared  in  the 
columns,  one  in  the  outside  edge  of  the  column  on  a  level  with  the 
bottom  surface  of  the  beam  and  one  at  2  ft.  5  in.  from  the  bottom  of 
each  column  end.  No  crack  appeared  in  the  top  side  of  the  beam  until 
the  load  was  increased  to  36,000  lb.  At  that  load  cracks  appeared 
8  in.  from  the  top  corner  of  the  frame  and  extended  vertically  downward. 

The  frame  carried  40,500  lb.  and  the  load  was  held  for  a  few  minutes 
and  then  dropped  very  slowly.  The  cracks  were  well  distributed  in 
the  tension  zone  of  the  frame  and  no  crack  due  to  diagonal  tension 
was  formed.  The  frame  failed  by  tension  in  the  reinforcement  of  the 
beam. 

Frame  2 — Inverted  U-frame  with  Columns  Hinged  at  Lower  End. — 
Nominal  span  length  and  total  height  were  each  6  ft.  Load  was  applied 
at  the  center  of  the  span  of  the  horizontal  member.  The  location  of 
cracks  is  sho^\Ti  in  Fig.  52.  At  8,000  lb.  two  cracks  appeared  2  in. 
on  each  side  of  the  center  of  the  top  beam  and  extended  upward  2  in. 
and  3  in.,  respectively.  At  12,000  lb.  these  cracks  had  extended  ver- 
tically 6  in.  from  the  bottom  surface  of  the  beam,  and  a  new  crack 
appeared  just  inside  the  right-hand  corner  10  inches  from  the  center 
of  the  beam  and  extended  diagonally  toward  the  load  point.  At  the 
same  load  four  cracks  appeared  at  the  outer  shoulders.     At  14,000  lb. 
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Fig.  45.     Load-Deformation  Diagrams  for  Additional  Gage  Lines, 

Frames  1,  2,  3 
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the  cracks  were  extending.  Unfortunately  at  this  load  the  foot  of  one 
of  the  columns  slipped  outward  about  34  in.  due  to  the  lack  of  sufficient 
friction  to  resist  the  horizontal  thrust  at  the  support.  However,  satis- 
factory information  was  obtained  because  very  high  tensile  stress 
(32,900  lb.  per  sq.  in.)  had  been  developed  at  the  center  of  the  beam 
before  the  slipping  occurred. 

Frame  3 — Square  Frame  with  Columns  Fixed  at  Lower  End. — Nomi- 
nal span  length  was  6  ft.  Total  height  of  frame  from  fixed  column  end 
was  4  ft.  11  in.  Loads  were  applied  at  one-third  points  of  span  of 
horizontal  member.  No  noticeable  cracks  appeared  until  21,000  lb. 
had  been  applied,  when  three  cracks  appeared  at  the  bottom  between 
loads  and  several  cracks  appeared  in  both  columns.  At  30,000  lb. 
new  cracks  appeared  in  the  beam  and  columns,  and  one  crack  appeared 
at  the  top  of  the  beam.  The  location  of  the  cracks  is  shown  in  Fig.  53. 
The  cracks  in  the  upper  part  of  the  columns  were  located  within  14  in. 
downward  from  the  extended  line  of  the  bottom  face  of  the  beam.  No 
crack  was  observed  at  the  fixed  ends  of  the  columns.  The  frame 
carried  60,000  lb.  and  the  load  was  held  for  a  few  minutes,  then  dropped 
very  slowly,  and  there  appeared  to  be  no  danger  of  sudden  failure.  No 
diagonal  tension  crack  appeared  in  the  beam,  and  the  frame  failed  by 
tension  in  the  longitudinal  steel  of  the  beam. 

Frame  A— Inverted  U -frame  with  Columns  Hinged  at  Lower  End. — 
Nominal  span  length  was  6  ft.  Total  height  of  frame  was  6  ft.  3  in. 
from  hinged  end  of  columns.  Loads  were  applied  at  one-third  points. 
At  10,000  lb.  the  first  noticeable  crack  appeared  at  the  left-hand  inside 
top  corner,  and  extended  2}^  in.  upward.  Cracks  are  shown  in  Fig.  54. 
Accidentally  the  frame  was  built  slightly  out  of  form,  the  columns 
being  out  of  plumb  134  in.  in  the  height  of  4  ft.,  and  more  stress  was 
thrown  to  the  left-hand  column  than  to  the  other.  The  distribution 
of  the  cracks  shows  this  clearly.  The  frame,  however,  carried  a  com- 
paratively high  load  (50,000  lb.).  Failure  was  by  tension  in  the  steel 
in  the  horizontal  beam  and  at  the  rigid  joint  between  the  columns  and 
the  sloped  beam. 

Frame  5 — Trestle  Bent  with  Tie — (A-frame). — Span  length  center 
to  center  at  the  supported  column  ends  was  6  feet.  Total  height  from 
the  base  to  the  top  of  the  frame  was  10  ft.  13/2  in.  Load  was  applied 
at  the  center  of  the  top  beam.     The  cross-section  of   the  top  beam 
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Fig.  49.     View  of  Frame  1  in  Testing  Machine 


Fig.  50.    View  of  Frame  5  after  Test 
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Fig.  53.     View  of  Frame  3  after  Test 


Fig.  54.     View  of  Frame  4  after  Test 
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Fig.  55.     View  of  Frame  6  aeter  Test 


Fig.  56.     View  of  Frame  7  after  Test 
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was  83^  by  16  in.  and  the  column  section  S}4  by  S}4  in.  At  40,000  lb. 
the  first  two  noticeable  cracks  appeared.  These  were  under  the  load 
points  of  the  beam.  For  location  of  cracks  see  Fig.  50.  The  outer 
cracks  of  the  beam  finally  extended  diagonally  nearly  to  the  load  point. 
At  100,000  lb.  the  first  cracks  appeared  in  the  column  at  the  outside 
near  its  juncture  with  the  beam.  At  140,000  lb.  load  a  crack  suddenly 
occurred  at  the  right-hand  rigid  joint  between  the  tie  and  the  column 
with  a  breaking  sound.  The  frame  carried  146,000  lb.  and  the  load 
gradually  dropped.  The  maximum  load  was  controlled  by  the  failure 
of  the  top  beam  which  failed  by  tension  in  the  reinforcement. 

Frame  6 — Square  Frame  with  Columns  Hinged  at  Lower  Ends. 
Same  as  Frame  1. — Load  was  applied  at  one-third  points  of  span  of 
horizontal  member.  Fig.  55,  a  view  of  the  frame  after  the  test,  shows 
the  appearance  of  the  cracks.  At  18,000  lb.  four  cracks  appeared,  two 
of  them  under  the  load  points,  one  near  the  center  of  the  beam,  and 
one  at  the  upper  part  of  the  right-hand  column.  At  24,000  lb.  the 
cracks  extended  further  and  additional  cracks  appeared  in  the  beam 
and  columns  at  regular  intervals.  At  30,000  and  36,000  lb.  new  cracks 
appeared  in  the  beam  where  the  longitudinal  bars  were  [bent  up  and 
these  cracks  ran  diagonally  almost  to  the  load  points.  No  crack 
appeared  on  the  top  side  of  the  beain.  The  frame  carried  46,000  lb. 
and  the  load  then  dropped  slowly.  Failure  was  by  tension  in  the 
longitudinal  steel  in  the  beam. 

Frame  7 — Square  Frame  with  Columns  Fixed  at  Lower  Ends.  Same 
as  Frame  3. — Load  was  applied  at  one-third  points  of  the  span  of  the 
horizontal  member.  The  location  of  the  cracks  is  shown  in  Fig.  56. 
The  first  noticeable  cracks  appeared  at  21,000  lb.,  three  in  the  beam 
and  three  in  the  columns. 

At  30,000  lb.,  the  cracks  had  extended  further  and  two  cracks  due 
to  the  negative  bending  moment  appeared  at  the  ends  8  in.  from  the 
outside  face  of  the  columns.  At  the  same  load  three  cracks  formed  in 
the  bottom  half  of  the  beam.  As  the  load  increased,  the  crack  located 
on  the  outside  of  the  left-hand  load  point  extended  diagonally  almost 
to  the  load  point,  and  the  cracks  at  both  ends  of  the  beam  extended 
vertically  downward  nearly  to  the  bottom  side  of  the  beam.  The 
ultimate  load  carried  by  the  frame  was  61,000  lb.  At  this  load  sudden 
failure  took  place  at  both  inside  corners  of  the  lower  ends  of  the  columns 
and  the  cracks  extended  horizontally  and  vertically  almost  through  the 
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concrete  base  and  almost  through  the  columns.  This  fact  shows  that 
considerable  positive  bending  was  developed  there.  The  frame  also 
failed  by  tension  in  the  longitudinal  steel  of  the  top  beam. 

Frame  8 — Frame  with  Three  Spans. — Span  lengths  were  4  ft.  8  in. 
center  to  center.  Total  height  of  frame  was  6  ft.  734  in.  The  base 
of  the  frame  was  15  ft.  4  in.  in  length,  while  the  length  of  the  base 
of  the  testing  machine  was  10  ft.  6  in.  Consequently  the  ends  of  the 
frame  projected  beyond  the  base  of  the  testing  machine  upon  which  the 
frame  was  bedded  in  plaster  of  paris.  To  observe  the  upward  deflec- 
tion of  the  ends  of  the  frame  under  test  an  Ames  dial  was  attached  at 
each  end  of  the  frame.  The  movements  of  both  ends  were  observed 
as  the  load  increased.  The  maximum  movements  (upward)  were 
observed  at  60,000  lb.  and  the  amounts  were  1/263  in.  at  the  east  end 
and  1/300  in.  at  the  west  end.  Therefore  the  steel  stress  in  the  beam 
of  the  side  span  may  have  been  slightly  modified  by  the  movement, 
but  the  structure  as  a  whole  probably  was  not  appreciably  affected. 
Uniform  load  was  applied  to  the  upper  horizontal  member  of  the  middle 
span.  Fig.  57  shows  the  appearance  of  the  frame  after  the  test  with 
the  location  of  the  cracks.  No  cracks  were  observed  until  the  load  had 
reached  45,000  lb.,  when  three  cracks  appeared  in  the  middle  span,  and 
one  in  each  outer  span  on  the  top  side  of  the  horizontal  member  near 
the  intermediate  columns.  The  former  are  due  to  the  positive  bending 
moment  and  the  latter  are  due  to  the  negative  moment.  These  cracks 
were  located  symmetrically  and  they  extended  vertically  about  6  in. 
At  60,000  lb.  they  extended  deeper.  The  frame  was  subjected  to  the 
load  of  60,000  lb.  over  20  hours,  but  the  fall  in  the  applied  load  was 
only  300  lb. 

At  75,000  lb.  several  new  cracks  appeared  at  both  ends  of  the 
middle  span  and  also  in  the  upper  part  of  the  intermediate  columns. 
At  this  load  the  reinforcement  at  the  bottom  of  the  middle  beam  was 
stressed  in  tension  beyond  the  elastic  limit  of  the  steel.  The  frame, 
however,  carried  an  increasing  load  in  good  condition  and  the  highest 
load  was  134,000  lb.  At  this  load  the  crack  at  the  center  of  the  middle 
span  had  opened  considerably  and  the  steel  at  this  place  had  scaled, 
indicating  failure  by  tension  in  the  steel.  At  the  same  time  the  con- 
crete at  the  top  of  the  intermediate  columns  had  crushed.  Also  the 
concrete  base  was  cracked  at  the  bottom  end  of  the  right-hand  inter- 
mediate column.  It  is  noted  that  the  stresses  in  the  outside  columns 
were  very  low,  even  at  the  maximum  load. 


\ 


Fig.  57.     View  of  Frame  8  after  Test 
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23.  Conditions  Considered  in  the  Comparison  of  Tests  with  Analysis. — 
In  the  comparison  of  test  results  with  analysis,  the  following  modi- 
fying conditions  have  been  taken  into  consideration: 

(1)  The  quality  of  the  concrete  was  not  uniform  over  the  cross- 
section  of  the  member.  The  frames  were  made  in  a  horizontal  position 
on  the  floor  of  the  laboratory,  and  the  concrete  on  the  rear  side  of  the 
frame  (the  bottom  side  for  the  position  in  which  the  frame  was  made) 
seems  to  have  been  richer  than  that  on  the  front  side.  The  concrete 
on  the  rear  side  was  stiffer  and  stronger  than  that  on  the  front  side  and 
the  distribution  of  steel  stresses  seem  to  have  been  modified  by  this 
fact.  There  was  more  stress  in  the  steel  at  the  rear  side  of  the  member 
than  in  the  steel  at  the  front  side.  It  appears  reasonable  to  take  the 
average  value  of  the  observed  stresses  in  the  part  in  question  for  the 
purpose  of  comparison. 

(2)  The  steel  stresses  are  greatly  modified  by  the  presence  of 
tension  in  the  concrete  for  the  low  loads.  Therefore  in  comparing  the 
computed  stresses  with  the  observed  stresses,  two  cases  must  be  con- 
sidered, one  in  which  the  concrete  is  considered  to  take  tension  and 
the  other  in  which  the  concrete  is  considered  to  be  broken  in  tension. 

(3)  The  cross-sections  of  the  test  frames  were  designedly  made 
larger  in  proportion  to  the  span  than  would  commonly  be  used  in  prac- 
tice. In  most  of  the  test  pieces,  the  column  width  occupied  nearly 
one-seventh  of  the  nominal  span  (distance  center  to  center  of  the 
columns).  In  addition  to  this  the  corner  at  the  juncture  of  the  beam 
and  the  column  was  provided  with  a  fillet.  Under  these  conditions  the 
bending  moment  at  the  center  of  the  beam  will  be  less  than  that  calcu- 
lated on  the  basis  of  the  nominal  span  lengih — the  difference  being 
greater  than  that  occurring  with  the  dimensions  found  in  practice. 
In  the  computations  for  the  horizontal  reactions  the  nominal  span  and 
height  of  the  frames  (distances  center  to  center)  were  used.      In  finding 

the  numerical  values  of  the  bending  moment  in  the  beam,  and  also  of 
those  in  columns  having  fixed  ends,  the  horizontal  reactions  computed 
as  described  previously  were  used,  but  when  the  equations  involved 
further  use  of  span  lengths  the  nominal  span  length  was  replaced  by 

the  clear  length  of  the  span. 

(4)  The  design  of  Frames  1  to  7  was  such  as  to  cause  high  stresses 
in  columns  and  beams  at  about  the  same  time.     In  Frame  8  the  presence 
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of  the  members  of  unloaded  panels  caused  the  moments  in  the  columns 
to  be  much  smaller  than  in  the  loaded  beam.  The  base  also  offered  so 
much  restraint  as  to  give  the  column  ends  almost  a  fixed  condition. 
Consequently  loads  which  would  cause  high  stresses  in  the  beams  would 
not  produce  cracks  even  in  the  intermediate  columns  although  the 
moment  there  would  be  greater  than  in  the  outer  columns.  It  will  be 
seen  then  that  for  Frame  8  there  are  two  cases  to  be  considered  in  com- 
paring the  experimental  results  with  the  analyses,  one  in  which  tensile 
strength  in  the  concrete  is  considered  in  all  members  and  the  other 
in  which  the  beams  and  the  intermediate  columns  are  cracked  on  the 
tension  side.  The  bending  moment  in  the  outside  column  is  very 
small,  and  there  is  no  chance  for  tension  cracks.  The  moments  in  the 
intermediate  columns  and  in  the  beams  of  the  side  spans  are  also  small 
except  at  the  extreme  end,  and  only  one  crack  appeared  in  this  member. 
Therefore  in  the  calculation  of  the  moment  of  inertia  of  the  cross -sec- 
tion for  the  second  case  it  is  not  correct  to  neglect  entirely  the  tensile 
strength  of  the  concrete  in  these  two  members.  A  probable  value  for 
the  moment  of  inertia  of  these  members  will  be  an  average  between 
that  obtained  by  using  the  full  cross-section  and  a  section  which  neg- 
lects the  part  outside  the  tension  rods.  This  assumption  was  made 
in  the  numerical  computation  of  the  moments  and  stresses  for  Frame  8. 
In  maldng  the  computations  of  stress  in  the  concrete  of  the  frames 
a  constant  modulus  of  elasticity  was  used,  that  is,  a  straight  line  stress- 
deformation  relation  was  assumed.  The  selection  of  a  proper  value 
of  the  modulus  of  elasticity  was  somewhat  dependent  upon  a  knowledge 
of  the  qualities  of  the  concrete  of  the  various  frames  and  a  comparison 
of  the  behavior  of  the  frames  with  that  of  the  corresponding  control 
cyhnders.  Naturally  the  modulus  of  elasticity  used  was  generally 
less  than  the  initial  modulus.  The  values  of  modulus  of  elasticity  of 
the  concrete  used  in  the  computations  of  stress  are  given  in  Table  11. 

24.  Comparison  of  Test  Results  with  Analyses.— The  observed 
stresses,  i.  e.,  those  obtained  from  the  observed  deformations  by  the 
process  already  described,  have  been  plotted  in  Fig.  36  to  43.  The 
light  full  line  represents  stress  in  the  steel  at  the  nearer  side  of  the 
specimen;  the  dashed  line  the  stress  in  the  farther  side  of  the  specimen. 
The  dotted  line  represents  stress  in  the  concrete,  usually  at  the  median 
plane.  In  general,  the  stresses  have  been  plotted  from  the  central  longi- 
tudinal axis  of  the  member  in  which  they  were  observed.  Because  of 
the  possibility  of  confusion  resulting  from  this  method  an  exception 
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was  made  in  Frames  2,  5,  and  8,  where  the  stresses  have  been  plotted 
from  the  hne  showing  the  location  of  the  reinforcing  bar.  Tension  in 
steel  and  compression  in  concrete  when  measured  at  or  near  the  inner 
surface  of  a  member  have  been  plotted  in,  that  is,  toward  the  central 
part  of  the  frame  as  a  whole;  tension  in  steel  and  compression  in  con- 
crete when  measured  at  or  near  the  outer  surface  of  a  member  have 
been  plotted  out.  In  only  a  few  cases  have  tension  in  concrete  and 
compression  in  steel  been  plotted.  Both  have  been  plotted  out  if 
measured  on  the  inner  surface  of  a  member  and  in  if  measured  on  the 
outer  surface.  With  very  few  exceptions,  consequently,  steel  stresses 
represent  tension  regardless  of  whether  in  the  diagrams  they  appear 
as  positive  or  as  negative  with  reference  to  the  coordinate  axes.  Plotted 
concrete  stresses,  likewise,  represent  compression.  The  point  at  which 
the  stress  line  crosses  the  coordinate  axis  represents  the  position  of 
the  point  of  inflection  and  not  a  change  in  the  sign  of  the  stress.  The 
heavy  full  line  represents  the  computed  stresses  for  both  steel  and 
concrete  which  have  been  calculated  for  various  points  by  means  of 
the  formulas  given  in  preceding  pages. 

In  Fig.  45  and  47  are  given  load-deformation  curves  for  gage  lines 
not  represented  in  the  diagrams  of  Fig.  36  to  43.  The  location  of  the 
gage  lines  is  shown  in  Fig.  46  and  48. 

In  Table  14  are  given  values  of  both  observed  and  computed 
stresses  at  three  points  for  several  loads  for  all  the  frames.  Where  I 
precedes  the  computed  stress  the  calculation  considered  the  tensile 
strength  of  the  concrete;  where  II  precedes  it  and  where  neither  I  nor  II 
is  given,  the  computed  stress  is  based  on  the  assumption  of  no  tensile 
strength  in  the  concrete. 

A  study  of  the  tables  and  diagrams  seems  to  justify  the  following 
statements: 

(1)  The  experimental  and  the  computed  values  of  steel  stress 
at  the  center  of  the  loaded  top  beam  are  in  fair  agreement  for  each  kind 
of  frame  tested  except  in  a  few  instances  in  which  the  load  was  com- 
paratively low  or  extremely  high. 

(2)  The  experimental  and  the  computed  values  of  the  steel  stress 
in  the  columns  are  also  in  fair  agreement,  but  the  maximum  difference 
between  experimental  and  theoretical  values  is  higher  than  in  the 
beams,  owdng  to  the  fact  that  the  direct  stress  is  not  equally  distributed 
over  the  cross-section  of  the  column. 
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Computed 


Table  14 

Computed  and  Observed  Stresses  in  Frames 

Values  are  given  in  Roman  Type;  Observed  Stresses  in  Italics; 
is  Unit  Stress  in  Steel;  ic  is  Unit  Stress  in  Concrete. 


Frame 

A 

B 

c 

and  Load 

is 

ic 

i. 

ic 

f. 

ic 

Frame  1 

18  000 

14  800 
16  100 

710 

1  140 

10  800 

8  900 

16  900 

17  900 

840 

1  240 

30  000 

24  600 

25  300 

1  180 

2  560 

18  000 

17  400 

28  200 

28  600 

,1  400 

2  500 

36  000 

29  500 
31  900 

1  420 

21  600 

21  300 

33  800 

36  000 

Frame  2 
12  000  I 
II 

1  800 
11  600 

5  000 

490 
710 
690 

11' 200 

11  600 

"800 

730 

21  ood 

21  100 

Frame  3 
30  000  I 
II 

600 

'I'lbb 

480 

'  '250 

13  200 
11  900 

1086 

1  520 

22  800 
18  600 

i'356 

820 

38  000  I 
II 

900 

2  000 

610 

"340 

16  700 

16  700 

V  370 

1  840 

28  900 

25  700 

1710 

1  190 

46  000  I 
II 

1  100 

'2  800 

740 

"400 

20  200 

22  300 

1660 

1  850 

35  odd 

34300 

2676 
1  500 

Frame  4 
10  000  I 
II 

1  500 
8  500 

3  400 

410 
540 

590 

2  000 
8  700 

3  500 

340 
630 

680 

'8  700 

7  200 

"630 

730 

21  000  I 
II 

3  200 
17  800 

11  700 

860 
1  130 

1  550 

18  300 

16  300 

1320 

1  670 

18  300 

19  300 

1320 

1  540 

30  000 

25  500 

21  400 

1  620 

2  350 

26  100 

23  700 

1  890 

26  100 

29  900 

1  890 

2  550 

Frame  5 
40  000  I 
II 

—  1  900 

—  2  000 

—  3  000' 

—  '3766^ 

—      900 
+ '  1  '300 

—  3  900' 

—  2  200^ 

12  000 

10  100 

80  000  I 
.11 

—  3  700 

—  '2  400 

—  5  900' 

—  7' 300^ 

—   1  900 
+  15  200 
+  4500 

—  7  800' 

—  5  300' 

—  8  500^ 

24  000 

24  800 

100  000  I 
II 

—  4  700 

—  2  000 

—  7  400' 

—  9' 400^ 

—  2  400 
+  19  000 

+  9  300 

—  9  700' 

—  6  600' 

—10  900^ 

30  000 

33  500 
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Computed 


Table  14 — (Continued) 
Computed  and  Observed  Stresses  in  Frames 
Values  are  given  in  Roman  Type;  Observed  Stresses  in  Italics; 
is  Unit  Stress  in  Steel;  ic  is  Unit  Stress  in  Concrete. 


1  Compressive  stress  in  steel. 

^  Concrete  in  beam  under  load  considered  as  broken  in  tension. 

2  Very  high  stress. 


Frame 

A 

B 

C 

and  Load 

fs 

fc 

f» 

fc 

fa 

U 

Frame  6 
18  000  I 
I 
II 

1  800 

3  700 

540 

"900 

2  200 

10  866 

6  900 

600 

"836 

1  090 

4  000 

19  600^ 

9  900 

9  300 

760 
1  170^ 

840 
1  080 

30  000  I 
II 

3  000 
24  300 

14  800 

900 
1  320 

1  670 

18060 

17  700 

1380 

2  430 

31  8002 
26  500 

21  900 

1  9502 

1  680 

2  050 

36  000  I 
II 

29'  ioO 

23  600 

1936 

2  460 

21' 600 

22  100 

1666 

38  2002 
32  900 
28  100 

2  3402 
2  020 

2  750 

Frame  7 
21  000  I 
II 

900 

—  100 

3  7001 

'3  400' 

2  700 
9  000 

4  900 

610 
800 

1  360 

ieodo 

13  100 

1  066 

1  530 

38  000  I 
II 

1  600 
"466 

6  8001 

6  000^ 

4  900 
16  300 

12  100 

1  100 
1  440 

.  .  .  .  ^ 

28  900 

27  500 

1836 

2  900 

46  000  I 
II 

1  900 

"70b 

8  2001 

7  7001 

19  866 

16  500 

1  750 
....  3 

35  000 

37  000 

'2  216 

3 

Frame  8 
30  000  I 

8  900 

7  000 

850 

1  490 

5  000 

1  300 

6  5001 

5  100^ 

1  800 

2  100 

1  8001 

3  600^ 

60  000  I 
II 

27  7002 
24500 

1  7002 

2  54b 

9  900 

7  20b 

13  0001 
13'iob^ 

3  600 
18  300 

12  800 

3  6001 
2  8001 

6  200' 

75  000  I 
II 

38  500 
37  500 

2  360 

2  750 

12  400 
'11  500 

16  2001 

17  700^ 

23  000 
19  100 

3  5661 

6  700' 
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(3)  The  observed  compressive  stresses  in  the  concrete  at  the  low 
loads  which  developed  a  unit-stress  up  to  about  800  lb.  per  sq.  in. 
agree  reasonably  well  with  the  computed  values  though  in  most  of  these 
cases  the  observed  concrete  stresses  were  somewhat  higher  than  the 
computed  stresses.  In  some  instances  the  discrepancies  ran  up  to 
50  per  cent,  and  for  higher  stresses  the  discrepancies  were  frequently 
even  greater.  Undoubtedly  these  differences  are  partly  due  to  the 
fact  that  the  modulus  of  elasticity  used  does  not  represent  correctly 
the  modulus  of  elasticity  of  the  concrete  in  the  frames.  Other  matters 
difficult  of  explanation  probably  cause  further  discrepancies. 

25.  Effect  of  End  Condition  of  Column  on  Results. — The  secondary 
stresses  which  would  be  expected  as  a  result  of  the  friction  in  the  bear- 
ings at  the  free  ends  of  the  columns  in  Frames  1,  2,  4,  and  6  seem  to 
have  been  very  small  and  may  be  neglected  without  appreciable  error. 

The  concrete  bases  used  for  Frames  3,  7,  and  8  to  secure  the 
fixity  of  the  column  ends  were,  of  course,  not  entirely  rigid,  and  a 
slight  bending  in  the  base  due  to  a  load  may  be  expected  to  have  an 
influence  on  the  bending  in  the  other  members.  Deformation  readings 
at  the  middle  point  of  the  base  were  taken  at  each  increase  in  the 
load.  The  results  of  these  observations  showed  practically  no  bending 
stress  for  all  loads  except  the  ultimate  load. 

26.  Distribution  of  Stress  over  the  Cross-Section. — In  the  observa- 
tions it  was  found  that  stress  in  the  steel  on  bars  near  a  front  corner 
of  a  member  differed  from  that  on  bars  near  a  back  corner  of  the  mem- 
ber, the  front  of  the  member  being  the  top  side  of  the  frame  as  poured 
and  the  back  side  being  the  bottom.  In  Table  15  are  given  stresses  in 
bars  at  front  and  back  at  two  places  on  the  frame  for  one  load  generally 
near  the  maximum.  It  is  seen  that  generally  the  stress  in  a  bar  near 
the  front  of  the  member  (top  of  the  member  as  poured)  is  less  than  that 
in  a  bar  near  the  back  (bottom  of  the  member  as  poured).  To  investi- 
gate the  distribution  further,  special  measurements  were  made  in  the 
columns  of  Frames  6  and  7,  the  gage  lines  being  placed  where  bending 
was  not  sufficiently  large  to  produce  tension  cracks  in  the  concrete. 
The  gage  lines  were  located  on  the  four  faces  of  the  column,  and  the 
observations  were  made  at  each  load.  The  front  outer  corner  developed 
the  lowest  tensile  stress  and  the  front  inner  corner  the  highest  compres- 
sive stress.     The  back  outer    corner    developed    the    highest    tensile 
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stress  and  the  back  inner  corner  the  lowest  compressive  stress.     The 
distribution  was  not  much  altered  by  the  increase  of  load. 

The  observations  indicate  a  lateral  bending  and  twisting  of  the 
frame.  It  seems  probable  that  the  main  source  of  the  difference  in 
stresses  from  front  to  back  was  the  lack  of  homogeneity  of  the  concrete, 
that  at  the  bottom  of  the  member  as  poured  being  stronger  and  stiffer 
than  that  at  the  top.  A  difference  in  stiffness  would  at  least  partially 
account  for^^the  phenomena. 


B 


Beam 


Fig.  58. 


Column 

Connection  of  Beam  and  Column  Showing  Typical  Location  of 
First  Cracks 


27.  Position  of  Point  of  Inflection  in  Columns. — -The  position  of 
the  point  of  inflection  in  a  member  of  a  structure  which  is  subject  to 
flexure  is  an  important  element  for  use  in  designing  the  frame.  To 
determine  from  observed  deformations  the  position  of  the  point  of 
inflection  for  a  member,  it  is  necessary  to  separate  the  deformation 
into  that  caused  by  direct  stress  and  that  due  to  flexure  of  the  member. 
The  deformation  in  the  columns  of  Frames  3  and  7  were  thus  separated, 
a  straight  line  stress-deformation  relation  being  assumed,  and  the 
position  of  the  point  of  inflection  found.  The  position  of  the  point 
of  inflection  in  the  columns  of  these  frames  changed  very  little  during 
the  progress  of  the  loading.  For  these  frames  the  point  of  inflection 
was  found  to  be  almost  exactly  at  one-third  the  height  of  the  column, 
as  is  indicated  by  the  analysis. 


28.  Continuity  of  the  Composing  Members  of  a  Frame.— -In  the 
tests  of  the  frames  there  was  no  sign  of  discontinuity  of  members  what- 
ever.    It  is  aj.  j-arent  from  the  action  of  the  frames  and  from  the  stresses 
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observed  that  the  stresses  and  therefore  the  moments  were  well  trans- 
mitted from  member  to  member  by  the  connection.  From  the  results 
it  is  felt  that  there  is  every  reason  to  have  confidence  in  the  rigidity  of 
connections  in  frames  that  are  properly  designed. 

In  the  frames  free  to  turn  at  the  lower  column  ends  there  was  a 
tendency  for  a  crack  to  form  near  the  juncture  at  A  (Fig.  58)  at  a  lower 
load  than  that  at  which  a  crack  appeared  at  B.  In  the  frames  with 
rigid  comiection  at  the  lower  column  ends,  the  crack  at  B  appeared  at 
nearly  the  same  time  as  that  at  A. 


1 ' 

^;;/.F-7 

•  •.■■-■  :■.•■■•■ 

/I 

Fig.  59.     Rectangular  Joint  with  and  without  Fillet 


29.  Stresses  at  Corners. — In  the  design  of  a  frame  a  square  corner 
such  as  that  shown  at  A  in  Fig.  59  (a)  should  be  avoided  for  all  con- 
nections, for  it  is  well  known  that  theoretically  in  resisting  bending  the 
material  at  the  corner  would  develop  excessively  high  stresses.  It  is 
therefore  common  to  design  such  corners  with  fillets  as  shown  in  Fig. 
59  (b).  No  attempt  will  be  made  to  compute  the  stresses  at  the  fillets. 
The  observed  deformations  at  gage  lines  in  the  neighborhood  of  the 
fiUets  and  wdthin  the  space  occupied  by  the  intersection  of  the  two 
members  are  plotted  in  Fig.  45  and  47.  These  deformations  are  of 
interest.  Some  of  these  values  have  been  converted  into  concrete 
stresses  by  the  use  of  the  moduli  of  elasticity  of  the  concrete  already 
assumed  and  are  given  in  Table  16. 
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Table  16 

Observed  Stresses  at  Sharp  Corners  in  Frames 

1,  3  and  6 

Stress  in  lb.  per  sq.  in. 


Load 

Frame  1 

Frame  3 

Frame  6 

lb. 

Gage  Line  69 

Gage  Line  81 

Gage  Line  71 

7  000 

300 

10  000 

310 

12  000 

80 

14  000 

720 

18  000 

670 

450 

21000 

760 

24  000 

810 

900 

30  000 

i  460 

1  100 

36  000 

1410 

1320 

38  000 

2  120 

30.     Conclusions  and  General  Comments. — Some  of  the  conclusions 
which  may  be  drawn  from  the  tests  and  the  discussion  are  as  follows: 

(1)  Considering  the  errors  involved  in  the  measurement  of 
the  deformations  and  in  the  determination  of  the  modulus  of 
elasticity  of  the  concrete,  as  well  as  those  due  to  assumptions  with 
reference  to  the  distribution  of  stresses  across  the  section  and 
over  the  gage  length,  the  results  presented  indicate  a  fair  agree- 
ment between  analyses  and  tests  and  justify  the  conclusion  that 
the  formulas  given  in  the  bulletin  for  statically  indeterminate 
stresses  as  applied  to  reinforced  concrete  structures  will  give  values 
for  stresses  in  the  members  well  within  the  limit  of  accuracy 
required  in  design. 

(2)  The  elastic  action  of  the  frames  under  external  load  and 
the  manner  of  stress  distribution  along  the  members  of  the  frame 
agree  fairly  well  with  the  analyses  given. 

(3)  The  location  of  the  point  of  inflection  in  the  members 
of  the  frames  under  load  agrees  closely  with  the  location  found 
by  analyses. 

(4)  If  a  frame  is  carefully  designed  and  well  reinforced, 
there  need  be  no  anxiety  as  to  the  rigidity  of  a  joint.  Effective 
continuity  of  members  has  been  found  in  the  tests. 
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(5)  No  sudden  failure  took  place  in  the  frames  tested.  The 
increase  in  the  deflection  was  uniform,  indicating  as  great  relia- 
bihty  for  reinforced  concrete  frames  as  for  steel  structures. 

(6)  The  load  at  which  the  first  fine  crack  appears  near  the 
juncture  of  members  is  increased  by  fixing  the  lower  column  ends 
of  a  frame.  This  is  obviously  due  to  the  increase  in  horizontal 
thrust  at  the  lower  column  end  over  that  developed  when  the  lower 
end  is  free  to  turn. 

(7)  At  sharp  inside  corners,  high  compressive  stresses  were 
developed  in  the  concrete  due  to  so-called  curved  beam  action  and 
in  several  cases  local  failure  occurred  by  the  crushing  of  the  con- 
crete at  these  corners  under  high  loads. 

(8)  A  slight  deviation  of  the  axis  of  vertical  members  from  a 
vertical  line,  that  is  to  say,  a  slight  ''out-of-form"  of  the  vertical 
columns,  produced  an  appreciable  variation  in  the  stress  distribu- 
tion in  the  frame. 

(9)  Owing  to  the  existence  of  a  horizontal  thrust  (which 
varies  from  -x-P  to  Yo -^  ^^  most  common  cases  of  simple  frames) 

o  lo 

at  the  ends  of  a  vertical  or  inclined  member,  it  is  advisable  to 
incline  the  member  slightly  toward  the'  direction  of  the  reaction 
at  the  end.  Such  arrangement  will  greatly  reduce  the  bending 
stress  in  the  member.  If  this  arrangement  is  not  practicable,  a 
slight  increase  in  the  top  width  of  a  vertical  member  and  a  slight 
decrease  in  its  bottom  width,  brought  about  by  inclining  the  inner 
surface  and  making  the  outer  surface  vertical  will  add  materially 
to  the  rigidity  of  a  frame  without  a  proportional  increase  in  the 
amount  of  material  used. 

(10)  For  a  frame  having  an  inclined  column,  it  may  be 
possible  to  select  the  form  of  frame  in  such  a  way  that  the  column 
will  take  no  bending  stress  throughout  its  length. 

(11)  Due  attention  should  be  paid  to  the  rigid  joint  of  a 
tie  member  to  insure  the  stiff  connection  with  a  main  member. 
A  marked  tendency  to  cause  a  sudden  breaking  of  such  a  joint 
accompanied  an  increase  of  bending  moment  in  a  main  member. 
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(12)  The  use  of  a  footing  rigidly  connected  to  the  lower 
end  of  a  vertical  member  is  advisable,  for  it  will  reduce  the  bending 
moment  at  the  juncture  of  the  vertical  and  inclined  members.  A 
frame  having  such  a  footing  is  solvable  analytically,  since  it  ap- 
proaches the  case  halfway  between  that  of  the  hinged  end  and 
that  of  the  fixed  end  of  the  vertical  member,  provided  the  founda- 
tion is  sufficiently  unyielding.  A  little  consideration  is  needed  to 
provide  proper  reinforcement  at  the  juncture  of  the  column  and 
the  footing. 

(13)  The  formulas  derived  by  analysis  may  be  applied  to  a 
variety  of  forms  of  frames  and  are  of  wide  applicability. 
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ANALYSIS  OF  STATICALLY  INDETERMINATE  STRUCTURES 
BY   THE  SLOPE  DEFLECTION   METHOD 


I.  Preliminary 


1.  Object  arid  Scope  of  Investigation. — Frames  composed  of  rec- 
tangular elements  must  in  general  be  designed  with  stiff  connections 
between  the  members  at  the  joints,  in  order  that  loads  may  be  carried. 
These  connections  must  be  capable  of  transferring  not  only  direct 
axial  tensile  and  compressive  forces,  but  also  bending  moments.  It 
follows  that  frames  made  up  of  rectangular  elements  are  usually  stat- 
ically indeterminate;  that  is,  the  stresses  in  them  can  be  found  only 
by  taking  into  account  the  relative  stiffness  and  deformations  of  the 
various  members.  The  common  use  of  rectangular  frames  in  engi- 
neering structures  makes  it  highly  desirable  that  the  most  convenient 
methods  of  analyzing  their  stresses  should  be  developed.  The  stresses 
in  a  number  of  such  rectangular  frames  have  been  analyzed  by  the 
writers.  This  bulletin  describes  the  methods  used  and  presents  the 
formulas  derived. 

The  bulletin  is  divided  into  two  parts:  the  first  part  is  devoted 
to  the  derivation  of  fundamental  equations;  in  the  second  part,  methods 
and  equations  are  derived  for  use  in  determining  moments,  stresses, 
and  deflections  for  a  variety  of  typical  structures. 

2.  Acknowledgments. — The  investigation  here  reported  was  made 
under  the  auspices  of  the  Department  of  Civil  Engineering  of  which 
Dr.  F.  H.  Newell  is  the  head.  A  portion  of  the  work  was  done  in  1915 
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PART  1 

DERIVATION  OF  FUNDAMENTAL  EQUATIONS 

II.  Propositions  upon   which  Fundamental  Equations 
Are  Based 

3.  Statement  of  Propositions. — The  fundamental  equations  used 
in  these  investigations  are  derived  from  the  principal  propositions  of 
the  moment-area  method.*     These  may  be  expressed  as  follows: 

(1)  When  a  member  is  subjected  to  flexure,  the  difference  in  the 
slope  of  the  elastic  curve  between  any  two  points  is  equal  in  magnitude 

M 
to  the  area  of  the  -^  diagram  for  the  portion  of  the  member  between  the 

two  points. 

(2)  When  a  member  is  subjected  to  flexure,  the  distance  of  any 
point  Q  on  the  elastic  curve,  7neasured  normal  to  initial  position  of  mem- 
ber, from  a  tangent  drawn  to  the  elastic  curve  at  any  other  point  P  is  equal 

M 
in  magnitude  to  the  first  or  statical  moment  of  the  area  of  the  -^  diagram 

between  the  two  points,  about  the  point  Q. 

M 
The  ^77  diagram  is  a  graph  in  which  the  ordinate  at  any  point  is 

obtained  by  dividing  the  resisting  moment,  M,  by  the  product  of 
modulus  of  elasticity  of  material,  E,  and  the  moment  of  inertia  of  the 
section,  I,  at  that  point.  If  E  and  I  are  constant,  the  diagram  will 
be  similar  in  shape  to  the  moment  diagram  for  the  member. 

4.  Proof  of  Propositions. — The  line  AB,  Fig.  1,  represents  the 
elastic  cm-ve  of  a  member  in  flexure.  Consider  the  elementary  length, 
ds,  of  the  member  shown  in  Fig.  2.  The  angle  between  radii  at  the 
ends  of  ds  will  be  denoted  by  dd.  The  linear  deformation  of  a  fibre 
at  a  distance  c  from  the  neutral  surface  is  cdd,  and  the  unit  deformation 

of  the  same  fibre  is  -^ —     From  the  well  known  flexure  formula  the 
as 


*The  principles  of  the  moment-area  method  were  given  in  an  article  by  O.  Mohr,  Beitraege  ziir 
Theorie  der  Holz-und  Eisenkonstruktionen,  Zeitschrift  des  Arch.-und  Ing.  Ver.  zu  Hannover,  1868, 
p.  19.  About  the  same  time  the  method  was  presented  by  C.  E.  Greene  in  lectures  at  the  University 
of  Michigan.  Several  modern  textbooks  on  mechanics  give  the  method;  see,  for  instance,  Strength 
of  Materials,  by  J.  E.  Boyd,  Second  Ed.,  1917. 
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Figure  1 


Figure  2 


Mc 


accompanying  unit  stress  in  the  fibre  is  S  =  ^r~,  in  which  M  is  the 
resisting  moment  and  I  moment  of  inertia  of  section. 

Since  the  modulus  of  elasticity  is  the  ratio  of  unit  stress  to  unit 


deformation,  E  is  equal  to  -j-  divided  by  -^ — 


M 
Hence   dd  =  -prpds. 
EI 


Since  in  a  well  designed  beam,  the  curvature  and  slope  are  small,  dx 

M 
may  be  substituted  for  ds  without  material  error,  and  dd^j^dx. 

El 
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M  M 

In  the  -^^  diagram  of  Fig.  1,  r=^dx  represents   the   area  of  the 

diagram  for  the  length  dx.     The  area  of  the  diagram  between  points 

r  M 

Q  and  P  on  the  elastic  curve  is  then  equal  to  /  ^  dx.  But  the  differ- 
ence of  slope  of  the  tangent  to  the  elastic  curve  is  also  represented  by 

r       r^M 
e=   dd=     -^dx .    .    .    (1) 

Hence  proposition  (1)  of  the  preceding   section  is  proved.      It   may 

be  noted  that  if  M  is  taken  as  the  resisting  moment  acting  on  the 

portion  of  the  member  to  the  left  of  any  section,  by  applying  the 

M 
conventions  of  section  5  the  area  of  the  7^  diagram  is  positive;  also 

the  direction  of  integration  from  Q  to  P  is  positive,  and  the  difference 
in  slope  6  is  positive.  Other  terms  involved  may  be  considered  as 
scalar  quantities.  These  conventions  apply  to  any  case,  as,  for  instance, 
difference  in  slope  from  F  to  Q  is  negative,  since  the  direction  of 
integration  is  negative. 

In  Fig.  1  the  tangents  at  the  extremities  of  the  element  of  the 
elastic  curve,  ds,  are  extended  until  they  intersect  the  vertical  line 
through  the  point  Q.  The  intercept  on  this  vertical  line  between  the 
two  consecutive  tangents  is  xdd.  The  total  vertical  distance,  ij,  of  Q 
from  the  tangent  drawn  at  P  is  the  algebraic  sum  of  all  the  intercepts 
between  tangents  for  the  portion  of  the  curve  between  Q  and   P; 

that  is,  y=  \   xdd.      Substituting  the  value  oi  dd  found  previously, 
Jq 

.=0.<^.         . (2) 

M     .  .  M 

In  the  -^77  diagram  of  Fig.  1,  ^77  dx  represents  the  area  of  the 
Mil  Mil 

M 

diagram  for  the  length  dx,  and  777  dx  times  x  represents  the  moment 

Ml 

M 
of  this  area  about  the  point  Q.     The  moment  of  the  entire  area  of  the  777 

Ml 

diagram  between  points  Q  and  P  about  the  point  Q  may  now  be  ex- 
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r  M 

pressed  by/    -^xdx.     Since    this    expression    is    identical    with    the 

Jo    til 


right-hand  member  of  equation  (2),  proposition  (2)  of  the  preceding 
section  is  proved.  The  conventions  of  section  5  apply  here  as  explained 
in  the  proof  of  proposition  (1). 
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III.    DeRIVATIOX    of    FrXDAMEXTAL    EQUATIONS 

5.  Conventional  Signs. — The  signs  of  the  quantities  used  in  the 
equations  in  this  bulletin  are  determined  by  the  follo\^'ing  conventional 
rules: 

"VMien  the  tangent  to  the  elastic  curve  of  a  member  has  been  turned 
through  a  clockwise  direction,  measured  from  its  initial  position,  the 
change  in  slope,  or  the  angular  deformation,  is  positive. 

\^Tien-the  hne  joining  the  ends  of  a  member  is  rotated,  the  move- 
ment of  one  end  of  the  member  relative  to  the  other,  measured  perpen- 
dicular to  the  initial  position  of  member  is  called  a  deflection,  and  is 
so  used  throughout  the  follomng  discussion.  The  deflection  is  positive 
when  such  rotation  is  in  a  clockwise  direction  from  the  initial  position 
of  member. 

The  resisting  moment  or  moment  of  the  internal  stresses  on  a 
section  is  positive  when  the  internal  or  resisting  couple  acts  in  a  clock- 
■vsise  direction  upon  the  portion  of  the  member  considered.  According  to 
this  rule  the  portion  of  the  member  considered  must  alwaj^s  be  specified, 
and  will  be  indicated  by  the  subscripts  used  with  the  moments.  For 
example,  if  C  is  a  point  on  a  member  between  the  ends  A  and  B,  Mca 
is  equal  to  —Mcb- 

The  moment  of  an  external  force  or  couple  is  positive  if  it  tends 
to  cause  a  clock-^ise  rotation. 

6.  Derivation  of  Equations  for  Moments  at  Ends  of  Members  in 
Flexure — Member  Restrained  at  the  Ends  with  No  Intermediate  Loads. — 
The  line  AB  in  Fig.  3  represents  the  elastic  curve  of  a  member  which 
is  not  acted  upon  by  any  external  forces  or  couples  except  at  the  ends. 
The  resisting  moment  at  A  is  represented  by  Mab  and  at  B  bj'  Mba- 
The  change  in  the  slope  of  the  elastic  curve  at  A  from  its  initial  position 
is  represented  by  6a,  and  that  at  B  hy  Ob.  The  deflection  of  A  from 
its  original  position  A'  is  d.  The  distance  of  B  from  the  tangent 
drawn  to  the  curve  at  A  is  equal  to  (d—ldA)- 

From  proposition  (2),  section  3,  (d—ldA)  may  be  expressed  as  the 

M 
statical  moment  of  the  ^77  diagram  for  member  AB  about  the  end  B. 
El 
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The  quantities  E  and  I  will  here  be  considered  as  constant  throughout 
the  length  AB.  If  M  represents  the  resisting  moment  on  the  portion 
of  member  to  the  left  of  a  section,  M  is  equal  to  —Mad  at  A,  and  to 

M 
-{-Mba  at  B.     The  ^77  diagram  of  Fig.  3  can  best  be  treated  as  the 


/ 
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Figure  3 


algebraic  sum  of  the  two  triangles  bad  and  bed.     Hence  the  statical 

moment  of  the  -^^  diagram  about  B  is  equal  to  the  area  of  triangle  bad 

times  the  distance  to  its  centroid,  ^l,  plus  the  area  of  triangle  bed 
times  the  distance  to  its  centroid,  ]/^l.     This  gives 

■MabI'  ,  MbaV 


d-ldA 


(3) 


SEI      '    QEI         

From  proposition  (1),  section  3,  ds—QA  is  equal  to  the  area  of 

M 
the  -py  diagram  for  member  AB,  or  the  algebraic  sum  of  areas  bad 

and  bed.     This  gives 

n  a  -MabI   ,    MbaI 


2EI     '   2EI 


(4) 


Combining  equations  (3)  and  (4)  to  eliminate  Mb  a,  letting -^=X 

and  j  =  R,  gives 

MAB  =  2EK{2dA+dB-3R) V      .      .    (5) 

Similarly  combining  equations  (3)  and  (4)  to  eliminate  Mab  gives 

MBA  =  2EK(2dB+dA-SR) (6) 
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Since  the  signs  of  all  quantities  in  equations  (3)  and  (4)  are  independent 
of  the  sense  of  the  quantities  themselves  it  follows  that  equations  (3) 
and  (4)  are  general;  and  they  give  the  sense  as  well  as  magnitude  of  the 
moments,  no  matter  what  the  senses  of  6a,  Ob,  and  R  may  be,  provided  the 
method  of  determining  signs  given  in  section  5  is  followed.  As  before 
noted,  Mab  is  the  resisting  moment  acting  at  the  end  A  of  the  member 
AB.  The  moment  which  AB  exerts  upon  the  support  at  A  is  equal 
in  magnitude  but  opposite  in  sense  to  Mab-  A  and  B  are  not  neces- 
sarily supports  of  a  member  but  may  be  any  two  points  along  the 
length  of  a  member,  provided  there  is  no  intermediate  load  on  the 
member  between  them. 

/ 


(c) 

Figure  4 

Equations  (5)  and  (6)  are  fundamental  equations.*  They  may  be 
expressed  as  follows :  —  The  moment  at  the  end  of  any  member  carrying 
no  intermediate  loads  is  equal  to  2EK  times  the  quantity:  Twice  the 
change  in  slope  at  the  near  end  plus  the  change  in  slope  at  the  far  end 
minus  three  times  the  ratio  of  deflection  to  length.     E  is  the  modulus 


*The  slope-deflection  equations  for  a  member  acted  upon  only  by  forces  and  couples  at  the  ends 
were  deduced  by  Manderla  in  1878.  See  Annual  Report  of  the  Technische  Hochschule,  Munich, 
1879,  and  Allgemeine  Bauzeitung,  1880.  The  use  of  these  equations  has  been  developed  by  several 
writers,  among  whom  are : 

Mohr,  Otto,  "Abhandlungen  aus  dem  Gebiete  der  Technischen  Mechanik,"  Second  Ed.,  1914. 

Kunz,  F.  C.  "Secondary  Stresses,"  Engineering  News,  Vol.  66,  p.  397,  Oct.  5,  1911. 

Wilson  and  Maney,  "Wind  Stresses  in  the  Steel  Frames  of  Office  Buildings,"  Univ.  of  111.  Eng. 
Exp.  Sta.,  Bui.  80,  1915. 
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of  elasticity  of  the  material,  and  K  is  the  ratio  of  moment  of  inertia 
to  length  of  member. 

7.  Derivation  of  Equations  for  Moments  at  Ends  of  Members  in 
Flexure — Member  Restrained  at  the  Ends  with  Any  System  of  Interme- 
diate Loads. — The  line  AB,  Fig.  4-a,  represents  the  elastic  curve  of  the 
member  of  Fig.  3,  but  acted  upon  by  a  system  of  intermediate  loads. 
The  moments,  slopes,  and  deflections  at  A  and  B  are  similar  to  those 

M 
of  Fig.  3.     The  r=p=  diagram,  however,  is  affected  by  the  intermediate 

loads.     The  quantity  EI  will  again  be  considered  constant.     From 

M     . 
well  kno^Ti  principles  of  mechanics,  the  -^^  diagram  of  Fig.  4-c  may 

El 

M 
be  obtained  by  superimposing  the  r—z  diagram  for  a  simple  beam  under 

EI 

M 

the  same  intermediate  loads  (see  Fig.  4-b)  upon  the  -^  diagram  of 

Fig.  3.  This  is  merely  the  algebraic  addition  of  the  different  moments 
at  an}^  section,  just  as  in  an  algebraic  analysis  the  moment  at  the  end 
of  a  girder  is  combined  with  the  moment  of  the  shear  at  the  end  and 
of  the  external  loads  about  the  given  section.  Denote  the  area  of  the 
simple  beam  diagram  of  Fig.  4-b  by  F,  and  the  distance  of  its  centroid 
from  B  by  .f .     Then,  using  the  propositions  of  section  3  as  before,  the 

M 
statical  moment  of  the  -j=r?  diagram  about  B  is  equal  to  (d—dAl)- 
Mil 

,  -MabI  .  MbaI     Fx  .-. 

(d-eAi)=^^+-^^-^j ^7) 

M 
The  area  of  the  -^^  diagram  is  equal  to  Ob— 0 a- 
Mil 

^^^-^^)—^Er'^^ET~Ei ^^^ 

Combining  equations  (7)  and  (8)  to  eliminate  M^ a,  letting  j    =  K  and 

d     p     . 

-j  =  R,  gives 

Mab^2EK  {2dA+dB-?>n)  -y (3x^-0 (9) 

Similarly,    combining   equations  (7)  and  (8)  to  eliminate   Mab  gives 
Mba=2^X  (2eB+^A-3fi)  +y  (2Z-3:c) (10) 
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It  is  seen  that  equations  (9)  and  (10)  are  identical  with  equations  (5) 
and  (6)  except  that  they  contain  an  additional  term  in  the  right-hand 
members  of  the  equations.  This  additional  term  is  independent  of 
the  slopes  and  deflections  of  the  member,  and  depends  solely  upon  the 
intermediate  loads.  Further  significance  is  given  to  this  term  if  the 
slopes  and  deflections  are  made  equal  to  zero,  as  is  true  in  a  fixed  beam 
with  supports  on  same  level.  The  last  term  then  becomes  the  resisting 
moment  acting  on  the  end  of  the  fixed  beam.  Hence  it  is  seen  that 
in  general  the  resisting  7noment  at  the  end  of  a  member  with  any  system 
of  intermediate  loads  can  he  expressed  as  the  algebraic  sum  of  the  resisting 
moment  at  the  end  of  a  member  with  no  intermediate  loads,  as  given  by 
equations  (5)  and  (6),  and  the  resisting  moment  at  the  end  of  a  fixed 
beam  with  an  equal  span  and  carrying  the  same  system  of  intermediate 
loads. 

If  the  resisting  moment  at  the  end  of  a  fixed  beam  with  supports 
on  same  level  be  expressed  by  C,  with  subscripts  similar  to  those  used 
for  moments,  M,  equations  (9)  and  (10)  may  be  written  in  the  following 
general  form 

MAB  =  2EK{2dA+dB-SR)-CAB (11) 

MBA=2EK{2dB+dA-SR)+CBA (12) 

These  are  the  general  slope  deflection  equations  which  apply  to  any 
condition  of  loading  and  restraint. 

The  sign  of  the  constant  C  may  be  determined  as  follows:  In  a 
fixed  beam  the  sign  of  the  resisting  moment  at  the  end  of  a  member  is 
opposite  to  that  of  the  moment  of  external  loads.  For  instance,  in  Fig.  4 
the  moment  of  external  loads  about  the  end  A  is  clockwise,  so  the 
resisting  moment  Cab  is  counter  clockwise  or  negative;  and  since  the 
moment  of  the  loads  is  counter  clockwise  about  B,  Cba  is  clockwise  or 


Figure  5 

positive.  If  the  loads  were  upward  instead  of  downward,  the  signs  of 
Cab  and  Cba  would  be  reversed.  With  signs  thus  treated,  C  becomes 
merely  a  numerical,  or  scalar,  quantity. 

It  has  been  noted  that  equations  (11)  and  (12)  apply  to  any  con- 
dition of  restraint  of  the  ends  of  a  member.     Fig.  5  shows  a  member 
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restrained  at  A  and  hinged  to  the  support  at  B,  so  that  the  resisting 
moment  at  B  is  zero.     Equations  (11)  and  (12)  may  be  written: 

Mab  -  2EK{2  dA+ds- 3R)  -  Cab 

0  =  MBA  =  2EK{2dB+dA-M)-\-CBA 

Combining  these  two  equations  to  eliminate  Ob  gives 

MAB  =  EK(3dA-3R)-(CAB+~^) (13) 

If  the  beam  is  fixed  at  A  and  hinged  at  B,  with  the  supports  on  the 

same  level,  Oa  and  R  in  equation  (13)  are  zero,  and  therefore  the  term 

C 
—  (Cab-I — ^)  represents  the  resisting  moment  at  the  end  A,  and  can 

be  readily  calculated  for  any  given  loading. 

By  similar  reasoning,  when  a  beam  is  restrained  at  the  end  B  and 
hinged  to  support  at  ^,  it  is  found  that 

MBA  =  EK{SdB-SR)-h(CBAi-^) (14) 

C 
For  more  convenient  reference  let  the  quantity  (Cab-] — 7y-)  be 

C 
denotedby  Hab,  and  the  quantity  {Cba-\ — ^)  by  Hba- 

Equations  (13)  and  (14)  then  take  the  general  form 

MAB^EK{^dA-^R)-HAB (15) 

MBA  =  EK{?>dB-^R)+HBA (16) 

The  term  H  represents  the  resisting  moment  at  the  fixed  end  of 
a  beam  which  is  fixed  at  one  end  and  hinged  to  the  support  at  the  other, 
with  supports  at  same  level.  The  sign  of  H  is  determined  in  the  same 
way  as  the  sign  of  C  in  equations  (11)  and  (12).  That  is,  the  sign  of  H 
is  always  opposite  to  the  sign  of  the  moment  of  the.  external  loads 
about  the  fixed  end  of  the  member.  If  the  external  loads  act  upward 
instead  of  downward,  the  values  of  H  in  equations  (15)  and  (16)  must 
be  reversed. 

Equations  (11)  and  (12)  are  the  general  equations  for  the  ends  of 
a  member  in  flexure.  Equations  (15)  and  (16)  are  special  forms  of 
equations  (11)  and  (12),  applicable  to  members  having  one  end  hinged. 
For  convenience  in  reference  these  four  equations  are  given  in  Table  1 
where  they  are  denoted  as  equations  (A),  (B),  (C),  and  (D),  respec- 
tively. 
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Figure  6 

Table  1 
General  Equations  for  the  Moments  at  the  Ends  of  a  Member  AB  in  Fig.  6 

Mab  =  2EK(2^a+^b-3R)+Cab (A) 

Mba  =  2EK(20b+^a-3R)±Cba (B) 

If  end  B  is  hinged, 

Mab  =  EK(3^a-3R)+Hab ■.      .      .      (C) 

If  end  A  is  hinged, 
Mba  =  EK(30b-3R)±Hba (D) 


Note. — The  signs  of  the  quantities  used  in  these  equations  are  determined  by  the  following  rules: 

9  is  positive  (  +)  when  the  tangent  to  the  elastic  curve  is  turned  in  a  clockwise  direction. 

R  is  positive  (+)  when  the  member  is  deflected  in  a  clockwise  direction. 

The  moment  of  the  internal  stresses  on  a  section  is  positive  ( +)  when  the  internal  couple  acts 
in  a  clockwise  direction  upon  the  portion  of  the  member  considered. 

If  the  moment  of  the  external  forces  on  the  member  about  the  end  at  which  the  moment  is  to 
be  determined  is  positive  (+),  the  sign  before  the  constant  is  minus  ( — );  if  the  moment  of  the  ex- 
ternal forces  about  the  end  at  which  the  moment  is  to  be  determined  is  negative  ( — ),  the  sign  before 
the  constant  is  plus  (+).  With  the  forces  acting  downward  as  shown  in  the  sketch,  for  the  rnoment 
at  A,  Cj^B  and  H j^^b  are  preceded  by  a  minus  ( — )  sign,  but  for  the  moment  at  B,  Cba  and  Uba  are 
preceded  by  a  plus  ( +)  sign. 

8.  Derivation  of  Equations  for  Moments  at  Ends  of  Members  in 
Flexure — Member  Restrained  at  the  Ends,  with  Special  Cases  of  Loading. — 
One  method  of  determining  the  quantities  C  and  H  in  equations  (A), 
(B),  (C),  and  (D)  of  Table  1  has  been  explained.  To  illustrate  the 
method,  some  special  cases  will  be  considered  here. 

Fig.  7  shows  a  member  restrained  at  the  ends  with  a  concentrated 
load  at  a  distance  a  from  A,  and  a  distance  b  from  B.     In  the  simple 

beam  moment  diagram,  the   maximum  ordinate  is — -, — >  the  area  F 


IS 


■Pab 


I 
)  and  the  distance  x  of  the  centroid  of  the  area  F  from  B  is 


Vsd-^b). 
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-M> 


Mba 

Figure  7 

Hence  putting  these  values  in  the  last  terms  of  equations  (9)  and  (10) 
gives 

2^/o-     7x      -Pah''          „  ,,^. 

-—(3x-1)=—^=-Cab (17) 

and 

^(21-32)  =±^=+Cba (18) 

If  the  member  had  been  hinged  instead  of  being  restrained  at  B, 
the  value  of  Hab  could  have  been  found  from  the  last  term  of  equation 
(13),  in  which 

rt  Pnh 

-{C,,+^)  =  ^{l+h)  =  -H^,,        (19) 

Similarly,  if  the  member  had  been  hinged  at  A  and  restrained  at 
B,  the  value  of  Hba  could  have  been  found  from  the  last  term  of  equa- 
tion (14)  in  which 

+  (C..+^)=:^+-")=ff.,, (20) 
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Figure  8 

As  another  common  case,  consider  a  loading  which  is  symmetrical 
about  the  middle  of  the  niember,  as  shown  by  Fig.  8.  It  is  obvious 
that  the  centroid  of  the  simple  beam  moment  diagram  will  be  at  the 

middle  of  the  member,  so  that  x=  ^-   Substituting  this  in  the   last 


term  of  equations  (9)  and  (10), 
2F  F 


2F    .  F 

—^{6X        i)  =  Y=         ^  AB 


and 


2F  F 


P 


I 


(21) 


(22) 


Similarly,  for  a  member  having  the  end  A  hinged,  the  last  term  of 
equation  (13)  gives 


(r    jL.zJl±\—     o  F_      jj 
\}^AB~T   2    /  ~      2    /  ~      -"-IB 


(23) 


For  a  member  having  the  end  B  hinged,  the  last  term  of  equation  gives 

(24) 


+  (Cba  +  -2~)  ~  '^'9^1  ~  ~^^^^ 


F 


A  geometrical  meaning  is  attached  to  the  term  -j  since  it  represents 

the  average  ordinate  of  the  moment  diagram  for  a  simple  beam  under 
the  given  loading. 

From  these  illustrations  it  is  seen  that  values  of  C  and  H  may  be 
found  by  the  use  of  equations  (9),  (10),  (13),  and  (14).  Values  are 
also  given  for  the  more  common  cases  of  loading  in  text  books  on  strength 
of  materials,  but  when  so  determined,  the  sign  must  be  fixed  in  accord- 
ance with  the  rules  of  section  5. 
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Another  method  for  determining  C  and  H  may  be  readily  appHed 
to  any  kind  of  loading.     For  a  member  carrying  a  single  concentrated 

Pab^ 
load  P,  as  shown  in  Fig.  7,  the  value  of  Cah  is  —y, — '  and  the  value  of 

Cba  is      ,.,    >  as  given  in  equations  (17)  and  (18).     If  there  are  several 

X^Pa¥ 
concentrated  loads  on  the  member,  by  summation  Cab  =  2. — p~'  ^^^ 


Z2 


Po?h 


If  there  is  a  distributed  load  on  the  member  the  same  method  may 
be  used,  by  performing  an  integration  in  place  of  the  summation. 
Let  IV  be  the  unit  loading  on  an  element  of  length  dx,  which  is  at  a 
distance  x  from  the  left  end,  and  a  distance  l  —  x  from  the  right  end 

Pa¥ 
of  the  member.     In  the  expression      ,g    ?  replace  P  by  wdx,  a  by  x,  and 

wx-{l  —  x)dx. 


/wx  (I — x)^  dx  C 
,g    — -•   Similarly,  Cba=  / 


V" 


The  limits  of  the  definite  integral  are  fixed  by  the  length  of  the 
member  under  load. 

If  the  unit  load  w  is  not  constant,  its  variation  may  be  expressed 
in  terms  of  x,  and  the  general  value  for  the  total  load  on  a  length  dx 
thus  found  substituted  for  P  in  the  given  expression  for  a  single  con- 
centrated load,  after  which  the  integration  may  be  performed  as  just 
indicated. 

Values  of  C  and  H  for  different  systems  of  loads  are  given  for 
reference  in  Tables  2  and  3. 
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Table  3 


Values  of  Constants  C  and  H  for  Different  Systems  of  Loads  to  be  Used  in 

THE  Equations  of  Table  1 

All  Loads  Symmetrical  about  Center  of  Member 


No. 


Condition  Moment 

of  Loading  Diagram 


Single  load  at  the  center. 


Two  equal  loads. 


Equal  loads  at  the  third  points. 


Cab = Cba = 


F 


PI 


Pa  .,      , 

—  (l-a) 


PI 


Hab  =Hba  =  -pr 


3  F 


2   I 


^Pl 


3^Pa 
2     I 


(l-a) 


PI 


fe^ 


Equal  loads  at  the  quarter 
points. 


32 


1^'^' 


Uniform  load  over  entire  span.L 


^Wl 
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No. 


Condition 
of  Loading 


Moment 
Diagram 


Cab  =  Cba  = 


Hab  =H  ba=  1^  ~r 


121  ^^^-2a) 


Equal  uniform  loads  at  the  ends 


Wa 

81 


(3Z-2a) 


►1, 

3j 

ls> 

' 

^ 

121 


{l^+2al-2a^) 


Uniform  load  at  the  center. 


w_ 

81 


(Z2+2aZ-2a2) 


48 


Wl 


Load  increasing  uniformly 
from  zero  at  the  ends. 


32 


Wl 


f-ojcvj  ^ 

Y 

•vl 

^ 

^1 

^ 

f-^C\J     J 

^ 

16 


Wl 


Load  increasing  uniformly 
from  zero  at  the  center. 


—  Wl 


10 


10 


Wl 


Load  varying  as  the  ordinates 
of  a  parabola. 


20 


Wl 
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PART   II 

DETERMINATION    OF    STRESSES    IN   STATICALLY   INDE- 
TERMINATE STRUCTURES 

9.  Assum/ptions  upon  which  the  Analyses  are  Based. — The  analyses 
in  this  bulletin  are  based  upon  the  following  assumptions: 

(1)  That  the  connections  are  perfectly  rigid. 

(2)  That  the  length  of  a  member  is  not  changed  by  axial  stress. 

(3)  That  the  shearing  deformation  is  zero. 

Recent  tests  by  Abe*  show  that  the  first  assumption  is  approxi- 
mately true  for  reinforced  concrete  frames,  and  tests  by  Wilson  and 
Mooref  show  that  this  assumption  is  also  approximately  true  for  certain 
types  of  riveted  connections  of  steel  frames. 

The  error  due  to  assumptions  (2)  and  (3)  depends  upon  the  geo- 
metrical properties  of  the  frame,  but  for  frames  of  usual  proportions 
the  error  is  not  large.  These  assumptions  are  discussed  in  detail  in 
sections  67  and  68.  The  error  due  to  slip  in  connections  is  discussed 
in  section  69. 

10.  Notation. — The  following  notation  has  been  used: 
a  =  distance  from  end  ^  of  a  member  to  a  load. 

b  =  distance  from  end  5  of  a  member  to  a  load. 

d  =  deflection  of  one  end  of  a  member  with  respect  to  the  other 
end,  measured  perpendicular  to  initial  position  of  member. 

e  =  eccentricity  of  load. 

h  =  vertical  height  of  a  structure. 

k  =  error  in  resisting  moment  due  to  neglect  of  shearing  strain. 

I  =  length  of  a  member. 

m  =  change  in  the  rate  of  loading  in  a  unit  distance. 

n  =  ratio  of  K  of  top  member  to  K  of  left-hand  column  for  a  four- 
sided  frame. 

2?  =  ratio  of  K  of  top  member  to  K  of  bottom  member  for  a  four- 
sided  frame. 


*Abe,  Mikishi,  "Analysis  and  Tests  of  Rigidly  Connected  Reinforced  Concrete  Frames,"  Univ. 
of  111.  Eng.  Exp.  Sta.,  Bui.  107,  1918. 

tWilson,  W.  M.,  and  Moore,  H.  F.,  "Tests  to  Determine  the  Rigidity  of  Riveted  Joints  of  Steel 
Structm-es,"  Univ.  of  111.  Eng.  Exp.  Sta.,  Bui   104,  1917. 
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g  =  ratio  of  the  length  of  the  left-hand  column  to  the  length  of  the 
right-hand  column  of  a  two-legged  bent. 

s  =  ratio  of  K  of  top  member  to  K  of  right-hand  column  for  a  four- 
sided  frame. 

u  =  load  per  unit  of  length  (variable) . 
w  =  uniformly  distributed  load  per  unit  of  length. 
A  —  area  of  section  of  a  member. 
Cab  =  resisting  moment  at  end  yl  of  a  member  AB  fixed  at  both  ends 
and  having  both  ends  at  the  same  level. 

£"  =  modulus  of  elasticity  in  tension  and  compression. 
F  =  area  of  the  moment  diagram  of  a  simple  beam. 
G  =  modulus  of  elasticity  in  shear. 
^  =  reaction. 
^^B  =  resisting  moment  at  end  A  of  a  member  AB  fixed  at  A  and 
hinged  at  B  and  having  both  ends  at  the  same  level. 
/  =  moment  of  inertia  of  section  of  a  member. 
K  =  ratio  of  moment  of  inertia  of  section  to  length  of  a  member. 
M  =  moment  of  an  external  couple. 
Ma  =  statical  moment  of  external  forces  about  point  A . 
Mab  =  resisting  moment  acting  at  the  end  ^  of  a  member  AB. 
Mba  =  resisting  moment  acting  at  the  end  5  of  a  member  AB. 

A^  =  restraint  factor,  depending  on  manner  in  which   the  ends  of  a 
member  are  held. 

P  =  concentrated  load. 

R  =  j  =  ratio  of  the  deflection  of  one  end  of  a  member  (with  respect 

to  the  other  end)  to  the  length  of  the  member. 

S  =  shear. 
T^^  =  total  distributed  load  on  a  member. 

a  =  n-+2pn+2n+37),  for  a  symmetrical  four-sided  frame. 

/3  =  6n+p+l,  for  a  symmetrical  four-sided  frame. 

A  =  22  (p?zs + ps -f- ns -|- np)  4- 2  (p^s -f  ps- -f  pn^ -|- p^n + s^  +  s + n^ + n)  + 
Q{n^s-]-ns^-\-p^-\-p),  for  a  rectangular  frame. 

Ac  =  2[ns(4+3g-f4g2)  +  (s2+s)+g2(n2+n)+3(g2sn2+s2n)],  for   a  two- 
legged  rectangular  bent  with  unequal  legs. 

Ao  =  2{3ns'^-\-llns-\-s^-\-s-\-37i~s-\-n^-{-n),  for  a  two-legged  rectangular 
bent. 

6  =  change  in  the  slope  of   the  tangent   to  the  elastic  curve  of  a 
member. 
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IV.  Girders  Having  Restrained  Ends 

11.  Moments  at  the  Ends  of  a  Girder  Having  Fixed  Ends — Both 
Supports  on  the  Same  Level. — ^If  a  girder  is  fixed  at  the  ends  and  if  both 
supports  are  on  the  same  level,  6 a,  6b,  and  R  of  equations  (A)  and  (B), 

Table  1,  equal   zero.     This  being  the  ease,  Mab='^Cab  and  Mba  = 

+Cz!A.     Values  of  Cab  and  Cba  for  different  systems  of  loads  are  given 
in  Table  2. 


Figure  9 

12.  Moments  at  the  End  of  a  Girder  Having  One  End  Fixed  and 
the  Other  End  Hinged,  Both  Supports  on  the  Same  Level. — If  a  girder  is 
fixed  at  one  end,  6  for  that  end  equals  zero.  Likewise  if  both  supports 
are  on  the  same  level,  R  =  0.  This  being  the  case,  the  moment  at  the 
fixed  end,  as  given  by  equations  (C)  and  (D), Table  1,  isI^Hab  or  'JzHba- 
Values  of  Hab  and  Hba  for  different  systems  of  loads  are  given  in 
Table  2. 

13.  Moments  at  the  Ends  of  a  Girder  Having  Ends  Restrained 
hut  not  Fixed. — Fig.  9  represents  a  girder  restrained  at  A  and  B.  P 
represents  the  resultant  of  any  system  of  forces  on  AB.  The  change 
in  slope  at  A  is  Oa  and  at  B  is  ds-     The  deflection  of  B  relative  to  A 

d 


is  d      R  = 


r 


Applying  equations  (A)  and  (B),  Table  1,  gives 

MAB  =  2EK{2dA+dB-SR)-CAB (25) 

MBA  =  2EK(2dB-\-dA-SR)+CBA (26) 

In  order  to  determine  Mab  and  Mba,  Oa,  Sb,  and  R  must  be  known. 
As  shown  in  Fig.  9,  Oa  and  R  are  positive  and  da  is    negative.     If  P 
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had  been  upward  instead  of  downward,  Cab  would  have  been  preceded 
by  a  plus  (+)  sign  and  Cba  by  a  minus  (  — )  sign.  Values  of  Cab  and 
Cba  for  different  systems  of  loads  to  be  substituted  in  equations  (25) 
and  (26)  are  given  in  Table  2. 

14.     Moment  at  End  of  a  Girder  Having  One  End  .Hinged  and  the 
Other  End  Restrained  but  not  Fixed. — Fig.  10  represents  a  girder  hinged 


A 

t 

p 

B 

m 

.^ 

\    ''■ 

m 

=;;;:;:^^i;a^ 

'       , 

^ 

•* — 

/ 

>- 

«=r 


Figure  10 

at  B  and  restrained  but  not  fixed  at  ^.     P  represents  the  resultant  of 
any  system  of  forces  on  AB.     The  change  in  slope  at  A  is  Qa)  and  the 

deflection  of  B  relative  to  A  is  d. 

Applying  equation  (C)  of  Table  1  gives 

MAB  =  EK{^dj,-^R)-HAB (27) 

As  shown  in  Fig.  10,  Oa  is  positive  (+)  and  R  is  negative  (  — ). 
If  P  had  been  upward,  Hab  would  have  been  preceded  by  a  plus  (+) 
sign.- 


Figure  11 


For  the  girder  represented  by  Fig.  11 

MBA  =  EK{ZdB-^R)+HBA  .         . 


(28) 


in  which  R  is  positive  (+)  and  ds  is  negative  (  — ). 

Values  of  Hab  and  Hba  for  different  systems  of  loads  to  be  used 
in  equations  (27)  and  (28)  are  given  in  Table  2. 
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V.  Continuous  Girders 

15.  Girder  Continuous  over  Any  Number  of  Supports  and  Carrying 
Any  System  of  Vertical  Loads.  Supports  all  on  the  Same  Level.  General 
Equation  of  Three  Moments — Two  Lntermediate  Spans. — Although  the 


A/c,=  -  MCD 


Figure  12 


results  of  this  section  are  included  in  the  following  section,  detailed 
procedure  is  given  here  to  show  how  the  slope-deflection  equations  are 
to  be  applied  to  a  continuous  girder.  Fig.  12  represents  two  inter- 
mediate spans  of  a  continuous  girder  extending  over  a  number  of  spans. 
All  supports  are  on  the  same  level.  Po  represents  the  resultant  of  the 
forces  on  AB,  and  Pi  represents  the  resultant  of  the  forces  on  BC. 
I 


for  span  BC  is  K. 


■J  tor  span  AB  is  — 
I  n 


Since   all    the    supports 


are  on  the  same  level,  R  —  0  for  all  spans. 

Applying  the  equations  of  Table  1  gives 

2EK 


Mab  =  ' 


-(20A+^b)— C^B 


(29) 

(30) 

(31) 

(32) 

.      .      .' (33) 

Substituting  the  value  of  6 a  from  equation  (29)  in  equation  (30) 


MBA  =  '^^{2dB+eA)  +  CBA 

n 

MBc  =  2EK{2dB-^dc)-CBc 
McB  =  2EKi2dc+dB)+CcB 

Mba+Mbc  =  0      .       .       .       . 


gives 


2MBA-MAB=^^dB  +  2CBA  +  CAB 


(34) 


Substituting  the  value  of  dc  from  equation  (31)  in  equation  (32) 


gives 


Mcb-2Mbc=  -QEKeB+CcB+2CBc 


(35) 
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Substituting  the  value  of  du  from  equation  (35)  in  equation  (34), 
and  substituting  —Mbc  for  Mba  gives 

nMAB-\-2Msc{n+l)+McD=-{n{2CuA+CAD)  +  {CcB^2CBc)]{2>^) 

In  determining  the  values  of  C  and  H  given  in  Table  3,  it  was 
found  that 


Had  = 


2Cab-\-Cj 


and  Hi 


2Cba-{-Cab 


2  — --  2 

Equation  (36)  can,  therefore,  be  written  in  the  form 

nMAB+2MBcin+l)+McD=  -2[nHBA+HBc] 


(37) 


This  is  the  general  form  of  the  well-known  "Equation  of  Three 
Moments."*  It  may  be  applied  to  a  continuous  girder  having  all 
supports  on  the  same  level,  no  matter  what  the  type  of  loading  to 
which  the  girder  is  subjected.     As  applied  to  two  adjacent  spans, 

K  =  j  for  the  right-hand  span  and  —  =  y  for  the  left-hand  span ;  that  is, 

'n  =  j  for  the  right-hand  span  divided  by  -;  for  the  left-hand  span. 

Values  of  H  for  different  types  of  loading  are  given  in  Table  2. 

16.  Girder  Continuous  over  Any  Number  of  Supports  and  Carrying 
Any  System  of  Vertical  Loads.  Supports  All  on  the  Same  Level.  General 
Equation  of  Three  Moments — Two  Adjacent  Spans  at  One  End.  End 
of  Girder  Hinged. — Fig.  13  represents  the  two  spans  at  the  left-hand 
end  of  a  continuous  girder.  All  supports  are  on  the  same  level.  Po 
represents  the  resultant  of  the  loads  on  AB,  and  Pi  represents  the 


.Ma 


Figure  13 


*The  Equation  of  Three  Moments  was  first  deduced  for  a  girder  carrying  uniform  loads  by 
Clapeyron,  in  1857,  and  was  published  in  Comptes  Rendus  des  Seances  de  rAcadlmie  des  Sciences, 
Paris,  Vol.  4o,  p.  1076.  It  has  been  extended  and  generalized  for  other  loadings  by  Bresse,  Cours  de 
Mecanique  Appliquee,  Paris,  1862;  Winkler,  Die  Lehre  von  der  Ela&ticitat  und  Festigkeit,  Prague, 
1867,  and  others. 
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resultant  of  the  loads  on  BC.  The  girder  is  hinged  at  A.  Equation 
(37),  having  been  derived  for  the  general  case,  is  applicable.  As  the 
girder  is  hinged  at  A,  Mah  —  Q-  Equation  (37),  therefore,  takes  the 
form 

2MBc{n+l)+McD=-2{nHBA+HBc\      .......    (38) 

for  two  adjacent  spans  at  the  left-hand  end  of  the  girder  when  the 
left-hand  end  is  hinged.     Likewise, 


nMAB+2MBc{n+l)  =  -2  [n  Hba+Hbc] 


(39) 


for  tw^o  adjacent  spans  at  the  right-hand  end  of  the  girder  when  the 
right-hand  end  is  hinged. 

17.  Girder  Continuous  over  Any  Number  of  Supports  and  Carrying 
Any  System  of  Vertical  Loads.  Supports  All  on  the  Same  Level.  Gen- 
eral Equation  of  Three  Moments — Two  Adjacent  Spans  at  One  End. 
End  of  Girder  Restrained. — Fig.  14  represents  the  two  spans  at  the  left- 


WcB=-A7c, 


Figure  14 


hand  end  of  a  continuous  girder.  All  supports  are  on  the  same  level. 
Po  represents  the  resultant  of  the  loads  on  AB,  and  Pi  represents  the 
resultant  of  the  loads  on  BC.     The  girder  is  restrained  at  A. 

The  values  of  the  moments  depend  upon  the  restraint  of  the  point 
A,  and  therefore  the  moments  cannot  be  determined  unless  either  the 
moment  at  A  or  the  slope  of  the  elastic  curve  of  the  girder  at  A  is  known. 
If  the  moment  at  A  is  known,  equation  (37)  is  apphcable.  If  the  slope 
at  A  is  known,  6 a  is  a  known  quantity. 

Substituting  the  value  Ob  from  equation  (29)  in  equation  (33) 
gives 

2nMAB  =  QEKdA-nMBc-2nHAR (40) 

Substituting   Mab   from   equation    (40)    in    equation    (37)    gives 
MBci4:+Zn)+2McD  =  2nHAB-4.inHBA-\-HBc)-QEK  Oa  .    (41) 

Equation  (41)  is  applicable  to  the  two  adjacent  spans  at  the  left- 
hand  end  of  a  continuous  girder  restrained  at  the  left-hand  end. 
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Figure  15 

Fig.  15  represents  the  two  spans  at  the  right-hand  end  of  a  con- 
tinuous girder.     AH  supports  are  on  the  same  leveL     Po  represents 
the  resultant  of  the  loads  on  AB,  and  Pi  represents  the  resultant  of 
the  loads  on  BC.     The  girder  is  restrained  at  C. 
From  equation  (37) 

2nMAB+4:MBc{n^l)-2McB=-4:{nHsA-{-Hsc)     •      .      •    (42) 
Applying  the  equations  of  Table  1  gives 

AlBc  =  2EK{2dB+dc)-CBc (43) 

McB  =  2EK(2dc+dB)+CcB (44) 

Eliminating  ds  from  equations  (43)  and  (44)  gives 

-2McB=-MBc~QEKdc-2HcB (45) 

Substituting  the  value  of  Mcb  from  equation  (45)  in  equation  (42) 
gives 

2nMABi-MBci^n+3)=2HcB-^[nHBA+HBc]+QEKdc      .    (46) 

Equation  (46)  is  applicable  to  the  two  adjacent  spans  at  the  right- 
hand  end  of  a  continuous  girder. 


18.  Girder  Continuous  over  Any  Number  of  Supports  and  Carrying 
Any  System  of  Vertical  Loads.  Supports  All  on  the  Same  Level.  General 
Equation  of  Three  Moments — Girder  Fixed  at  the  Ends. — If  the  girder 
is  fixed  at  the  ends,  Oa  of  equation  (41)  and  dc  of  equation  (46)  equal 
zero.     Equations  (41)  and  (46)  then  take  the  form 

MBc{4:+dn)+2McD  =  2nHAB-^[nHBA+HBc]    ....    (47) 
2nMAB+MBc{4.n-{-3)=2HcB-^[nHBA+HBc]    ....    (48) 

Equation  (47)  is  apphcable  to  the  two  adjacent  spans  at  the  left- 
hand  end  of  a  continuous  girder  fixed  at  the  left-hand  end,  and  equa- 
tion (48)  is  applicable  to  the  two  adjacent  spans  at  the  right-hand  end 
of  a  continuous  girder  fixed  at  the  right-hand  end.  Values  of  H  for 
different  systems  of  loads  are  given  in  Table  2. 

19.  Girder  Continuous  over  Three  Supports  and  Carrying  Any 
System    of    Vertical    Loads.     Supports    on    Different    Levels.     General 
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Equation  of  Three  Moments. — In  section  15,  the  equations  of  Table  1 
have  been  used  to  derive  a  general  "Equation  of  Three  Moments." 
The  derivation  is  seen  to  be  merely  the  combination  of  four  linear 
equations  involving  slopes,  deflections,  and  moments  at  the  supports 
for  each  span  into  an  equation  involving  the  same  quantities  for  any 
two  adjacent  spans. 


Figure  16 


Fig.  16  represents  two  adjacent  intermediate  spans  of  a  girder 
continuous  over  a  number  of  supports.  Some  of  the  supports  have 
settled.  The  vertical  distances  of  the  points  A,  B,  and  C  from  a  hori- 
zontal base  line  are  d.4,  ds,  and  dc-  Po  represents  the  resultant  of  all 
loads  on  AB,  and  Pi  represents  the  resultant  of  all  loads  on  BC. 

The  moments  in  the  girder  may  be  considered  as  made  up  of  two 
parts,  one  part  due  to  the  loads  represented  by  Po  and  Pi  when  the 
supports  are  on  the  same  level,  and  the  other  part  due  to  the  settlement 
of  the  supports,  it  being  considered  that  the  girder  remains  in  contact 
with  all  supports. 

Applying  the  equations  of  Table  1  gives 

MAB  =  ^^{2dA+ Ob-Mo) -Cab (49) 

n 

MBA=^^(2ds+dA-3Ro)  +  CBA. (50) 

MBc  =  2EK(2dB+dc-SRi)-CBc (51) 

McB  =  2EKi2dc-\-dB-3R,)+CcB (52) 

Mba+Mbc  =  0 (53) 

in  which  y  for  the  right-hand  span  equals  K  and  -;  for  the  left-hand 

span  equals  — 
n 

From  Fig.  16  Ro^'^^'  and  R,=  ^^^- 
to  h 

Equations  (49)  to  (53)  are  identical  with  equations  (29)  to  (33) 

of  section  15,   except  for  the  additional  terms  Ro  and  Pi.     Hence  the 
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method  of  solving  for  the  moments  is  the  same  as  in  section  15, 
and  will  not  be  repeated  here  in  detail.  The  general  equation  of  three 
moments  for  a  continuous  girder  carrying  any  system  of  vertical  loads 
and  with  supports  on  different  levels,  together  with  some  special  forms 
of  the  equation,  are  given  in  Table  4.* 

20.  Girder  Continuous  over  Three  Supports  and  Carrying  Any 
System  of  Vertical  Loads.  Supports  on  Different  Levels.  Various 
Conditions  of  Restraint  of  Ends. — Table  4,  section  19,  gives  the  general 
equation  of  three  moments  which  is  to  be  applied  here.  Various  cases 
of  restraint  of  the  ends  of  girder  and  the  effect  upon  the  quantities 
in  the  general  equation  will  be  considered.  It  is  seen  that  if  the  end 
of  the  girder  is  hinged,  the  resisting  moment  there  is  zero.  If  it  is 
fixed,  the  slope  at  that  point  is  zero.  If  the  end  is  restrained,  or  par- 
tially fixed,  the  moments  at  the  other  supports  can  be  found,  if  either 
the  slope  or  the  moment  at  the  end  is  known.  Modifications  of  the 
equations  of  Table  4,  for  these  various  cases  of  restraint,  are  given 
in  Table  5. 

21.  Girder  Continuous  over  Four  Supports  and  Carrying  Any 
System  of  Vertical  Loads.  Supports  on  Different  Levels.  Various  Con- 
ditions of  Restraint  of  Ends. — Table  4,  section  19,  gives  the  general 
equation  of  three  moments  which  may  be  appHed  here.  The  method 
of  using  the  equation  of  three  moments  is  to  apply  it  successively  to 
each  pair  of  adjacent  spans  in  the  continuous  girder,  thus  deriving  one 
less  equation  than  the  number  of  spans.  If  the  conditions  of  restraint 
at  the  ends  of  the  continuous  girder  are  known,  these  equations  may 
be  solved  simultaneously  for  the  unknown  moment  at  each  support. 

When  the  end  of  the  girder  is  hinged,  the  moment  there  is  zero. 
When  the  end  is  fixed,  the  slope  there  is  zero.  When  the  end  is  re- 
strained, if  either  the  slope  or  the  moment  at  the  end  is  known,  the 
moments  at  the  other  supports  may  be  found. 

The  equations  of  Table  4  have  been  applied  to  the  girder  described 
in  this  section,  and  the  values  of  moments  obtained  for  various  cases 
of  restraint  of  ends  are  given  in  Table  6. 


*Johnson,  Bryan,  and  Turneaure,  "The  Theory  and  Practice  of  Modern  Framed  Structures," 
Part  II,  p.  19,  Ninth  Ed.  1911,  give  the  general  Equation  of  Three  Moments  for  a  continuous  girder 
with  supports  on  different  levels  and  carrying  concentrated  loads.  The  pocketbook,  Die  Huette,  and 
Lanza,  Applied  Mechanics,  have  similar  equations. 

A.  Ostenfeld,  Teknisk  Statik,  Vol.  2,  Second  Ed.,  Copenhagen,  1913,  pp.  98-162,  gives  a  com- 
prehensive treatment  of  continuous  girders,  including  the  case  of  varying  moment  of  inertia  from 
point  to  point,  and  of  girder  resting  upon  elastic  supports.  Both  analytical  and  graphical  methods 
are  presented. 
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Table  4 

Continuous  Girders 

Equations  of  Three  Moments. 


Supports  on  Different  Levels.^ 
Any  System  of  Vertical  Loads.^ 


K  =  -r  for  right-hand  span. 
—  =  -7- for  left-hand  span. 


No. 

Portion  of  Girder 
Considered 

Equations  of  Three  Moments 

(a) 

Fig.  16 
Intermediate  spans 

nMAB+2MBc{n  +  \)+McD  =  ^    hids-dA)-     ■ 

loll  L 

loidc  -  dB)     -2    Hsc+nHBA 

(b) 

Fig.  17 
Two  adjacent  spans 
at    left  -'^hand    end. 
End  of  girder  hinged. 

QEKr                                       1 

2MBc(n  +  l)+McD-  11       li{dB-dA) -loidc -dB) 

—  2    tiHba  +  Hbc 

(c) 

Fig.  18 
Two  adjacent  spans 
at    right-hand    end. 
End  of  girder  hinged. 

nMAB+2MBcin  +  l)-  y^    [h(.dB-dA) -lo{dc-dB)  \ 
—  2    hHba+Hbc 

(d) 

Fig.  19 
Two  adjacent  spans 
at    left  -  hand     end. 
End    of     girder    re- 
strained. 

U  Mab  is  known 
2MBcin-{-l)+McD^^\li{dB-dA)-Io(dc-dB) 
—2    Hbc  +  uHba    -uMab 

If  6 A  is  known 

Mfic(4+3n)+2McD  =  ^^    Mi{dB-dA)-2U{dc-dB) 

+2nHAB-4:     Hbc+uHba    -QEK  6 a 
If  the  girder  is  fixed  at  A,  dA=0 

(e) 

Fig.  20 
Two  adjacent  spans 
at   right-hand   end. 
End    of    girder    re- 
strained. 

If  McB  is  known 
nMAB+2MBc{n  +  l)-   ^^       h{dB-dA)-lo{dc-dB)\ 
-2    Hsc+nHBA    +McB 

If  dc  is  known 

^EK\                                      1 
2nMAs+MBc(4n+3)  -   ^^^^    [2  h{dB-dA)-2,lo  {dc-dB)  J 

-4    Hbc+uHba    +2Hcb+QEK  Be 
If  the  girder  is  fixed  at  C,  dc  =  0 

If  there  is  no  settlement  of  supports,  let  all  values  of  d  in  these  equations  equal  zero. 

If  there  are  no  loads  on  girder  except  at  supports,  let  all  values  of  H  in  these  equations  equal  zero. 
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Figure  17 


Figure  18 
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Figure  19 


Figure  20 
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Table  5 
Girder  Continuous  over  Three  Supports 


Supports  on  Different  Levels.' 
Any  System  of  Vertical  Loads.^ 


7^  = for  right-hand  span. 

K        T 

—  = for  left-hand  span. 

n  I 


(a) 

Fig. 
21 

T3 

General  Case 
CKjpTr        r                                               "1           2       r 
Mbc     2/;   (n  +  l)     ^^^'^'^~^^^~^o{dc- dB)   \      ^^i  ^      uHba+Hbc 

^     bSJ 

o   a 

Spans  Identical  Except  for  Loads 

Mbc-       2^2      \_l{2dB-dA-dc)  \-\Hba +Hbc  \ 

(b) 

Fig. 

General  Case 
6 A  and  Mcb  known 

22 

Mbc  =^:^^Y^\_^liidB-dA)-2lo{dc-dB)\  +'^riHAB 
-4:{HBc+nHBA)-QEKeA  +  2McB  I 

SEK/^        dB-dA\     Mbc      „ 
Mab-      ^^    {eA         i^      )       2       ^^' 

-d 

dc  and  Mab  known 

a 
'3 
i3 

Af                                          '                          Ol    f  7             ^     \         '^l     fri            r^,^                  4  (fTnr,    1    n  ff  n  .  \ 

Mbc—    a     I  o   )     11       ^iiyciB     CLa)     oloyuc     ub)           "tynBC  \  nnBA) 

o 

+  2HcB+6EKdc-2nMAB  1 
McB=\''+3EK[ec     ^-^']+HcB 

6a  and  6c  known 

w 

1      f  fi  J^J^  r 

Mbc= — TT  1    T7~     h{dB-dA)-lo{dc-dB)      -tiCba-Cbc 
n+i.   1     toll      L                                              J 

-2EK{eA-ec)    \ 

3EK  r          dB-d4l      Mbc      „ 

A/cB=3^K[^C              ^^        J+      2      ^^^ 

1  If  there  is  no  settlement  of  supports,  let  all  values  of  d  in  these  equations  equal  zero. 

2  If  there  are  no  loads  on  girder  except  at  supports,  let  all  values  of  H  and  C  in  these  equations 
equal  zero. 

If  an  end  is  fixed,  6  for  that  end  is  zero. 
If  an  end  is  hinged,  M  for  that  end  is  zero. 
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(b) 


Fig. 
22 


General  Case — Continued 
Mab  and  Mcb  known 

1  SEK     r  ] 

il/BC=  2(^^-|_i)  {Mcb-tiMab)  +  iT^jZZfi\  \^h{dB-dA)  -  h  {dc-  dB)   J 

uHba  +  Hbc 

n+1 

Spans  Identical  Except  for  Load 
6a  and  Mcb  known 

Mbc  =  ^  I  ^^\_mB-dA)  -2(dc-dB)]  +2Hab-^Hbc+Hba) 

-6EK9a+2Mcb  I 

„^,^r          dB-dAl     Mbc      „ 
Mab  =  ^EK\  6 a 1 — J 2"""-^^* 

dc  and  Mab  known 

1  \^EK 
Mbc-  7  \     ^ 

+QEKec  -2Mab 


[2{dB-dA)-S{dc-dB)'\   -4:{Hbc+Hba)  +  2Hcb 


Mr 


Mi 


V          dc  — dfil   ,  „ 
■+3EK[ec —  \+^^ 


M 


Oa  and  6c  known 
1    (  6^X1 


Bc-Y^  ^^[2dB-dc-dA]-CBA-CBC-2EK{6A-6c)  | 

r           dB-dAl      Mbc 
Mab  =  2,EK  [  ^a ^  J  ~  ~^— 


-Ha 


Mcb  =  SEK      6c 


dc  -dB  1   ,M 


r  dc  —dB  1 

h-      -1-   J 


+ 


+Hc 


Mab  and  Mcb  known 
Mbc=  -^[Mcb  -Mab\^ — 2FL^^'^~'^'^~^'^J 


Hba  +Hbc 
2 
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Figure  21 


Figure  22 


Figure  23 


Figure  24 
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VI .     Two-legged  Rectangular  Bent.     Legs  of  Equal  Length 

22.  Two-legged  Rectangular  Bent.  Concentrated  Horizontal  Force 
at  the  Top — Legs  Hinged  at  the  Bases. — Fig.  25  represents  a  two-legged 
rectangular  bent  having  legs  hinged  at  the  bases.  A  single  force  P 
is  applied  at  the  top  of  the  bent. 


^^ 


h~7 


Figure  25 


Applying  the  equations  of  Table  1 
MAB  =  2EK{2dA+dB)     .      . 


M, 


EK 

n 


(54) 


(55) 


MBA  =  2EK{2dB+dA) (56) 

EK, 


M 


■(SdB-dR) 


(57) 


Mad+Mbc+PJi^O (58) 

In   these    equations,    from   the    definition    of    resisting    moment, 
Mab=  —Mad  and   —Mba=+Mbc.     Hence  Mab  and  Mbc  may   be 


considered  as  the  two  unknown  moments  to  be  found, 
may  be  done  as  follows: 


Elimination 
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Subtracting  equation  56  from  equation  54  gives 

MAB+MBc  =  2EK{dA-eB) (59) 

Subtracting  s  times  equation  57  from  n  times  equation  55  gives 

-nMAB-sMBc  =  EK{?,dA-^dB)         (60) 

Combining  equations  59  and  60  to  eliminate  the  quantity  {6a— Qb) 
gives 

M^B(3+2n)+MBc(3+2s)-0        .......       (61) 

Combining  equation  61  with  equation  58  gives 

M,,^m^t+^\ (62) 

2  \6-\-n-\-sJ 

M.c=-^(^^+^) (63) 

2  \3+n  +  67 

lin  =  s,  that  is,  if  the  sections  of  AD  and  BC  liave  the  same  moments 
of  inertia,  equations  62  and  63  take  the  form 

Mbc=-Mab=-^ (64) 


/  K 


,  =  K 


I    K 


Figure  26 


23.  Two-legged  Rectangular  Bent.  Concentrated  Horizontal  Force 
at  the  Top — Legs  Fixed  at  the  Bases. — Fig.  26  represents  a  two-legged 
rectangular  bent  having  legs  fixed  at  the  bases.  A  single  force  P  is 
applied  at  the  top  of  the  bent. 
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Applying  equation  (A),  Table  1, 

MAB  =  2EK{2dA+dB) (65) 

MAD  =  ^{2dA-SR)    . (66) 

MnA=-^^{dA-3R) (67) 

n 

MBA  =  2EK{2dB+dA) (68) 

MBc  =  ^-^i2dB-3R) (69) 

McB  =  ^(dB-M)     . (70) 

MAD  +  MDA-\-MBC'^McB-\-Ph  =  0 (71) 

Mab+Mad  =  0 (72) 

Mba+Mbc  =  0 (73) 

Substituting  the  values  of  Mab  and  Mad  from  equations  65  and  66 
in  equation  72  and  simplifying  gives 

29a  /-,   I     N  I    ndB     o  /w^N 

-^(l  +  n)+-^  =  3 (74) 

Substituting  the  values  of  Mba  and  Mbc  from  equations  68  and  69 
in  equation  73  and  simplifying  gives 

~^(l+^)  +  ^=3 (75) 

Substituting  the  values  for  the  moments  in  equation  71  and  sim- 
plifying gives 

sdA^ndB      ^.    .    .     nsPh       1  ,     . 

Solving  equation  74  for  -^  gives 

dB_^^  3      2eAn+n\ 

R        n         R    \    n     J ^  ^ 

a 

Substituting  the  value  of  -^-  from  equation  77  in  equation  75  gives 

Oa^      3(2.s+2-n)       • 

K       3ns+4n+4s+4 ^  ^ 
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Substituting  the  value  of  -^  from  equation  78  in  equation  77  and 


simplifjdng  gives 

Ob         3(2n+2-s) 


R       3ns+4n+4s+4 


(79) 


Substituting  the  values  of  —^  and  -^  from  equation  78  and  equa- 
tion 79  in  equation  76  gives 

3s(2s-\-2-7i)     ,     3n(2n+2-s)       ^,    ,     ,     nsPh     1 
'  —2{s+n)- 


3?7S+4n+4s+4  '  3ns+4w+4s+4       '        '      QEK      R 

Solving  this  equation  for  -^  gives 

K 

1  _  QEK     2(3ns^+llng+g-+s+3?2^s+7i-+w) 
R      nsPh  3ns+4n+4s+4  '      *     ^  ^ 

Substituting  the  value  of  -^  from  equation  80  in  equation  79  and 

K 

solving  for  ds  gives 

.   ^_P]i 3ns(2n+2-g) 

""     12EK  3ns2+llns+s2+s+3n2s+n2+n     •      •      •      •     V»i; 

Substituting  the  value  of  -^  from  equation  80  in  equation  78  and 
solving  for  6 a  gives 

n   ^  _Ph Sns{2s+2-n) 

^      12E/V  3ns-+llns+s-+s+3n2s+n2+n    '      "      '      •     ^^  ^ 

Substituting  the  values  of  do  and  6 a  from  equations  81  and  82 
in  equation  65  gives 

M      ^Ph  3ns(s+2) 

^"^       2  3ns2+llns+s2+s+3n2s  +  ?i2+?i  "      '      '     ^^^^ 

Substituting  the  values  of  Ob  and  ^a  from  equations  81  and   82 
in  equation  68  and  substituting  —Mbc  for  Mba  gives 

M     =-Ph     3ng(n+2) 

■^^  2      3ns-+ll7?6'+s'+s+3w;-s+rt-+/?.      ■      ■      •     ^  ^ 
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From  equation  67 

2iEKR  r  u  A 


M..  =  -     „ 


the  V 
equation  78  gives 


Substituting  the  value  of  R  from  equation  80  and  of    -^  from 

It 


Mda=-—  s(2s-\-2-\-5n+Sns) 

2    Sns^ -\-llns-\-s^-\-s-{-dn^s-{-n'^-\-n 


From  equation  70 

2EKR  /  d 


McB=  — ^ 


(^-0 


B 


Substituting  the  value  of  R  from  equation  80  and  of  -^  from 
equation  79  gives 

Ph  n(2n+2+5s+Sns)  ,    . 

^^  2  {dns^+nns-\-s''-\-s+Sn''s-\-n^+n)    '      '      '      ^  ^ 

Letting  Ao  represent  2{3ns^-\-llns-\-s^+s-\-3n'^s-\-n^-\-n),  the  equa- 
tion for  the  moments  in  the  frame  are 

MAD  =  -^Sns(s-{-2) (88) 

Msc  =  -^2>ns{n+2) (89) 

Ph 
McB  =  -  ^(2n+2+5s+3ws) (90) 

Ph 

Mda  =  -^s(2s+2+5n+3ns) (91) 

If  n  =  s,  that  is,  if  the  section  of  AD  has  the  same  moment  of 
inertia  as  the  section  of  BC,  equations  88  to  91  take  the  form 

M,.  =  M.c=-^g|^        <92) 
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If  n  —  s=^l,  equations  92  and  93  take  the  form 


MAD  =  MBC=-J^Ph 


(94) 


McB  =  MnA=-j^  Ph 


(95) 


24.     Two-legged    Rectangular    Bent.     Any    System    of    Horizontal 
Loads  on  One  Leg.     Legs  Hinged  at  the  Bases. — Fig.  27  represents  a 


A 

■* / >■ 

1  K                            LK 
h     n                                  h     s 

b                             o 

h 

D 
^ ( 

Figure  27 

two-legged  rectangular  bent  with  any  horizontal  load  on  the  leg  AD. 
The  legs  are  hinged  at  D  and  C.  P  represents  the  resultant  of  any 
system  of  horizontal  forces  acting  on  AD. 

If  Md  represents  the  moment  of  P  about  D, 

Mad-\-Mbc+Md^O 

Applying  the  equations  of  Table  1  gives 

MAB  =  2EK(2dA+dB) (96) 

EK 


MaD= {ddA-SR)-^HAD 

n 

MBA  =  2EK(2dB+dA)     .      . 


EK 

s 

Mad-\-Mbc-{-Md  =  0 


(97) 

(98) 

(99) 

(100) 
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Equations  96  to  100  are  almost  identical  in  form  to  equations  54 
to  58  of  section  22.  Hence  the  solution  for  the  moments  by  eliminating 
values  of  6  and  R,  as  in  section  22,  gives 


Mab  = 


Mbc   = 


j_  AdD(2s+S)-2nHAD 
2  n+s+3 

J_  Mn(2n-\-3)-^2nHAD 
2  n+s+3 


(101) 


(102) 


lin  =  s,  that  is,  if  the  sections  of  AD  and  BC  have  the  same  moments 
of  inertia,  equations  102  and  101  take  the  form 


Mbc=- 


:^^+w] 


(103) 


Mab  = 


=  -^[m. 


2nHAD 
2n+3 


(104) 


If  n  =  s  =  l,  equations  103  and  104  take  the  form 

Mbc=  - -^hMn+2HAB'] (105) 


Mab  = 


-j^hMn-2HAD'\ .    (106) 


If  both  legs  of  the  bent  are  loaded  and  if  the  bent  and  loads  are 
symmetrical  about  a  vertical  center  line 


Mab  =  M 


AB  —  -l^yj^  BC 


2n 


2n+3 


H, 


(107) 


Values  of  Had  to  be  used  in  equations  101  to  107  are  given  in 
Table  2. 

25.     Two-legged    Rectangular    Bent.     Any    System    of    Horizontal 
Loads  on  One  Leg — Legs  Fixed  at  the  Bases. — Fig.  28  represents  a  two- 
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!_K 


FiGUEE   28 

legged  rectangular  bent  with  any  horizontal  load  on  the  leg  AD.  The 
legs  are  fixed  at  D  and  C.  P  represents  the  resultant  of  all  the  forces 
on  AD. 

If  Md  represents  the  moment  of  P  about  D, 

Mad-{-Mda+Mbc-{-Mcb-\-Md  =  0 

Applying  the  equations  of  Table  1  gives 

MAB  =  2EK{2dA+dB) (108) 

nMAD  =  2EK(2eA-SR)+nCAD (109) 

nMnA  =  2EK{dA-SR)-nCDA (110) 

MBA  =  2EK(2dB+dA) (HI) 

sMBc  =  2EK(2dB-SR) (112) 

sMcB  =  2EKidB-SR) (113) 

MAD-]-MnA-^MBc-i-McB+MD  =  0 (114) 

The  equations  108  to  114  are  similar  to  equations  65  to  73  of 
section  23.  The  method  of  solving  for  the  four  unknown  moments 
will  be  done  in  a  different  way  from  that  of  section  23.  The  equations 
will  first  be  combined  to  eliminate  d  and  R,  then  the  resulting  equations 
solved  simultaneously  for  the  moments. 

Adding  equation  112  and  two  times  equation  110  and  subtracting 
equation  109  and  two  times  equation  113  to  eliminate  Oa,  Ob,  and  R 
gives 

nMAB-i-sMBc-2sMcB+2nMDA=-n{CAD-{-2CDA)    .    (115) 
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Adding  equation  109  and  two  times  equation  112  and  subtracting 
equations  110  and  111  and  two  times  equation  113  gives 

-nMAB+{2s+l)MBc-2sMcB-nMDA  =  n{CAB+CDA)   (116) 

Adding  equations  108,  110  and  112,  and  subtracting  equations 
109,  111  and  113  gives 

{n+l)MAB+{s+l)MBc-sMcB+nMDA  = 

-n{CAD  +  CBA) (117) 

Equations  114  to  117  are  rewritten  in  Table  7.  In  this  table  the 
unknowTi  moments  are  written  at  the  heads  of  the  columns  and  the 
coefficients  are  written  below. 

Table  7 
Equations  for  the  Two-legged  Rectangular  Bent  of  Fig.  28 


No.  of 

Left-hand  Member 
of  Equation 

Right-hand 

Member  of 

Equation 

How  Equation  was 
Obtained 

Equation 

Mab 

Mbc 

McB 

Mda 

114 

-1 

1 

1 

1 

-Md 

114 

115 

n 

s 

-2s 

2n 

-n{CAD+2CnA) 

-(109) +  (112) +2(110) 
-2(113) 

116 

—  n 

2s+l 

-2s 

—n 

n{CAD  +  CDA) 

-(111)+2(112)-2(113) 
-(110) +  (109) 

117 

n+l 

s  +  1 

—  s 

n 

-niCAD+CoA) 

(108) -(109) +  (110) 
-(111)  +  (112)-(113) 

Solving  these  equations  simultaneously  and  letting 

Ao  =  2(llsn-F3sn-+3s%+-s^+s+ri^+n)  gives 


Mad  = 


Mbc  — 


-  -^hs  {s+2)  {Mn-CDA)-CAD  (6ris+3s2+5s+2n)1 


(118) 


3s(n+2)iMD-CDA)+CAD{3ns-n-4:s)']     (119) 

McB=  -  -^Usns+2n+5s  +  2)  {Md~Cda)  +  Cad  (3ns+3n 
-3s-l)j 


(120) 
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Mr 


--^\s  (^ns  +  2s  +  5n  +  2)   {Mn-  Coa) 


+  nC^D(3s2+12s+l) 


■Cr 


li  n  =  s  equations  118  and  121  take  the  form 


Mad=- 


S(Md-Cda)      ^     /     1 


6n+l 


w+2     6n+l 


(121) 


(122) 


Mbc^ 


3{Mn-CnA) 


6n+l 


■C. 


{^ 


+2     6n+l 


•    (123) 


MCB  = 


M 


(3n+l)  (M^-Cz)a) 
6n+l 


-a 


1 


3n 


n-^2     6n+l 
.     .     .     .     (124) 


MnA  = 


-Cl 


(371+1)  (Mz)-(7da) 
6n+l 


-c. 


3n 


n+2     6n+l 
.      .      .   <125) 


If  both  legs  of  the  bent  are  loaded  and  if  the  bent  and  loads  are 
symmetrical  about  a  vertical  center  line 


Mj,b=MbC=- 


w+2 


a 


(126) 


Mcb=-Mda  = 


n+2 


Cad  -\~Cda 


(127) 


Values  of  Cad  and  Cda  to  be  used  in  equations  118  to  127  are  given 
in  Table  2. 


26.  Two-legged  Rectangular  Bent.  Any  System  of  Vertical  Loads 
on  the  Top — Legs  Hinged  at  the  Bases. — Fig.  29  represents  a  two-legged 
rectangular  bent  having  any  system  of  vertical  loads  on  AB.  The 
legs  are  hinged  at  D  and  C.  P  represents  the  resultant  of  the  loads 
on  AB. 
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A 
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P 
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h 

I  K 

> 

I    K 
O 

Figure  29 
Applying  the  equations  of  Table  1  gives 

MAB  =  2EK{2dA-\-dB)-CAB  .         . 

EK 


(128) 


MAD  =  ^^(SdA-3R) (129) 

n 

MBA  =  2EK{2dB+dA)+CBA        ........  (130) 

MBc  =  —i3dB-SR) (131) 


Mad+Mbc  =  0 

Eliminating  values  of  6  and  R  as  in  section  22  gives 

3  r  Cab~\-Cba 


Mj 


—     3  r  Cab~\-(^ba  "I 

2  L  n+s+3    J 


Mab  = 


n+s+3 

3  VCab  -\-  Cba~\  _  _ 
2  [   n+.s+3    J" 


Mt 


(132) 


(133) 


(134) 


Values  of  Cba  and  Cab  to  be  used  in  equations  133  and  134  are 
given  in  Table  2. 

27.  Two-legged  Rectangular  Bent.  Any  System  of  Vertical  Loads 
on  the  Top — Legs  Fixed  at  the  Bases. — Fig.  30  represents  a  two-legged 
rectangular  bent  with  any  system  of  vertical  loads  on  AB.  The  legs 
are  fixed  at  C  and  D.     P  represents  the  resultant  of  all  the  loads  on  ^J5. 
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'r-K 


I  K 


D 


Figure  30 

Applying  the  equations  of  Table  1  gives 

nMDA  =  2EK(dA-^R) ' (135) 

nMAB=-2EK{2dA-SR) (136) 

MAB  =  2EK(2dA+dB)-CAB (137) 

MBc=-2EK(2dB+eA)-CBA        (138) 

sMBc  =  2EK(2eB-SR) (139) 

sMcB  =  2EK(dB-SR) (140) 

-MAB-hMBC  +  McB  +  MnA  =  0 (141) 

Combining  these  equations  as  indicated  in  the  table  to  eliminate 
Oa,  Bb,  and  R  gives  the  equations  in  Table  8. 

Solving  these  equations  simultaneously  gives 

Mab  =  --^1  CBA(10ns+s2)+CAij(llns+2s2+2s+2n)  |     .  (146) 


Ml 


=  -^|CBA(llns+2n2+2n+2s)+CAB(10ws+n2)|     ,     (147) 
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Table  8 
Equations  for  the  Two-legged  Rectangular  Bent  Represented  by  Fig.  30 


No. 
of 
Equa- 
tion 

Left-hand  Member  of 
Equation 

Right-hand 

Member  of 

Equation 

How  Equation  Was 
Obtained 

Mab 

Mbc 

McB 

Mda 

142 

-1 

1 

1 

1 

0 

(141) 

143 

n 

s 

-2s 

2n 

0 

(136) +  (139) 

+2[(135)-(140)] 

11 144 

—n 

2s  +  l 

-2.S 

—n 

—  Cba 

(138)+2[(139)-  (140)] 
-[(135) +  (136)] 

145 

w+1 

s+1 

— s 

n 

-{Cab+Cba) 

(135) +  (136) +  (137) +  (138) 
+  (139) -(140) 

McB=--^|CBA(7ws-2ri2-2n+s)+C^B(8ws-w2+3n)|     .     (148) 

Mi,^=-^|CBA(8ns-s2+3s)+CAB(7ns-2s2-2s+n)|         .    (149) 

in  which  Ao  =  2(llsn+3sn2+3s2n+s^+s+n^-|-n) 

F 
If  the  load  is  symmetrical,  that  is,  if  Cba  =  Cab=-y'  equations  146 

to  149  take  the  form 


MAB=-rjr  (21ns+3s2-f2s+2n) 


MBc=-T-r  (21ns+3ri2-f-2n+2s) 

LlAq 

F 
McB=-jir  (15ns-3n2+n+s) 

Md^  =  ^  (15ns-^s^+s+n)       . 


(150) 
(151) 
(152) 
(153) 


If  the  bent  is  symmetrical  about  a  vertical  center  line,   that  is, 
if  n  =  s,  equations  146  to  149  take  the  form 


Mab=-  2^\Cba 


n+2     6n+ 


Ti]+^-[^2+6-STt]1      •   (1^) 


Mbc=-  ^\Cba 


^6;^i]+^-[4-2-6-^]l    •  (155) 


n+2    6n+ 
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Mda  = 


If  the  bent  and  the  loading  are  symmetrical  about  a  vertical  center 

F 

line,  that  is,  if  n  =  s  and  Cba  =  Cab  = -y-'equations  146  to  149  take  the 

form 


M, 


■■Mbc=- 


McR=-MnA   = 


(n+2)   / 

1_F_ 

n+2  I 


(158) 


(159) 


28.     Two-legged    Rectangular    Bent.     External    Moment    at     One 
Corner — Legs  Hinged  at  the  Bases. — Fig.  31  represents  a  two-legged 


Fy  A 


h     n 


I 


l_K 


Figure  31 

rectangular .  bent  having  legs  hinged  at  the  bases.     An  external  couple 
whose  moment  is  represented  by  M  is  applied  at  A. 

Applying  the  equations  of  Table  1  to  this  bent  gives  four  equations 
which  are  identical  with  the  first  four  equations  of  section  22.  Also, 
for  equilibrium  at  A, 


Mad+Mab  =  M 


(160) 
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Solving  these  five  equations  for  the  moments  gives 


Mab  =  M 


i-l      ' 


2     (n+s+3) 


(161) 


For  equihbrium  the  horizontal  reactions  at  C  and  D  must  be  equal 
and  opposite.  Therefore,  Mad=—Mbc-  Combining  equations  160 
and  161  gives 

If  the  bent  is  symmetrical  about  a  vertical  center  Une  n  =  s.  Equa- 
tions 161  and  162  then  reduce  to  the  form 

^-=4i-|(2;^)] •  ■   ■  (i«3) 

-l-(^)   ■  ■  • im 


Mad=-Mbc        ^    ^     ^ 


If  n  =  s  =  l 

Mab=  -^M (165) 

Mad=-Mbc=j^M (166) 

29.  Two-legged  Rectangular  Bent.  External  Moment  at  One  Cor- 
ner— Legs  Fixed  at  the  Bases.  —  Fig.  32  represents  a  two-legged  rec- 
tangular bent  having  legs  fixed  at  the  bases.  An  external  couple  whose 
moment  is  represented  by  M  is  applied  at  A. 

Appl^dng  the  equations  of  Table  1  to  this  bent  gives  six  equations 
which  are  identical  with  the  first  six  equations  of  section  23.  For 
equilibrium  of  the  entire  bent, 

-Mab+Mva+Mbc+Mcb^-M (167) 

Also, 

Mab+Mad  =  M         (168) 

Mba+Mbc  =  0 (169) 
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Solving  these  equations  for  the  moments  gives 

M 

M4B=-^(llns+2s2+2s+2n)+M (170) 

MBc=-^(10s+n) (171) 


McB=-^(8s-n+3)    . 
Mba  =  ^  i7ns  -  2s2  -  2s+n) 


(172) 
(173) 


'r-'^ 


Figure  32 


M 


Mad  =  -r-  (llws+2s2+2s+2n) 


(174) 


in  which 

Ao  =  22sw+2(s2+s+n2+n)+6(sn2+s2n) 

If  the  bent  is  symmetrical  about  a  vertical  center  line  n  =  s.     Equa- 
tions 170,  171,  172,  173,  and  174  then  take  the  form 


--=f[^+^2-6iqn] 


M     — -^r    ^  6n 

^''~T|_nT2~'6n+ 


Mr 


M[ 


Mr  1 


2  Ln+2  '  6n+ 


■J 


(175) 
(176) 
(177) 
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«''^-%[^2-dF?[ •  •  •  (^'*' 

^-=f  [i-;iT2+6-;iTi] ^'''^ 

li  n  =  s  =  \,  equations  170,  171,  172,  173,  and  174  take  the  form 
Mab  =  ^M (180) 

Msc=-^^M (181) 

McB=-^M (182) 

MoA  =  ^^M (183) 

Mj,j,  =  ^M (184) 

30.  Two-legged  Rectangular  Bent.  Settlement  of  Foundations — 
Legs  Hinged  at  the  Bases. — Fig.  33  represents  a  two-legged  rectangular 
bent.  The  legs  of  the  bent  are  hinged  at  D  and  C.  The  unstrained 
position  of  the  bent  is  represented  by  the  broken  line  DA'B'C  Due 
to  settlement  of  the  foundations  the  point  C  has  moved  to  C.  The 
motion  of  C  can  be  considered  as  made  up  of  two  parts,  as  follows: 
first,  without  being  strained  the  bent  rotates  about  D  until  C  is  at 
C",  a  point  on  CD;  secondly,  the  bent  is  strained  by  applying  a  force 
at  C"  acting  along  DC  which  moves  C"  to  C;  that  is,  no  matter  what 
motion  of  C  relative  to  D  takes  place,  the  stress  in  the  bent  depends 
only  upon  the  change  in  the  distance  of  C  from  D. 

The  change  in  the  distance  from  D  to  C  is  represented  by  d.  d  is 
made  up  of  two  parts,  di  due  to  the  deflection  of  AD,  and  ^2  due  to 
the  deflection  of  BC. 

Applying  the  equations  of  Table  1  gives 

FK 
Mab  =  -  —(SdA-SRi) (185) 

'MAB  =  2EK{2dj,+  dB) (186) 
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MBc=-'2.EK{2dB+eA) (187) 

(188) 

Mab-Mbc  =  ^      .      .      . (189) 


Mbc=— (3^.-3720+-^^  I- 

s  s       h 


o^ U^l 

7- 

Figure  33 
Solving  these  equations  for  the  moments  gives 

^-=«-=4(;^Sw   ^'''^ 

If  the  bent  is  symmetrical  about  a  vertical  center  line  n  =  s,  and 

If  n  =  s  =  1 

Mab=Msc=  ^  j-^^ ^^^^^ 

d  in  equations  190,  191,  and  192  represents  the  increase  in   the 
distance  from  D  to  C. 
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31.  Two-legged  Rectaiigular  Bent.  Settlement  of  Foundations — 
Legs  Restrained  at  the  Bases. — Fig.  34  represents  a  two-legged  rectan- 
gular bent.  The  legs  of  the  bent  are  restrained  at  C  and  D.  The 
unstrained  position  of  the  bent  is  represented  by  the  broken  line 
DA'B'C.     Due  to" settlement  of  the  foundations  C  has  moved  to  C. 


Figure  34 


The  foundations,  moreover,  have  tipped  so  that  whereas  the  tangents 
to  the  neutral  axes  of  the  columns  at  the  bases  were  originally  vertical 
now  they  are  inclmed.  The  motion  of  the  bent  can  be  considered  as 
made  up  of  two  parts,  as  follows :  first,  without  being  strained  the  bent 
rotates  about  D  until  C  is  at  C",  a  point  on  DC.  At  the  same  time 
the  supports  rotate  so  that  the  tangents  to  the  neutral  axes  of  th3 
columns  at  the  bases  are  normal  to  DC.  These  motions  produce  no 
stress  in  the  bent;  secondly,  C"  moves  to  C,  the  support  D  rotates 
through  the  angle  Bd,  and  the  support  C  rotates  through  the  angle  dc] 
that  is,  no  matter  what  motion  of  C  relative  to  D  takes  place,  the  stress 
in  the  bent  depends  only  upon  the  change  in  the  distance  of  C  from  D 
and  upon  the  rotations  of  the  supports  at  D  and  C  relative  to  the  line  DC 
(not  relative  to  DC). 
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Applying  the  equations  of  Tabic  1  gives 
2EK 


MAn  = 


{2dA+eo-sh\] 


(193) 


MAH  =  2EK{'2eA+6B) (194) 

(195) 


MBc=-2EKi2dB+dA) 
2EK 


Mbc  = 


s 
2EK 


i2dB+dc-SR,) 


(196) 


Mc/i=   ^^^  (26'c+^B-37^o) (197) 

o 


2EK 


.    (198) 


For  the  columns  to  be  in  equilibrium 

Moa-Mab+Mbc+Mcb  =  0 (199) 

Combining  these  equations  and  solving  for  the  moments  gives 


M^B  =  ^^h  (6ns  +  2n  -  s)  -^  +  (9ns  +  8n  -  s)  dc 


Mbc-^ 


(6'ns  +  2n  —  7s  —  3s-)  dn 
2EK 


3  (6??.s-n+2s)  -p  +  (6/is  -  7n  +  2s  -  Sn')  dc 


Men  = 


-  (9ns  -n-^  8s)  On 
2EK 


(200) 


(201) 


A„ 


3(6»..s+5/;  +  2s+ 1 )  j-  +  (12/is  +  22n  +  4s+3+3u-)  dc 


-(9ns+7n+7s+3)^Dl 


(202) 


MnA=- 


2EK 


3(6/is  +  2n  +  5s+ 1 )  j-  +  (9/?.s  +  7n  +  7s+3)  Oc 


-  (12/is+4n+22s+3+3s-)  do 

in  which 

Ao  =  22ns + 2  (.s- + 6'  +  /;-  +  /;)  +  6  {nrs + s-n) 


(203) 
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If  the  bent  is  symmetrical  about  a  vertical  center  line  n  =  s.     Equa- 
tions 200,  201,  202,  and  203  then  take  the  form 


Mab  =  EK 


■J_      3  dc-Bn        Sidc+dn)- 

h    71+2  "^    '/z+2    "^     6n+l 


.   (204) 


Mbc  =  EK 


d       3     ,  dc-do     3(^c  +  0d) 


h    n+2  '     7i-\-2 


67i  + 


e,^ 


(205) 


McR=  EK 


d    3(n+l)         2n+3         _  3(gc+M 

/i    n(n+2)  ^  n(n+2)  ^  "^       ""^"^    Gn+1 


(206) 


MoA=-EK 

If  n  =  s  =  l 
EK 


Mab  = 


21 


r   (/  3(/?.+  l)  27t+3 

[  h   n(n+2)    ^  ■n(n+2) 


21—  +160c+2^D 


(6*0- ^d)- 


3(^c  +  ^d) 
6ii+l 


(207) 


(208) 


Mi 


Mc 


EK 

21 

EK 
21 


21-|— 20c-16^,,l 


42-^+44^c-26^fi 
h 


(209) 


(210) 


Mn.=   - 


EK 

21 


42A_j_260c-440j (211) 


In  all  these  equations  d  is  measured  from  a  line  normal  to  the 
line  CD. 

If  the  foundations  settle  without  tipping  it  is  more  convenient  to 
measure  6  from  a  line  normal  to  the  original  position  DC  It  is  then 
necessary  to  consider  the  vertical,  settlement  ds. 

Proceeding  as  before,  if  the  tangents  to  the  neutral  axes  of  the 
columns  at  their  bases  remain  vertical,   if  the  bases  are    separated 
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horizontally  by  an  amount  represented  by  d,  and  if  C  settles  vertically 
by  an  amount  represented  by  ds,  it  can  be  proved  that 

,^        2EKr^..      ,  „        .d      „,      ,.    ..    ,    ..d 


^h{Qns-{-2n-s)j-S{ns+2n-\-2s+s')j-]  ■  ■  (212) 
MBc  =  ^^r3(6ns-n+2s)|-  +  3(ns+2n+2s+s2)^l  .  .(213) 
McB  =  ^^r3(6ws+5n+2s  +  l)y-3(ns+5n-s+7i2)^j    .  (214) 

Mda  =  -^§^["3  (6ns+  2?i+5s+  1)  4  +  3  {ns-n-\-5s-\-s^)^  1    (215) 

If  the  bent  is  symmetrical  about  a  vertical  center  line,  n  =  s.    Equa- 
tions 212,  213,  214,  and  215  then  reduce  to  the  form 

^-=^^[l^-t6;nri]  ■  ■  ■ (216) 

^-=^^[t  ;iT2+t^i] (2i^> 

M..=  -Eifr^i|4i)+f^] (219) 

|_  h  n(n+2)      I    6n+lJ 

If  w  =  s  =  1 
Mab  =  Ek\-j~-^-^'] (220) 

Msc  =  EK[-J+-^^^ (221) 


Mcb  =  Ek]^^-  ^  Aj (222) 

Mda=-Ek\'^ -\-j^l^ (223) 
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VII.     Two-legged  Rectangular  Bent.     One  Leg   Longer   than 

THE  Other 

32.  Two-legged  Rectangular  Bent.  One  Leg  Longer  than  the 
Other.  Concentrated  Horizontal  Load  at  Top  of  Bent — Legs  Hinged  at 
the  Bases. — Fig.  35  represents  a  two-legged  rectangular  bent  having 
one  leg  longer  than  the  other.  The  legs  are  hinged  at  C  and  D.  Let 
q  equal  the  ratio  of  the  length  AD  to  the  length  BC. 

The  horizontal  deflections  of  A  and  B  are  equal  and  are  represented 

by  d.     Rad  is -t- and  Rbc  is -7-3-     If  Rad  is  represented  by  R,  RBc  =  q  R. 


i^ 


{■^ 


h     n 


9 


n 


o 


£_i 


Figure  36 
Applying  the  equations  of  Table  1  gives 

MAB  =  2EK{2dA+dB) (224) 

(225) 


EK 

n 


MBA  =  2EK{2dB-\-dA) (226) 

EK.^.      "     -^  (227) 

(228) 


MBc  =  ^^^^(2dB~^qR) 

s 

MAD-\-qMBc+Ph  =  0 
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Substituting  the  value  of  6b  from  equation  224  in  equation  226 
and  substituting  —Mbc  for  Mba  gives 


^a=q^(Mbc+2Mab) 


(229) 


Substituting  the  value  of  R  from  equation  225  and  the  value  of 
6b  from  equation  224  in  equation  227  and  substituting  —Mab  for 
Mad  gives 

^-  =  2M(l+%)[^^''(^-2««)-2sif.c] (230) 

Equating  the  right-hand  members  of  equations  229  and  230  gives 

MBc{2  +  q-\-2s)+MAB{l+'inq+2q)=0 (231) 

Substituting  —Mab  for  Mad  in  equation  228  and  eliminating  Mab 
from  equations  228  and  231  gives 

2ng+2g+l  1 


MBc=-Ph^ 


lq{2nq+2q+\)  +  {2s+2+q) 

^     ^pA 28+2+g 1 

Mab     ^^[q(^2nq+2q+l)  +  {2s+2+q)\ 


(232) 
(233) 


/  K 


u     D 


i=K 


i_K 

<7 


£j 


Figure  36 

33.     Two-legged  Rectangular  Bent.     One  Leg  Longer  than  the  Other. 
Concentrated  Horizontal  Load  at  Top  of  Bent — Legs  Fixed  at  the  Bases. — 
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Fig.  36  represents  a  two-legged  rectangular  bent  having  one  leg  longer 
than  the  other.     The  legs  are  fixed  at  C  and  D . 

The  horizontal  deflections  of  A  and  B  are  equal  and  are  represented 

.    d  .    d 

bj''  d.     Rad  is  -J-  and  Rbc  is  -r  q.    If  Rad  is  represented  by  R,  RBc  =  qR 

Applying  the  equations  of  Table  1  gives 

MAB  =  2EKi2eA+dB) (234) 

MAD  =  ^'^^(2dA-3R) (235) 

n 

MDA  =  ^idA-m (236) 

MBA  =  2EK{2eB+dA) (237) 

MBc  =  ^^(2dB-SqR) (238) 

McB  =  ^-^{dB-3qR) • (239) 

MAD+MBA-{-qMBc+qMcB+Ph  =  0 (240) 

Mab+Mad  =  0 (241) 

Mba+Mbc  =  0 (242) 

Substituting  the  values  of  Mab   and   Mad   from  equations  234 
and  235  in  equation  241  gives 

<^)(l+»)+<^)  =  3 (243) 

Substituting  the  values  of  Mba  and  Mbc  from  equations  237  and 
238  in  equation  242  gives 

<l)  +  <^)(-^-  +  "  =  3« (244) 

Substituting  the  values  for  the  moments  in  equation  240  gives 

<l^)+"K^O=^^^+"«^'-iw (^^) 
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Solving  equation  243  for  -5-  gives 


Ob       3        2( 


R       n         R 


l+n 


(246) 


Substituting  the  value  of  ^-  from  equation  246  in  equation  244 

It 


gives 

Oa  _3{2s-{-2-nq) 


R       3ns+4n+4s+4 


(247) 


Substituting  the  value  of  -5-  from  equation  247  in  equation  246 


gives 

Ob  _   3{2nq-\-2q-s) 


R     3ns+4n+4s+4 


(248) 


Substituting  the  values  of  ^5-and-^^  from  equations  247  and  248 

R  R 

in  equation  245  and  solving  for  —  and  letting  Ao  represent 

2(3ns^  +  4ns  +  s^  +  s  +  dnsq  +  ^n-sq'^  +  rfq^  +  nq-  +  4ns5^) 

±  ==  i^  f ^o  \  (249) 

R         nsPh  V  3?is+4n+4s+4y ^     ^ 

Substituting  the  value  of  -^  from  equation  249  in  equations  247 


and  248  gives 

^nsPh  3(2g  +  2-ng) 
""'  QEK  Ao 

_nsPh  2(2nq-^2q  —  s) 


(250) 
(251) 


Substituting  the  values  of  6 a  and  Ob  from  equations  250  and  251 
In  equations  234  and  237  gives 

M^,  =  JllPh(t+±tM (252) 


Mba  = 
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A„ 


75 

(253) 


Substituting  the  values  of  Oa  and  R  in  equations  236  and  239  gives 

s  Ph(3sn+in-^qn+2s+2) 


Mda=-- 


Mr 


n  Ph{3nsq-\-4:sq-\-2nq-{-s-{-2q) 

a: 


(254) 


(255) 


34.  Two-legged  Rectangular  Bent.  One  Leg  Longer  than  the  Other. 
Any  Horizontal  Load  on  Vertical  Leg — Legs  Hinged  at  the  Bases. — 
Fig.  37  represents  a  two-legged  bent  having  one  leg  longer  than  the 
other.  P  represents  the  resultant  of  any  system  of  horizontal  forces 
applied  to  the  leg  AD.     The  legs  of  the  bent  are  hinged  at  D  and  C. 


A 

/ -. 

B 

P  . 

I  K 
h~n 

I    K 

h.~~ 

i 

h 
q 

C 

y- — 1 

h 

Figure  37 
Applying^the  equations  of  Table  1  gives 

nMAB=-EK{ddA-SR)-nHAD •.    (256) 

MAB  =  2EK{2dA+eB) (257) 

MBc=-2EKi2dB+dA)  . (258) 

sMBc  =  EK{deB-^qR)         (259) 

The  forces  acting  on  the  members  AD  and  BC  are  shown  in  Fig.  38. 
Md  represents  the  moment  of  P  about  D. 
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A/. 


B 


Dk^Idf 


<X 


C  \      H 

r 


Figure  38 


Equating  to  zero  the  moment  of  the  external  forces  and  reactions, 
about  the  point  D,  gives 

h 


Mn-MAB+MBc+Hi  —  -h\  =  0 

Equating  to  zero  the  moments  about  the  point  B  gives 

Mbc+H  —  =  0 
Q 

Combining  these  equations  gives 

MAB-qMBc  =  MD 

Combining  equations  255  to  259  as  follows 


(260) 


_1 

3   (L 


2(256) -3(258) -4(259) 
2(259)1  [1+29 


2+g]- [4(256) +3(      2 


(the  numerals  in  the  parentheses  are  the  equation  numbers)  gives 

MAB{2qn+2qi-l)-\-MBc{2si-2-\-2)  =  -22nHAD  .      .       .      .     (261) 
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Substituting  the  value  of  Mbc  from  equation  260  in  equation  261 


gives 


Mar  =  -^ 


1    MD(2s+2-\-q)-2q''n  Had 


2  q'n+s+l+q+q'  

Substituting  the  value  of  Mab  in  equation  261  gives 


Mbc= — ^ 


1     Mn(2qn+2q+l)+2qnHAD 


2  q'^n-{-s-\-l-i-q-{-q^ 

If  n  =  s,  equations  262  and  263  take  the  form 


M.B=   — 


1    Mn(2n+2-{-q)-2q'n  Had 


Mbc=-^ 


qhi-\-n^l-\-q-\-(f 
1    Mj,{2qn+2q-\-l)+2qnHAD 


2  q^n-\-n-\-l+q-{-(f 

If  n  =  s  =  1,  equations  262  and  263  take  the  form 


M.B  =  — 


1    Mn{4.+q)-2q^HAD 


Mbc= ^ 


2+g+2g2 
1    Mj,{l+4:q)+2qHAD 


(262) 

(263) 

(264) 
(265) 

(266) 
(267) 


2  2+g+2g2  '      " 

Values  of  Had  for  different  systems  of  loadings  to  be  used   in 
equations  262  to  267  are  given  in  Table  2. 

1 


L^ 


UK 
I 


l_K 

h~n 


l_K 
9 


C     '' 


Figure  39 
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35.  Two-legged  Rectangular  Bent.  One  Leg  Longer  than  the  Other. 
Any  Horizontal  Load  on  Vertical  Leg — Legs  Fixed  at  the  Bases. — Fig.  39 
represents  a  two-legged  bent  having  legs  of  unequal  length.  P  repre- 
sents the  resultant  of  any  system  of  horizontal  forces  applied  to  the  leg 
AD.     The  legs  of  the  bent  are  fixed  at  D  and  C. 

Applying  the  equations  of  Table  1  gives 

nMAB=-2EK{2dA-?>R)-nCAn (268) 

MAB  =  2EK{2dA+eB) (269) 

MBc=-2EK(2dB+dA)  .      . (270) 

sMBc  =  2EK{2dB-^qR) (271) 

sMcB  =  2EK(dB-^qR) .  (272) 

nMDA  =  2EK{dA-^R)-nCnA    .      .      •      • (273) 

The  forces  acting  on  the  members  AD  and  BC  are  shown  in  Fig.  40. 


r> 


Mm 


A/bc 


P-H 


Mda 


H 


Figure  40 


=  0 


Md  represents  the  moment  of  P  about  D.     Equating  to  zero  the 
moment  of  the  external  forces  and  reactions  about  the  point  D  gives 

Mj,-MAB+MBC-McD  +  MnA+Hf- — h\ 

Also 

Mbc-Mcd+H  —  =  0 
Q 
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Combining  these  equations  gives 

MDA-MAB+qMuc-qMcD=-Mu (274) 

Combining    the   equations   as   indicated   gives  the   equations   of 
Table  9. 

Solving  these  equations  simultaneously  gives 

M^b  =  ^\{Md-Cua)  s  (3s+4+2g)-C4i)(6g2ns+3s2+4s+gs 

+2g2n)l  (278) 

M Bc=  -^kMn-CuA)  s  {?>qn^2  +  4.q)  +  CAD{2>qns-  2s  -  2qs 

-q'n)\. (279) 

McB=  -  ^■l{MD-CDA)iSqns-\-s+4qs-\-2qn+2q)  +  CAD(Sqns-s 

-2qs+2qn+q''n- q)i  (280) 

MnA^-^}{MD-CDA)  s  (3ns+4n+gn+2s+2)+eADn(3s2+ 
isa-\-q+q')+q')l-CDA (281) 

Ao  =  2  -<|ns(4+3g'+4g2)  +  (s^+6-)+g^(n^+r?')+3(g-sn^+s^n)V-for  equa- 
tions 278  to  281  inclusive. 

If  n  =  s,  equations  278  to  281  take  the  form 

M^b  =  ^'-<J(Mz)-Cca)  (3n+4+2g)-C^z>(6g2n  +  3n  +  4  +  g  +  2q^)l 
(282) 

MBc=-|-'{(Mi,-C,,^)(3gn+2+4g)+CAD(3gn-2-2g-g2)|(283) 

McB=-^|(Mc-(7z)A)(3gn2+n+6gn+2g)+CAD(3gn2-n+g2n 
-q)} (284) 
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MnA=  -'^[{Mi.-CnA)   (3n2+6n+g^+2)+(7^z)[3w2+4n  (l+g 
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+(f)  +  <f]  ]-Ci 


(285) 


^o  =  2nhv?{l+<f)-^n{b+^q  +  bq^)  +  l  +  q^\  for  equations  282  to 
285  inclusive. 

If  n  =  s=l,  equations  282  to  285  take  the  form 

MAn  =  \[{Mn-Cj,A)  (7+2g)-C^z)(8g2+g  +  7)|    .      .      .  (286) 

MBc=-^^[{Mn-CDA)   {lq+2)  +  CAD{q-2-q^)]          .      .  (287) 

McB=-l{{Mn-Cj,A)  (llg+l)+C^/>(2g-l+g')}     .     .  ^(288) 

=  -^{(Mo-Ci^a)   in+q)+CADi7+^+5q')\-CnA  (289) 


Mr 


Ao  =  6(3+g+3g2)  for  equations  286  to  289  inclusive. 
Values  of  Cad  and  Cda  are"given  in  Table  2. 
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Figure  41 


36.  Two-legged  Rectangular  Bent.  One  Leg  Longer  than  the 
Other.  Any  System  of  Vertical  Loads  on  Top  of  Bent — Legs  Hinged  at 
the  Bases. — Fig.  41  represents'a  two-legged  bent  having  one  leg  longer 
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than  the  other.     P  represents  the  resultant  of  any  system  of  vertical 
loads  applied  to  AB.     The  legs  of  the  bent  are  hinged  at  C  and  D. 
Applying  the  equations  of  Table  1  gives 

71  MAB=-EKi3eA-3R) (290) 

MAB  =  2EK{2dA-^eB)-CAB (291) 

MBc=-2EKi2dB-hdA)-CBA (292) 

sMBc  =  EK(ddB-SqR) (293) 

Since  the  sum  of  the  shears  in  the  two  legs  equals  zero, 

-MAB+qMBc  =  0 (294) 

Combining  equations  290  to  293  as  follows 


\2+q 
I    3    J 


2(290) -3(292) -4(293) 


+ 


l+2g- 


4(290) +3(291)-2(293) 


(the  numerals  in  the  parentheses  are  the  equation  numbers)  gives 
MAB(2qn+2q+l)+MBc{2s+2-^q)  = 

-[CBA(2+q)  +  CABil  +  2q)] (295) 

Substituting  Mbc  from  equation  295  in  equation  294  gives 

^  q'CBA{2+q)  +  CABa+2q) 

^^^-~2        q^n+s+1+q+f  ^^^^^ 

Substituting  Mab  from  equation  296  in  equation  294  gives 

1  CBA{2+q)  +  CAB{l+2q) 

F 
If  the  load  is  symmetrical  about  the  center  of  AB,Cba  =  Cab=  -r 

and  equations  296  and  297  take  the  form 

MAB=--^q^    ,    I  ^./"i^,    I    2        ........     (298) 

Mbc=-\^    ,    ,    Vti    ,    ,         (299) 

2  I      q^n-\-s-\-\-\-q-\-q^ 

F 
Values  of  C^B,  Cba,  and -pare  given  in  Tables  2  and  3. 
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37.  Two-legged  Rectangular  Bent.  One  Leg  Longer  than  the  Other. 
Any  System  of  Vertical  Loads  on  Top  of  Bent — Legs  Fixed  at  the  Bases. — 
Fig.  42  represents  a  two-legged  bent  having  legs  of  unequal  length. 
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Figure  42 

P  represents  the  resultant  of  any  system  of  vertical   loads  on  AB, 
The  legs  are  j&xed  at  D  and  C. 

Applying  the  equations  of  Table  1  gives 

nMAB^-2EK{2dA-SR) (300) 

MAB  =  2EK{2dA-\-eB)-CAB (301) 

MBc=-2EK{2dB+dA)-CBA    .      .■   .      .      .      .      .      .      .  (302) 

sMBc  =  2EK{2dB-3qR) (303) 

sMcB  =  2EK(dB-SqR) (304) 

nMDA  =  2EK(dA-SR) (305) 

Since  the  sum  of  the  shears  in  the  two  legs  equals  zero, 

-MAB+qMBc+qMcB+MDA  =  0  (306) 

Combining  equations  300  to  306  as  indicated   gives  the  equations 
of  Table  10. 
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Solving  these  equations  simultaneously  gives 
Mab=-^}  CBA[2qnsi3+2q)+s']  +  CAB[qnsiS+Sq) 

+2s2+2s+2g2ri]  I (310) 

Mbc=-  -^  -j  CBA[ns(8+3g)H-2gW+2g2n+2s] 

+CAB[2ns(2+3g)+gV]l •     •     •      (311) 

McB=-  -^-i  CBA[n5(4+3g)-2gV-2g2ri+s] 

+(7AB[2ns(l+3g)-gV+3gw]l (312) 

MnA=^i  CBA[2qns(3-{-q) -s'-^Sqs] 

+CAB[qns{3-\-4:q)-2s'-2s+q''n]i (313) 

in  which  A<,  =  2[ns(4+3g+4g2)+g2n(3ns+n+l)+s(3ws+s+l)] 

F 

If  the  load  is  symmetrical  about  the  center  of  A  B,  Cba  =  Cab  =  -j-^ 

and  equations  310  to  313  take  the  form 

Mab=-^-Y    [3gns(3+4g)+3s2+2s+2g2n]  .      .      .      .     (314) 

Mbc=-  -^  ^    [3ns(4+3g)+3g2n2+2g2n+2s]       .      .      .     (315) 

McB=-  -^  -^    [3ns(2+3g)-3g2n2+gn(3-2g)+s]      .      .    (316) 

Mi,A=-^^  [3gns(3+2g)-3s2+s(3g-2)+g2n]      .      .      .    (317) 
If  n  =  s  equations  310  to  313  take  the  form 
Mab=--^}  CBAn(l+6g+4g2)+(7AB[n(2+3g+8g2) 

+2+2g2]  I (318) 
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Mbc=-  ^i  Cba  [n(8  +  3g  +  2q')  +  2  +  2q'] 

+C^Bn(4+6g+g2)  I (319) 

McB=-  ^-l  Cba  [n(4  +  3g  -  2q')  +  1  -  2q^ 

+C^B[n(2+6g-g2)+3g]l (320) 

MnA=^-\  Cba  [n{-l  +  Qq  +  2q')  +  3g] 

+  C^BK-2+3g+4g2)-2+g2]l (321) 

in  which  A<,  =  2n[3n2(l+g2)+n(5+3g+5g2)  +  (H-g2)] 

F 

If  n  =  s  and  Cb4  =  Cab=  -y-  equations  310  to  313  take  the  form 

M^B=-^-y-  [3n(l+3g+4g2)+2+2g'^] (322) 

n       F 

Mbc=-  -^  -y-    [3n(4+3g+g2)+2+2g2] (323) 

7)        F 

McB=--^  -y  [3n(2+3g-g2)  +  l+3g-2g2]      ....    (324) 

Mba=  ^  "T    [3^(-l+3g+2g2)-2+3g+g2]        .      .       .    (325) 

F 

Values  of  Cba,  Cab,  and— t- are  given  in  Tables  2  and  3. 

38.  Two-legged  Rectangular  Bent.  One  Leg  Longer  than  the 
Other.  External  Moment  at  One  Corner — Legs  Hinged  at  the  Bases. — ■ 
Fig.  43  represents  a  two-legged  rectangular  bent  having  one  leg  longer 
than  the  other.  An  external  couple  with  moment  M  is  appliai  at  A. 
The  legs  are  hinged  at  D  and  C. 

Applying  the  equations  of  Table  1  gives 

MAB=-—i^dA-^R)+M (326) 

MAB  =  2EK{2dA+dB) (327) 
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Figure  43 


MBc=-2EK{2dB+eA) 
EK 


(328) 


Bc- {3dB-3qR) "...     (329) 


Mrc  = 


MAD+qMBc  =  0 
M-MAB+qMBc  =  0 
MAB-qMBc=M 


(330) 


Combining  these  equations  and  solving  for  the   moments  gives 
J^.,=  f  4£+2±2±2^ (331) 


Mad  = 


Mnc=  - 


M  q(l+2q) 

2   g^n+s+l+g+g^ 

M  l+2q 


2    q^n+s+l+q+q^ 


(332) 
(333) 


39.  Two-legged  Rectangular  Bent.  One  Leg  Longer  than  the 
Other.  External  Moment  at  One  Corner — Legs  Fixed  at  the  Bases. — 
Fig.  44  represents  a  two-legged  rectangular  bent  having  one  leg  longer 
than  the  other.  An  external  couple  with  moment  M  is  applied  at  A. 
The  legs  are  fixed  at  C  and  D. 


88 


ILLINOIS   ENGINEERING   EXPERIMENT   STATION 


^^ 


h     n 


UK 
I 


±_K 

h    s 
Q 


Figure  44 

Applying  the  equations  of  Table  1  gives 
2EK 


Mab=- 


{2dA-^R)i-M (334) 


Mab=  2EK(2dA-\-eB) 
MBc=-2EK{2dB+dA) 

MBc=^^{2dB-SqR) 


McB=  ^^(dB-3qR) 


For  AD  and  BC  to  be  in  equilibrium 

MDA-MAB+qMBc+qMcB=-M 

Combining  these  equations  and  solving   for  the  moments 

Mr) 

Mab=-\--^  {Qs''+8s+3qs+Qq'ns+2q''n) 

Mv 
MBc=---r^(4s+6gs+g2n) 

McB=-^i2s-\-Qqs-\-3q-q'n) 


(335) 
(336) 

(337) 
(338) 
(339) 

(340) 
gives 

(341) 
(342) 
(343) 
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M 

Mda=  +  -r-  (Sqns-2s^-2s+4:q''ns+q'n) 

M 

Mad=-{-  -t-  (3gns+8g2ns+2s2+2s+2g2n) 


(344) 


in  which 

^^^2  rns(4+3g+4g")+s2+s+g'n(n+l)+3ns(g2n+s)  1 

40.  Two-legged  Rectangular  Bent.  One  Leg  Longer  than  the 
Other.  Settlement  of  Foundations— Legs  Hinged  at  the  Bases. — Fig.  45 
represents  a  two-legged  rectangular  bent  having  one  leg  longer  than 
the  other.  The  legs  of  the  bent  are  hinged  at  D  and  C.  The  unstrained 
position  of  the  bent  is  represented  by  the  broken  line  DA'B'C     Due 

-i- 


FlGURE  45 
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to  settlement  of  the  foundations  the  point  C  has  moved  to  C.  The 
motion  of  C  can  be  considered  as  made  up  of  two  parts,  as  follows: 
first,  without  being  strained  the  bent  rotates  about  D  until  C"  is  at  C", 
a  point  on  DC;  secondly,  the  bent  is  strained  by  applying  a  force  at 
C"  which  moves  C"  to  C  It  is  apparent  that  no  matter  what  motion 
of  C  relative  to  D  takes  place,  the  stress  in  the  bent  depends  only  upon 
the  change  in  the  distance  of  C  from  D. 

The  change  in  the  distance  from  Z)  to  C  is  proportional  to  d.  d  is 
made  up  of  two  parts,  di  due  to  the  deflection  of  AD,  and  d^  due  to 
the  deflection  of  BC. 

Applying  the  equations  of  Table  1  gives 

MAB=-'^^{^dA-^Ri) (345) 

n 

MAB  =  2EKi2dA+dB) (346) 

MBc=-2EKi2dB+dA) (347) 

MBc=^(30B-3gEi+-^) (348) 

For  the  columns  to  be  in  equilibrium 

MAB-qMBc  =  0 (349) 

Combining  these  equations  and  solving  for  the  moments  gives 

M,.^f   ,  Jf,^_^,        (350) 

«-c=4    .  _,1^,1  _^. (351) 

41.  Two-legged  Rectangular  Bent.  One  Leg  Longer  than  the  Other. 
Settlement  of  Foundations — Legs  Fixed  at  the  Bases. — Fig.  46  represents 
a  two-legged  rectangular  bent  having  one  leg  longer  than  the  other. 
The  legs  of  the  bent  are  fixed  at  D  and  C.  The  unstrained  position  of 
the  bent  is  represented  by  the  broken  line  DA  'B'C.  Due  to  settlement 
of  the  foundations  the  point  C  has  moved  to  C  and  the  tangents  to  the 
elastic  curves  of  the  legs  at  their  bases,  originally  vertical,  have  been 
rotated  to  the  positions  shown.  This  motion  may  be  considered  as 
made  up  of  three  parts,  as  follows:  first,  without  being  strained  the 
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bent  rotates  about  D  until  C  is  at  C",  a  point  on  DC]  secondly,  the  bent 
is  strained  by  appljdng  a  force  at  C"  which  moves  C"  to  C;  thirdly, 
couples  are  appUed  at  D  and  C,  still  further  straining  the  bent  so  that 
the  tangents  to  the  elastic  curves  at  the  bases  of  the  legs  make  angles 
of  6d  and  dc  respectively  with  Hnes  normal  to  DC.     It  is  apparent  that, 


Figure  46 


no  matter  what  motion  of  C  relative  to  D  takes  place,  the  stress  in  the 
bent  depends  only  upon  the  change  in  the  distance  from  C  to  D  and 
upon  the  angles  do  and  dc.   ' 

The  change  in  the  distance  from  D  to  C  is  proportional  to  d.  d  is 
made  up  of  two  parts,  f/i  due  to  the  deflection  of  AD,  and  ^2  due  to  the 
deflection  of  BC. 
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Applying  the  equations  of  Table  1  gives 

MAB=-^^^(2dA-hdn-SRi)        •■ (352) 

n 

MAB  =  2EKi2dA  +  dB) .     (353) 

MBc=-2EK{2dB+dA) (354) 

MBc  =  ^^^^(2dB+dc-SR2) ■     .     .      .      .     (355) 

McB  =  ^^{2ec-{-dB-SR2) (356) 

MnA  =  '^i2dn+dA-3Ri) .     (357) 

For  the  legs  of  the  bent  to  be  in  equilibrium 

MDA-MAB+qMBc-\-qMcB  =  0 .     (358) 

Combining  these  equations  and  solving  for  the  moments  gives 
2EK  i^qd 


Mab=    ^ 


-hj-   [Qq7is+2qn-s]+  ec[9q7is+2qn{S+q)  ~  s] 
-en[Qq''ns+2q''n-s{4:+Sq)-3s']l (359) 


Mbc  =  ^^-|3^  [Qns-qn-{-2s]  -\-dc[Qns  -  q7i{3-{-4:q) -j-2s-3qHi^] 
-0i)[9gns-g2n+2s(l+3g)]l  (360) 

^cB  =  ^^h^   [6ns+w(4+5)+2s+l]  +  dc  [  12?is  +  2w (6  +  3g 

+2g2)+4s+3gV-f3]  -do  [Qqns+qn(Q+q)  +s(H-6g)+3g]  I 
(361) 


2EKi^qd 


DA= A~']^T    [6gns+25n4-s(l+4g)+g]  -\-6c[^qns-\-qn  (6+g) 


+s(H-6g)  +3g]  -  Sn  [I2cfns+^(fn+2s  (2+3g+6g2)  +3s2+3g' 
■    .      .      .      .      (362) 
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in  which 

Ao=2  [ns(4+3g+4^')+g'n(3ns+w+l)+s(3ns+s+l)] 

It  is  to  be  noted  that  dc  and  do  are  measured,  not  from  the  original 
direction  of  ^D  and  BC,  but  from  a  hne  normal  to  AB. 

If  the  tangents  to  the  elastic  curves  of  the  legs  at  their  bases  remain 
vertical  the  moments  can  be  expressed  in  terms  of  the  vertical  settle- 
ment of  C  relative  to  D.  The  6  's  are  then  measured  from  the  original 
direction  of  AD  and  BC  and  equal  zero.  The  displacement  d  is  meas- 
ured in  a  horizontal  direction.  Proceeding  as  before  the  moments  are 
found  to  be  as  follows : 


M^B  =  ^-|^  [Qqns+2qn-s]  -  ^^^^  [q^ns{lS-^q) 


+2gn(2+6g+92)_^2s(9+g-g2)+s2(13-4g)]l   .      .      .      (363) 

+  2qn  (l+5g+3g2)  +  2s  i5+Qq-2q'')+q^n'(4:+  5q)]i .      .      (364) 

McB  =  ^-^^  [6ns+n(4+g)+2s+l]-  j^^^^   [ns(4  +  5g) 
+n(8+  16g+  15g2+6g3)-s(3+10g-4g2)-{-gV(4+5g) 
-2{l-2q+q^)]l .      ,     .      (365) 

Mda= ^•|-|-[6gns+2g?2+s(l+4g)+g]-     .^     ^  .  y  [g'ns 

(13-4g)-gn(4+2g+3g2)+s(18+15g+20g2-8g'^)  +  s2(13-4g) 
+2g(l-2g+g2)]l (366) 
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VIII.     Two-legged    Trapezoidal    Bents.     Bents    and    Loading 
Symmetrical  about  Vertical  Center  Line 

42.  Two-legged  Trapezoidal  Bent.  Bent  and  Load  Symmetrical 
about  Vertical  Center  Line.  Vertical  Load  on  Top — Legs  Hinged  at 
the  Bases. — Fig.  47  represents  a  two-legged  trapezoidal  bent.     The 


-i — 1 » 


UK 


Figure  47 

bent  and  the  load  are  symmetrical  about  a  vertical  center  line.  The 
legs  are  hinged  at  C  and  D. 

From  symmetry  dA=  —  ds-  Since  the  deformation  due  to  shearing 
and  axial  stresses  may  be  neglected,  the  points  A  and  B  do  not  move, 
and  R  is  zero  for  all  members.  By  applying  the  equations  of  Table  1 
five  equations  are  obtained  which  are  identical  with  equations  128  to 
132  of  section  26;  hence  it  is  seen  that  the  moments  in  the  members  of 
this  frame  are  independent  of  the  angle  of  inclination  of  the  legs,  and 
this  is  true  of  any  trapezoidal  frame  in  which  loading  and  frame  are 
symmetrical  about  a  vertical  center  line.  The  direct  stress  does  vary 
with  the  angle  of  inclination,  and  may  be  found  from  the  equations  of 
statics  when  the  moments  are  known. 

The  moments  as  found  in  section  26  when  applied  to  this  case  in 
which  bent  and  loading  are  symmetrical  about  a  vertical  center  line  are 

M..=  -M„c  =  (3:^)f (367) 

If  n  =  l 


5   t 


(368) 
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Values  of  j-  are  given  in  Table  3. 

43.  Two-legged  Trapezoidal  Bent.  Bent  and  Load  Symmetrical 
about  Vertical  Center  Line.  Vertical  Load  on  Top — Legs  Fixed  at  the 
Bases. — Fig.  48  represents  a  two-legged  trapezoidal  bent.     The  bent 


-» — / *- 


I 


Figure  48 

and  loads  are  symmetrical  about  a  vertical  center  line.  The  legs  are 
fixed  at  C  and  D.  From  the  preceding  paragraph  it  is  seen  that  equa- 
tions 158  and  159  of  section  27  apply  to  this  case. 

M..=  -M.c  =  (^2)-f. (369) 

Ifn  =  l 

M^x>=-Mbc— 1^ (371) 

MnA=-McB  =  ^^ (372) 

F 

Values  of -T- for  different  loads  are  given  in  Table  3. 

44.  Two-legged  Trapezoidal  Bent.  Bent  and  Loads  Symmetrical 
about  Vertical  Center  Line.  Loads  Normal  to  Legs  of  Bent — Legs  Hinged 
at  the  Bases. — Fig.  49  represents  a  trapezoidal  bent  having  loads  normal 
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Figure  49 

to  the  sides  AD  and  BC.  The  bent  and  the  loads  are  symmetrical 
about  a  vertical  center  line.  P  represents  the  resultant  of  the  loads 
on  AD,  and  Hkewise  on  BC.  The  legs  are  hinged  at  D  and  C.  As  in 
sections  42  and  43  the  moments  are  independent  of  tha  angle  of  inclina- 
tion of  the  legs.     Hence  equation  107  of  section  24  applies. 


If  n  =  l 


Mad  =  -=—Had 
0 


(373) 


(374) 


Values  of  Had  are  given  in  Table  2. 


45.  Two-legged  Trapezoidal  Bent.  Bent  and  Loads  Symmetrical 
about  Vertical  Center  Line.  Loads  Normal  to  Legs  of  Bent — Lejgs  Fixed 
at  the  Bases. — Fig.  50  represents  a  trapezoidal  bent  with  loads  and 
members  similar  to  those  of  Fig.  49,  except  that  the  legs  are  fixed 
at  D  and  C.     Equations  126  and  127  of  section  25  apply  here. 


Figure  50 
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Cad      ........      .    (375) 

Cad 


Mad=-Mi 


\n+y 


Mda=-Mcb=- 

Mad=-Mbc=\ 
MnA=-McB=- 


fe  +  '^-) 


Cj 


(  -q"  Cad-\-Cda  1 


(376) 

(377) 
(378) 


Values  of  C  are  given  in  Table  2. 

46.  Two-legged  Trapezoidal  Bent.  Bent  and  Loads  Symmetrical 
about  Vertical  Center  Line.  External  Moments  at  Upper  Corners  of 
Bent — Legs  Hinged  at  the  Bases. — Fig.  51  represents  a  two-legged  trape- 


Figure  51 

zoidal  bent  having  couples  acting  at  A  and  B.  The  bent  and  the 
couples  are  symmetrical  about  a  vertical  center  line.  The  legs  are 
hinged  at  C  and  D. 

As  in  sections  42  and  43  because  of  the  symmetry  of  loads  and 
bent,  the  moments  are  independent  of  the  angle  of  inclination  of  the 
legs.  Equations  163  and  164  of  section  28  are  modified  to  apply 
here  by  the  algebraic  addition  of  moments  due  to  the  two  couples. 


Mad  = 


f  SM  \ 
\2n+3) 


, ,         /  2nM  \ 
^^^  =  {2^3) 


(379) 
(380) 
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If  n=l 


(381) 
(382) 


47.  Two-legged  Trapezoidal  Bent.  Bent  and  Loads  Symmetrical 
about  Vertical  Center  Line.  External  Moments  at  Upper  Corners  of 
Bent — Legs  Fixed  at  the  Bases. — Fig.  52  represents  a  two-legged  trape- 


FlGURE    52 

zoidal  bent  having  couples  acting  at  A  and  B.  The  bent  and  the 
couples  are  symmetrical  about  a  vertical  center  hne.  The  legs  are 
fixed  at  C  and  D. 

Since  from  symmetry  of  bent  and  loading,  the  moments  are  inde- 
pendent of  the  angle  of  inclination  of  the  legs,  equations  175  to  179  of 
section  29  apply  here. 


Mad=-Mbc  = 

Mab=-Mba  = 

Mda=-Mcb  = 
Ifn  =  l 


2M 

n+2 

nM 
n+2 

M 
n+2 


Mad=-Mbc  =  y^ 
Mab=-Mba  =  j-^ 

MnA=-McB  =  ^M 


(383) 

(384) 
(385) 

(386) 
(387) 
(388) 
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IX.     Rectangular  Frames 

48.     Rectangular  Frame.     Horizontal  Force  at   the  Top.— Fig.  53 
represents  a  rectangular  frame  having  a  horizontal  force  P  applied  at 


-t                      '                   * 

P       s, 

A                                      B 
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D 

1=E                   LJi 

h     n                                 h     s 
I    K 

T-7 

c 

i 

i.                                 i 

i. 

Figure  53 


the  top.     The  value  of  R  for  members  AB  and  DC  is  zero,  and  R  for 
AD  equals  R  for  BC. 

Applying  equation  (A),  Table  1,  gives 

nMnA^2EKi2dD+dA-^R) (389) 

nMAB=-2EK{2dA-\-du-3R)        ........  (390) 

MAB^2EKi2dA+ds) (391) 

MBc=-2EK(2dB+dA) ■  .      .      .      .  (392) 

sMBc  =  2EK{2dB+dc-^R) (393) 

sMcD=-2EK(2dc+dB-SR)        ■ (394) 

vMcD  =  2EK{2dc+du)         (395) 

vMDA=-2EK{2en+dc) (396) 

Considering  AB  and  DC  removed  and  equating  the  sum  of  the 
moments  acting  at  the  tops  and  bottoms  of  AD  and  BC  to  zero  gives 

Mai>+Mda+Mbc+Mcb+P}i  =  ^ 


100  ILLINOIS    ENGINEERING    EXPERIMENT   STATION 

Substituting  —Mab  for  Mad  and  —Men  for  Mcb  gives 
-MAB+MBc-McD+MvA=-Ph (397) 

Combining  equations  389  to  397  as  indicated  in  Table  11  gives 
equations  397  to  400  of  Table  11. 

Solving  these  equations  simultaneously  and  letting  A  represent 
the  common  denominator  gives 

A  =  22(spn-i-sp-\-sn-{-np)-{-2(sp^-\-s^p-\-n^p-{-p'^n-{-s^-i-s-\-n^-\-n) 
-\-Q(sn^-\-s'^n-\-p^-{-p)  and 

MAB=^f  3s''n-\-5nps-{-2s^p+2sp^-]-6ns+6pn+5ps-\-3p''  ^    (401) 

Ph  /  \ 

Mbc=—    a   (  3n^s-\-5nps-\-2n^p-\-2np^-\-Qns-i-6ps-i-5pn-{-Sp^  J 

(402) 

McD  =  -T-  fsnh + Qnps + 5ns +6ps-\-5pn-h2n-\-3p  +  2rA    .    (403) 

Mda  =  -  -a-  (  3ns2 + Qnps + 5ns + 6pn + 5ps + 2s + 3p + 2s^  ^    (404) 

If  the  frame  is  symmetrical  about  the  vertical  center  line,  that  is, 
if  AB  and  BC,  Fig.  53,  have  the  same  section,  n  =  s,  and  equations  401 
to  404  take  the  form 

M.s=-M,c=-^^ COS) 

Mco=-Mr.A=-^^^ .    (406) 

in  which  /3  =  6n+p+l. 
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If  the  frame  is  symmetrical  about  the  vertical  center  line  and  if 
the  top  and  the  bottom  of  the  frame  are  alike,  that  is,  if  n  =  s  and  p  =  l, 


Mab=-Mbc  = 


Mcd^-Ml 


Ph_ 
4 

Ph 
4 


(407) 
(408) 


49.     Rectangular   Frame.     Any   Systetn   of   Horizontal  Forces   on 
One  Vertical  Side. — Fig.  54  represents  a  rectangular  frame  subjected 
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Figure  54 

to  any  system  of  horizontal  forces  on  the  side  AD. 

Let  Md  represent  the  moment  of  the  external  forces  about  D. 
Appljdng  the  equations  of  Table  1  gives 

nMDA  =  2EK(2dD+dA-^R)-nCDA     ' (409) 

nMAB=-2EK{2dA+eD-SR)-nCAD (410) 

-MAB-\-MBc-McD+MDA=-Mn (411) 

Six  other  equations  which  are  identical  with  equations  391  to  396 
of  section  48  may  be  written.  The  values  of  6  and  R  in  these 
nine  equations  are  identical  with  those  in  equations  389  to  397  of 
section  48,  and  hence  the  combination  of  equations  to  'eliminate  these 
two  quantities  is  made  in  the  manner  indicated  in  the  last  column 
of  Table  11.     The  equations  thus  obtained  are  given  in  Table  12. 
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Table  12 

Equations  for  the  Moments  in  the  Rectangular  Frame  Represented  by 

Fig.  54 


No.  of 
Equation 

Left-hand  Member  of  Equation 

Right-hand  'Member 
of  Equation 

Mab 

Mbc 

McD 

Mda 

411 

-1 

1 

-1 

1 

-Md 

412 

n 

s 

2s+3p 

2n+3p 

-n{CAD+2CDA) 

413 

—n 

2s  +  l 

2s+p 

—n 

MCad+Cda) 

414 

n  +  1 

s+1 

s+p 

n+p 

-MCad+Cda) 

Solving  these  equations  simultaneously  gives 

Mab  = 1  ^^ (3s^n + 5nps + 2s^p -i-2sp'^-\- 6ns -\- 6pn -1- 5ps + 3p^)   . 

-CADn(Qsn-{-2pn-\-Ss'^+17ps+2n+5si-llp+2p^) 

-CDAn(3s2+12ps+6s+10p+p2)  I (415) 

Mbc=  — t-  •<—MDiSsn^-{-2'n?p-\-5nps-{-2np'^-\-Qns-{-5pn-i-6ps-{-3p'^) 


(416) 


—  CADn(Sns-]-2pn-\-5ps  —  n—7p  —  4:S-\-2p'^) 
+CDAn{dns+^pn-Sps-\-8p+Qs-p^)\ 

McD=  -V-  }MD{^sn^+2n^+6nps-\-5pn+5sn+Qps+2n+Sp) 
+CADni3ns+6ps+Sn+8p-3s-l) 

—  CDAn{3ns—4:ps-\-2n—7p—pn-\-5s-{-2)\- 

Mda  = 


(417) 


A     -J— MD(5ns+6wps4-3ns^+2s^+5ps+6pw+2s+3p) 
-CADn{2>8'+Qps+12s+10p+\) 
-Ci)^n(3s2+5ps+17s+llp+6ns-f2?m-f2ri  +  2)l    .    (418) 

in  which 

L  =  22{spn+sp+sn-\-np)-\-2{sp^+s^p-^n^p-\-p^n-\-s'^-{-s-\-n^-\-n) 
+ 6  (sw^ + s^n + 2?^ + p) 
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If  n  =  s,  equations  415  to  418  take  the  form 

■    . ,     .      .     .      .    (419) 

(420) 

. (421) 

(422) 

in  which 

a  =  'n?-\-2pn-\-2n-{-3p 
/3  =  6n+p+l 

If  n  =  s  and  p  =  l  equations  419  to  422  take  the  form 

(423) 

(424) 

(425) 

(426) 

in  which 

a=in+d)  (n+1) 
i8  =  2(3n+l) 
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If  n  =  s  =  p  =  l,  equations  423  to  426  take  the  form 


MaB= ^■\SCAD  +  2CDA-2Mn 


Ml 


-M- 


CuA  +  2Mn 


'M 


McD=-~\CAD  +  2Mn 


Mda=  — ^■\2CAD-\-SCDA+2Mn 


(427) 
(428) 
(429) 
(430) 


If  both  vertical  sides  are  loaded  and  if  the  frame  and  the  loads 
are  symmetrical  about  a  vertical  center  line 

MAB  =  MBc=-^\cAD(n-h2p)  +  CnAp] (431) 

McD=MnA=-^\cAD-\-CnA(n+2)']      ......    (432) 

50.  Rectangular  Frame.  Any  System  of  Vertical  Forces  on  the 
Top. — Fig.  55  represents  a  rectangular  frame  subjected  to  any  system 
of  vertical  forces  on  the  top  member  AB. 
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Applying  the  equations  of  Table  1  gives 

MAB  =  2EK{2dA+dB)-CAB  .        .        . 

MBC=-2EK(2dB+dA)-CBA     .        .        .        , 
-Mab+Mda+Mbc-Mcd  =  0         .       .       , 


(433) 

...'....    (434) 
.......    (435) 

Six  other  equations  which  are  identical  with  equations  389,  390, 
and  393  to  396  of  section  48  may  be  written.  Combining  these  nine 
equations  to  eliminate  d  and  R,  as  indicated  in  the  last  column  of 
Table  11,  gives  the  equations  of  Table  13. 

Table  13 
Equations  for  the  Moments  in  the  Rectangular  Frame  Represented 

BY  Fig.  55 


No.  of 
Equation 

Left-hand  Member  of  Equation 

Right-hand  Member 
of  Equation 

Mab 

Mbc 

McD 

Mda 

435 

-1 

1 

-1 

1 

0 

436 

n 

s 

2s+3p 

2n+3p 

0 

437 

—n 

2s+l 

2s+p 

—  n 

-Cba 

438 

n  +  1 

s  +  1 

s+p 

71  +  P 

-{Cba+Cab) 

Solving  these  equations  simultaneously  gives 
1 


M 


CBA(l0ns+s^-\-12ps+6pn+Sp^) 


-t-CAB(llns-f2s2+2s+2n+17ps+5pn+3p2+6p) 


(439) 


Mbc=-  -^  -|  CBA(llns+2n2+2n+2s+17pn+5ps-f  3p-^+6p) 

+C^„(10ns+n2+12pn4-6?}s+3p-)  [.....     (440) 


McD=  ~  ■\cBA{7ns-2n^-2n-\-s-5pn-{-4:ps-Sp) 


+CAB(8ns  — n-+3n— 3pri+6ps+3p) 


(441) 
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MjyA=  -^  -|  CB^(8ns-s2+3s-3ps+6pn+323) 

+C^B(7ns-2s2-2s+n-52?s+429n-3?))l      ....    (442) 
in  which 

A  =  22(spn+sp+sn+np)+2(sp2+S"P+wV+^P^+S"+-5+n^4-w) 
+ 6  (sn- + S"  w + p^ + 2^) 

If  the  load  is  symmetrical  about  the  center  of  AB,  that  is,  if 
Cab  =  Cba,  equations  439  to  442  take  the  form 

Mab=-  ^  l21ns+3s^+2s+2n+29ps-{-npn-\-6p+QpA      (443) 
Mbc=-^  r  21ns+3n^-\-2n+2s-{-29pn+llps+Qp-{-Qp^  j  (444) 

McD=^\  l^ns-dn^+n+s-Spn+lOps] (445) 

MnA=^\  15ns-3s''-hs+n-8ps-\-10pn~\       ....    (446) 


If  n  =  s  equations  439  to  442  take  the  form 


^     ^       1    (^      [2n+Zp  ,     1  1  ,  ^,     [2n+3p        1 


(447) 
(448) 


2    \  la  (3  j  la  /S 

M,„=iJc..[^-|]+C..[i  +  |]|..      .      .     .(449) 

M..  =  4-|c..[i  +  i]+C„.[i-|]|.    .     .     .      .(460) 

in  which  a=v?-{-2pn-i-2n-\-3p 
/3  =  6n+?>+l 
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If  n  =  s  and  Cab  =  Cba 

Mab  =  Mj,c=-Cab-^-^^^^^^ .     (451) 

a 

McD  =  MnA  =  CAB^    . (452) 

a 

If  n  =  s  and  p  =  l 

M,.=  i-jc..[^-i]+C..[^  +  i]{.       .     .     .     (455) 

in  which 

a=in+l)  (n+3) 
i8  =  2(3w+l) 
If  n  =  s,  p  =  1,  and  Cab  =  Cba 

Mab=Mbc=-Cab   ,     ,^^w^_LQ^         • (457) 

(n+1)  (n+3) 

McD  =  MnA  =  CAB   ,  '\    ,  o, (458) 

(n+1)  (n+3) 

Ifn  =  s  =  p  =  l 

Mab==-~\2Cba  +  SCab'\ (459) 

MBC=-^hCBA  +  2CAB'] (460) 
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Mcn=   4-    C, 


MnA=    4-    C, 


If  n  =  s  =  p  =  l,  and  Cab  =  Cba 


Mab  =  Mbc=-^-  Ca 


Mcd  =  Mda=    -et   C. 


(461) 
(462) 

(463) 
(464) 


Values  of  Cab  and  Cba  to  be  used  in  equations  439  to  464  are 
given  in  Table  2. 

51.  Rectangular  Frame.  External  Moment  at  Upper  Corner. — 
Fig.  56  represents  a  rectangular  frame  subjected  to  an  external  moment 
M  at  the  upper  left-hand  corner. 


Figure  56 


For  equilibrium  at  A 
M-Mab-Mad  =  0  or 
Mab  =  M-Mad 
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Likewise 
Mbc=-Mba 

McD=-McB 

Mda=-Mdc 

uMab  =  -  2EK(2  dA+dD-  3i?)  +Mn 

-Mab+Mda+Mbc-Mcd=  -M 


(465) 
(466) 


Equations  389  and  391  to  396  of  section  48  apply  to  this  case. 
Eliminating  values  of  d  and  R,  as  indicated  in  Table  11,  gives  the  equa- 
tions of  Table  14. 

Table  14 
Equations  for  the  Moments  in  the  Rectangular  Frame  Represented 

BY  Fig.  56 


No.  of 

Left-hand  Member  of  Equation 

Right-hand  Member 

Equation 

Mab 

Mbc 

McD 

Mda 

of  Equation 

466 

-1 

1 

-1 

1 

-M 

467 

n 

s 

2s+3p 

2re+3p 

+Mn 

468 

—n 

2s  +  l 

2s+P 

—n 

-Mn 

469 

n+1 

s  +  1 

s+p 

n+p 

+Mn 

Solving  these  equations  simultaneously  gives 
M 


Mab=-  -^-|llns+2s2-f2s+2n-M7?)s-f  5pn+6?»+3?)2l+jif  (470) 
MBc=-^-\n^-\-l0ns-hl2pn+Qps+3pA  .  .  .  .  .  (471) 
McD  =  +  ^-|  3p-n2-3pn-l-8ns-|-67)s+3n  I  .  ...  .  (472) 
■i-7ns+2s''+5ps-4pn+2s+3p-n\.  .  .  (473) 
-M■AD=  +  •^-|llns-^2s2+2.s+2n+17ps+57)n-|-6p+3p2l.   .    (474) 


MnA  =  - 


A 
M 
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in  which 

A  =  22  (pns  -{-sp+ sn + np)  +  2  (sjf + s^p +n^p-{-  i>n  -\-s'-+s+n^+n) 
+ 6  (s7i' + s^n +p^-^p) 

If  n  =  s,  equations  470  to  474  take  the  form 

7i.r         M    i  ^  ,    7i(n+2p)         1    1  ,  „  , 

M,,=  ^Jii(!i+M_6n±_H         _      .....     (476) 


2  1        a  /3     f 


^^»=f]T  +  T^      (*"> 


M,.=  f  Jl-M!i±M+^^ (479) 


in  which 


a  =  'n?-\-2pn-{-2n-\-2>p 
/3  =  6n+p+l 
If  n  =  s  and  p  =  l,  equations  475  to  479  take  the  form 

''--^"\^^^^^v^~-^\-  ■  ■  ■  ■  '«) 

71^  ,    ^^   L  n(n+2)         ,11  ..„,, 

2    I         (ri+l)(n+3)         6n+2  j 


_       Mj       n(n+2)             6n+l  ) 
^^^^-+-2-i(n+l)(n+3)   ~  "e^H^f ^^^^^ 


^-=+f](n+lKn+3)+m^ ^^''^ 
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M  (  n  1      ) 


M 


DA 


"^  2    )(n+l)(n+3)        6?i+2  f ^^  '' 


If  n  =  s  =  p  =  l,  equations  480  to  484  take  the  form 

Mab=  +  -^M (485) 

Mad=  +  ^M (486) 

M 
Mbc=-^ (487) 

McD=+^ (488) 

MnA  =  0    . (489) 

If  there  is  a  couple  at  B  as  well  as  at  A  and  if  the  frame  and  loading 
are  symmetrical  about  a  vertical  center  line,  that  is,  if  the  couples  are 
equal  in  magnitude  and  opposite  in  sense,  and  ii  n  =  s 

MAB=-MBA=^^(n+2p) (490) 

a 

MAD=-MBc=—i2n+3p) (491) 

a 

Mr) 

McD  =  MoA=^^ ■•    (492) 

a 
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X.     Moments  in  Frames  Composed  of  a  Large  Number  of 
Rectangles  as  a  Skeleton-Construction  Building  Frame 

52.     Effect  of  Restraint  at  One  End  of  a  Member  upon  Moment  at 
Other  End. — Fig.  57  represents  any  member  in  flexure.     The  end  A  is 


Figure  57  ' 

acted  upon  by  a  couple  Mab  such  that  the  tangent  to  the  elastic  curve 
at  A  makes  an  angle  Oa  with  AB.  The  magnitude  of  the  moment  Mab 
depends  not  only  upon  the  magnitude  of  Oa,  the  moment  of  inertia  of 
the  section  and  the  length  of  AB,  but  also  upon  the  degree  of  restraint 
at  B.     This  is  illustrated  by  the  following  special  problems. 

Consider  that  AB  is  hinged  at  B.  Applying  equation  (C)  of  Table 
1  with  R  and  Hab  equal  to  zero  gives 

MAB  =  SEKdA (493) 

Consider  that  AB  is  fixed  at  B.  Applying  equation  (A)  of  Table 
1  with.  6b,  R,  and  Cab  equal  to  zero  gives 

Mab  =  4:EK  Oa (494) 

Consider  that  6a=  —  Ob.  Applying  equation  (A)  of  Table  1  with 
R  and  Cab  equal  to  zero  and  with  dA  =  —  Ob  gives 

MAB  =  2EKdA (495) 


Figure  58 
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Fig.  58  represents  a  member  AB  having  any  degree  of  restraint 
at  B  and  restrained  at  A  by  the  members  AC,  AD,  and  AE.  P  repre- 
sents any  system  of  loads.  AC  is  hinged  at  C,  AD  is  fixed  at  D,  and 
the  restraint  at  E  is  such  that  dE=  —  Oa-  The  moment  at  A  in  the 
member  AB  is  taken  as  a  measure  of  the  restraint  at  A.  Since  A  is 
in  equilibrium,  Mab-\-Mac-{-Mad-\-Mae  =  0.  That  is,  the  moment 
Mab  balances  the  three  moments  Mac,  Mad,  and  Mae-  The  moments 
Mac,  Mad,  and  Mae  are  therefore  measures  of  the  restraints  which 
the  members  AC,  AD,  and  AE  exert  on  the  member  AB  at  A.  From 
equations  493,  494,  and  495 

Mac  =  SEKac  Oa  ^ 

Mad^^EKadBa 

Mae  =  2EKae  Oa 


These  equations  have  the  general  form 
M  =  EKdN 


(496; 


in  which  A^  depends  upon  the  restraints  at  C,  D,  and  E,  and  might  be 
termed  a  ''restraint  factor;"  that  is,  the  restraint  which  a  member  ca;i 
exert  upon  a  joint  at  one  end  equals  EK  6  times  a  factor  A^  whose  value 
depends  upon  the  degree  of  restraint  at  the  other  end  of  the  member. 
As  derived,  if  the  far  end  is  hinged,  N  =  S;  if  the  far  end  is  fixed,  AT"  =  4; 
and  if  the  angular  rotation  at  the  two  ends  is  equal  in  magnitude  but 
opposite  in  sense  N  =  2.  In  general,  A^  depends  upon  the  restraints 
at  C,  D,  and  E. 

qC 


o 


T=K, 


f^- 


o 


Mb, 


7=^. 


£6 

Figure  59 


In  Fig.  59,  B  is  restrained  by  the  couple  Mab  and  C,  D,  and  E 
are  hinged. 
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For  equilibrium 

MAB+MAC  +  MAD+MAE  =  (i 

From  equation  (A),  Table  1 

MAB  =  WKAB{2dA+dB)     .         . 
MBA  =  2EKAB{2dB+dA)     .         . 


(497) 

(498) 
(499) 


Substituting  the  valuer  of  Mac,  Mad,  and  M ae  from  equation  493 
and  the  value  of  Mab  from  equation  498  in  equation  497  gives 


2Kj 


^KAB  +  ^KAC-h^KAD  +  3KAE 


(500) 


Substituting  the  value  of  Oa  from  equation  500  in  equation  499 


gives 


Mba  =  EKab  Ob 


HSKaB  +  SKaC  +  SKaD  +  SKae) 

^Kab+SKac  +  SKad  +  SKae 


]  • 


(501) 


If  C,  D,  and  E  of  Fig.  59  are  fixed,  the  values  of  Mac,  Mad,  and 
Mae  of  equation  497  are  given  by  equation  494.  Proceeding  as  before 
gives 

M3KAB+iKAC+4:KAD  +  4.KAE)     1 


Mba  =  EKab  Qb 


^Kab  +  ^Kac+^Kad+^Kae 
QC         ^i 


'r-K. 


D 
O- 


l~I^w 


-tK. 


HO 


r=K, 


M,A=-Mn 


o 


(502) 


Figure  60 
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The  frame  represented  by  Fig.  60  is  symmetrical  about  its  vertical 
center  line  and  is  sjrmmetrically  loaded.     Oa  therefore   equals   —  Ob. 

For  the  extremities  of  the  members  C,  D,  G,  and  H  hinged,  Mac 
and  Mad  are  given  by  equation  493.  Mab  is  given  by  equation  495. 
From  equation  (A),  Table  1 

MAE  =  2EKAE{2dA+dE) (503) 

MEA-2EKAE{2dE+eA) (504) 

Substituting  the  values  of  Mab,  Mac,  Mad,  and  Mae  in  equation 
497,  solving  for  6 a,  and  substituting  the  value  of  Oa  in  equation  504  gives 


Tl/T  771T^  a       r    ^{2KaB-\-SKaC-\-^KaD-\-SKae) 

Mea  =  J^J^ae  ue 


I     2Kab+SKac+SKad+4:Kae    J 
If  C  and  D  are  fixed 

4:{2KAn+4KAC  +  4:KAD'hSKAE)     ' 


Me  A  =  EKae  Oi 


2KAB-h4:KAC  +  4:KAD  +  4:KAE 


(505) 


(506) 


Equations  501,  502,  505,  and  506  have  the  form  M  =  EK  d  N  in 
which  N  corresponds  to  the  quantity  in  the  brackets. 

It  is  to  be  noted  that  for  the  values  of  A^  in  equations  501,  502, 
505,  and  506  the  coefficient  of  K  for  the  member  in  which  the  stress  is 
to  be  determined  is  always  3  in  the  numerator  and  4  in  the  denominator. 
For  the  members,  furthermore,  which  restrain  the  member  in  which 
the  moment  is  to  be  determined :  if  hinged  at  the  far  end  the  coefficient 
of  K  is  3;  if  fixed  at  the  far  end  the  coefficient  of  i^  is  4;  and  if  the 
rotations  of  the  two  ends  are  equal  in  magnitude  but  opposite  in  sense 
the  coefficient  of  the  K  is  2.  These  coefficients  correspond  to  the 
coefiicients  of  EK  6 a  in  the  expressions  for  the  moments  Mac,  Mad, 
and  Mae  of  Fig.  57. 

53.  Moment  in  a  Frame  Cornposed  of  a  Number  of  Rectangles 
Due  to  Vertical  Loads. — Fig.  61  represents  a  portion  of  a  frame  com- 
posed of  a  large  number  of  rectangles.  The  portion  considered  is  taken 
from  the  center  of  a  frame  symmetrical  about  a  vertical  line.  The 
member  AB  carries  any  system  of  vertical  loads  symmetrical  about 
the  center  line  of  AB.  Under  these  conditions  there  is  no  horizontal 
deflection  of  the  frame. 

For  equifibrium  at  A, 

Mab+Mad+Maj+Mah  =  0 (507) 
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Figure  61 


From  equation  496,  section  52 

Mad  =  EKad  OaNad 
Mai^EKaiOaNai  . 

MAH  =  EKAHdANAB 


(508) 
(509) 
(510) 


Substituting  the  values  of  Mad,  Mai,  and  Mah  from  equations  508, 
509,  and  510  in  equation  507  gives 


Mab=-E 


Kad  Nad+Kai  Nai+Kah  Nah 


.    (511) 


Since  the  frame  is  s^Tnmetrical  about  a  vertical  center  line,  dA=  —  Ob- 
From  equation  (C)  of  Table  1 


Mab  =  2EKab  dA-  Y 


Eliminating  6 a  from  equations  511  and  512  gives 


Mad=  -  -r 


Kad  Nad-\-Kai  Nai-\-Kah  Nah ' 

Kad  Nad+Kai  Nai+Kah  Nah+2Kab 


(512) 


(513) 
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The  stress  in  the  frame  apparently  depends  upon  the  values  of  the 
A"s  in  equation  513;  that  is,  the  stress  depends  upon  the  degrees  of 
restraint  of  the  extremities  of  the  members,  0,  N,  L,  K,  J,  etc. 

Although  the  degrees  of  restraint  at  these  extremities  are  not  known, 
it  is  known  that  the  degree  of  restraint  at  each  extremity  is  greater 
than  if  the  extremity  is  hinged  and  less  than  if  the  extremity  is  fixed. 
If  then  the  stresses  are  ^determined  with  the  extremities  hinged  and 
again  with  the  extremities  fixed,  although  the  true  stresses  will  not  be 
determined,  they  will  be  fixed  between  two  limits. 

54.  Extremities  of  Members  Hinged. — If  the  members  are  hinged 
at  0,  N,  L,  K,  and  J: 

From  equation  505,  section  52, 

M2Knc+2>KDj+?>KnK+^KAD)  .-... 

^     ^4(2i^:ffG+3JvH^+3/vKo+3/v^K) 

^^^^      2XHG+3i^^^+3AHo+4/C.H  ^     ^ 

From  equation  501,  section  52, 

^^^'       ^KAi-hSKiK+SKjr^+SKj^^ ^^^^^ 

The  restraint  factor,  N,  in  each  of  these  equations  has  a  value 
between  3  and  4. 

Substituting  the  values  of  the  A^'s  from  equations  514,  515,  and 
516  in  equation  513  gives  the  value  of  Mab- 

The  expression  for  Mab  in  equation  513  is  made  up  of  three  quan- 
tities, the  three  moments  resisted  by  AD,  AI,  SLudAH.  These  moments 
are  as  follows: 


F 

MAD=-f 


KadNad 


M, 


M. 


KadNad+KaiNai-\-KahNah+2Kab 

F  r KajNai ■ 

KadN  aD-\-KaiN  aI-\-KahN AB  +  2KaB_ 

F  r  KahNah 


=x[ 


I    L  KabNad+KaiNai+KahNah+2Kab 
The  values  of  the  N'^  are  given  in  equations  514,  515,  and  516. 


(517) 
(518) 
(519) 
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From  the  conditions  for  equilibrium  at  D  and  from  the  relation 
between  Mda  and  Mad  it  can  be  proved  that 


Mda  = 


M. 


also 


MrA  = 


M^r 


'3Kdk  -\-  SKpj  -J-  2Kdc ' 

3KDK+SKnj-\-2Knc+SKAD_ 

SKik+SKin+SKii^+SKa 


;] 


and 


Mha  = 


M, 


3Khn + ^Kh  o + 2Kh  g ' 

dKHN  +  3KHO-h2KHG^SKAH 


(520) 


(521) 


(522) 


Mda  is  made  up  of  the  three  moments  Mdk,  Mdj,  and   Mdc- 
These  moments  are  as  follows: 


Mr>K=- 


M, 


SKr 


2         3KnK+SKr>j  +  2Knc  +  'iK,,> 


(523) 


Mn.r  = 


Mad 


3Kr 


3Kdk+SKoj^2Kdc+SKad 


.    (524) 


Mdc=- 


Mad 


2Kdc 


3KnK  +  SKDj  +  2Knc+SKAD 


.      .      .      .    (525) 


In  a  similar  manner  Mza  can  be  divided  into  Mik,  Mi^,  and  M/i,, 
and  Mha  can  be  divided  into  Mhn,  Mho,  and  Mhg- 

55.     Extremities  of  Members  Fixed. — If  the  members  are  fixed  at 
0,  N,  L,  K,  and  /: 


From  eciuation  506,  section  52, 

4.(2Knc  +  4:KDJ  +  4:KnK  +  3KAD) 


Nad  = 


2KnC  +  4Knj-h4:KDK  +  ^KAD 


(526) 


N, 


4:(2KhG+4,KhN  +  4:KhO  +  'SKah) 

{2Khg+4.Khn+'^Kho+^Kah) 


(527) 
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From  equation  502,  section  52, 

^Ai=      j^      ,T.      ,..     I  y (528) 

Substituting  the  values  of  the  N's  in  equation  513  gives  the  value 
of  Mab. 

Equations  517,  518,  and  519  are  applicable.  By  substituting  the 
values  of  the  iV's,  given  in  equations  526,  527,  and  528,  Mad,  Mai, 
and  Mah  can  be  determined. 

Proceeding  as  in  the  case  where  the  extremities  of  the  members 
are  hinged  it  can  be  proved  that 


Mda  = 


MjA  = 


Mad 


^KDK+^Knj+2Kuc 
4.Kdk+^Kdj+2Kdc+'Mvad 

Mai  V^Kik  +  ^Ki^  +  ^Ktl 


.     .    (529) 


4:KlK  +  4:KlN+4:Kir.  +  3K 


-] (530) 


MahHKhn-{-^Kho-\-2Khg  1  ,.on 

2      [4Khn+^Kho+2Khg^3Kaii\        •      •      •      •     ^^•^^) 

Mda  is  made  up  of  three  parts,  one  part  corresponding  to  each  of 
the  moments  Mdk,  Mdj,  and  Mdc-  These  latter  moments  are  propor- 
tional respectively  to  the  parts  of  the  numerator  of  equation  529: 
4:Kdk,  ^Kdj,  and  2Kdc-  Similarly,  Mjk,  Mil,  and  M/^r  can  be  deter- 
mined from  Mia',  and  Mhn,  Mho,  and  Mhg  can  be  determined  from 
Mha. 

To  determine  the  effect  of  the  degree  of  restraint  of  the  extremities 
0,  N,  L,  K,  and  J  upon  the  moments  in  the  frame,  and  also  to  deter- 
mine the  effect  of  the  magnitude  of  the  K's  upon  the  moments  in  the 
frame,  moments  have  been  determined  for  frames  having  fixed  and 
hinged  extremities,  for  frames  having  all  K's  equal,  and  for  frames 
for  which  the  K  's  of  the  columns  equal  ten  times  the  K  's  for  the  girders  • 
The  values  of  the  M's  are  given  in  Table  15. 

From  Table  15,  it  is  apparent  that  only  members  directly  connected 
to  the  member  carrying  the  load  are  subjected  to  moments  sufficiently 
large  to  be  considered  in  the  design  of  the  structure.  Furthermore, 
the  moments  in  the  members  adjacent  to  the  member   carrying  the 
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load  are  practically  independent  of  the  degree  of  restraint  at  the  extrem- 
ities 0,  N,  L,  K,  J,  etc.  Therefore,  the  moments  in  the  frame  of  Fig.  61, 
due  to  the  load  on  AB,  are  given  with  sufficient  accuracy  for  purposes 
of  design  by  equations  513,  517,  518,  519,  520,  521,  and  522,  based  upon 
the  assumption  that  the  extremities  0,  N,  L,  K,  J,  etc.,  are  hinged. 
The  equations  based  upon  the  assumption  that  the  extremities  are 
fixed  give  almost  exactly  the  same  results  and  could  also  be  used. 

Table  15 
Moments  in  Frame  Represented  by  Fig.  61 


Moments  are  expressed  in  terms  of  — 

6 

Extremities  of  Members 

Extremities  of  Members 

Hinged  at  0,  N,  L,  K,  and  J 

Fixed  at  0,  N 

,  L,  K,  and  J 

Moment 

K's  of  Columns 

K's  of  Columns 

All  K's  Equal 

Equal  10  Times 
K's  of  Girders 

All  A"s  Equal 

Equal  10  Times 
K's  of  Girders 

Mab 

-.845 

-.972 

-.849 

-.973 

Mad 

+  .281 

+  .462 

+  .282 

+  .462 

Mah 

+  .281 

+  .462 

+  .282 

+  .462 

Mai 

+  .283 

+  .048 

+  .285 

+  .049 

Mda 

+  .102 

+  .125 

+  .108 

+  .140 

Mha 

+  .102 

+  .125 

+  .108 

+  .140 

Mia 

+  .106 

+  .023 

+  .114 

+  .024 

Mdk 

-.038 

-.011 

-.043 

-.012 

Mdj 

-.038 

-.107 

-.043 

-.122 

Mdc 

-.026 

-.007 

-.022 

-.006 

Mhn 

-.038 

-.011 

-.043 

-.012 

Mho 

-.038 

-.017 

-.043 

-.122 

Mhg 

-.026 

-.007 

-.022 

-.006 

MiK 

-.035 

-.011 

-.038 

-.011 

MiN 

-.035 

-.011 

-.038 

-.011 

Mil 

-.035 

-.001 

-.038 

-.002 

56.  Distribution  of  Loads  for  Maximum  Moments  in  a  Frame 
Composed  of  a  Large  Number  of  Rectangles. — ^Referring  to  Fig.  61,  a 
load  on  AB  produces  a  moment  Mkd  having  the  same  sign  as  Mab- 
That  being  the  case,  a  load  on  GF  produces  a  moment  Mab  of  the  same 
sign  as  the  Mab  produced  by  the  load  on  AB;  therefore  if  AB  and  GF 
are  loaded  simultaneously  the  moment  at  A  in  AB  is  greater  than  if 
either  AB  or  GF  is  loaded  alone.  Reasoning  in  a  similar  manner,  the 
members  can  be  selected  which,  if  loaded,  produce  a  moment  at  A  in 
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the  member  AB  having  the  same  sign  as  the  moment  at  the  same 
point  due  to  a  load  on  AB.  If  all  these  members  are  loaded  simulta- 
neously, the  moment  at  A  in  the  member  AS  is  a  maximum. 
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Figure  62 
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Fig.  62  represents  a  frame  made  up  of  similar  rectangles.  All 
girders  are  equally  loaded.  The  moments  Mab  and  Mad,  due  to  these 
loads,  as  determined  by  the  equations  of  section  53  are  given  in  Table  16. 
For  the  frame  of  Table  16  the  i^'s  of  all  members  are  equal.  The 
moments  in  similar  frames  for  which  the  X's  of  all  columns  are  equal 
and  the  K's  of  all  girders  are  equal,  but  for  which  the  X's  of  the  columns 
do  not  equal  the  K  's  of  the  girders,  have  been  determined.  The  relation 
between  the  maximum  moments  which  it  is  possible  to  obtain  in  the 
girders,  and  the  ratio  of  the  X's  of  the  columns  to  the  K's  of  the  girders, 
is  presented  graphically  in  Fig.  63.  Similar  data  for  the  moment  in 
the  columns  are  given  in  Fig.  64. 

Fig.  65  represents  the  loading  which  produces  a  maximum  moment 
at  A  in  the  girder.  Fig.  66  represents  the  loading  which  produces  a 
maximum  moment  at  A  in  the  column. 
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Figure  65 

It  is  to  be  noted  that  for  the  frames  of  sections  52,  53,  and  56  the 
horizontal  deflection  of  one  story  of  the  frame  relative  to  the  other 
stories  does  not  enter.  If  either  the  frame  or  the  load  is  unsymmetrical 
there  is  a  slight  horizontal  deflection.  For  the  usual  proportions  of 
frames  of  engineering  structures,  the  effect  of  this  horizontal  deflection 
is  slightly  to  reduce  the  moments. 


57.  Eccentric  Load  at  Top  of  Exterior  Column  of  a  Frame.  Con- 
nections of  Girders  to  Columns  Hinged. — Fig.  67  represents  a  frame  with 
eccentric  loads  at  the  tops  of  the  exterior  columns.  The  frame  and  the 
loading  are  symmetrical  about  the  vertical  center  line  of  the  frame. 
The  connections  of  the  girders  to  the  columns  are  frictionless  hinges 
The  columns  are  continuous. 

The  moment  in  the  column  depends  upon  the  restraint  at  1.  The 
degree  of  restraint  at  1  is  known  to  be  between  the  restraint  of  a  column 
hinged  at  1  and  a  column  fixed  at  1.     If,  therefore,  the  moment  is  deter- 
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Table  16 

Moments  in  Frame  Represented  by  Fig.  62 

K's  of  All  Members  Equal 


Moment 

M 

iB 

M 

AD 

Produced 
by 

Hinged 

Fixed 

Hinged 

Fixed 

W2 

0 

+  .019 

W3 

+  .035 

+  .038 

+  .035 

+  .038 

Wll 

0 

+  .022 

W12 

+  .038 

+  .043 

-.102 

-.108 

TF13 

-.283 

-.285 

-.281 

-.282 

wu 

+  .038 

+  .043 

+  .038 

+  .043 

W21 

•    0 

-.022 

W22 

-.026 

-.022 

+  .102 

+  .108 

W2S 

-.845 

-.849 

+  .281 

+  .282 

W24: 

-.026 

-.022 

-.038 

-.043 

W32 

0 

-.022 

0 

-.019 

TF33 

+  .106 

+  .114 

-.035 

-.038 

W34: 

0 

-.022 

TF43 

0 

-.019 

Total 

-.963 

-1.003 

0 

0 

Maximum 

-1.180 

-1.241 

+  .456 

+  .512 

IF's  not  given  in  table  produce  only  very  small  moments. 

mined  for  a  column  hinged  at  1  and  for  a  column  fixed  at  1  the  true 
moment  will  be  located  between  two  limits. 

Consider  the  column  to  be  hinged  at  1 

Mn  =  0 (532) 

M2i  =  3EKie2 (533) 
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From  equation  501/ section  52, 

^^-^^^^^K'itrli;)  •  •  • ^'''^ 

M,,=  -M^2=-^EIU^^(^^^^)  =  2EK^{2^^-h^,)    .      .     (535) 
^43  =  2^^3(2  ^4+ ^3) (536) 

From  equations  534  and  535 

^^-^^^^'=  KtSrl)   •  •  • (^^^> 

Also 

ilf43  =  Pe (538) 

From  equations  537  and  538 

^'~  4^K3  iV2i^2+3i^3   •••••••••••     ^^^y^ 

Eliminating  ^3  from  equations  535  and  536  gives 
M^i=-QEKzdi+2Pe (540) 

Substituting  the  value  of  di  from  equation  539  gives 

,,         Pe         N2K2  ,^,,, 

^-=T-ivlZH=^3 ^^^^^ 

M32=-iW'34 (542) 

From  the  equations  of  Table  1 

"    M32  =  2^i^2(2^3+^2)  ., (543) 

i¥23  =  2£'X2(2^2+^3)        (544) 
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Eliminating  63  gives 

2M2z-M32  =  QEK2  02 (545) 

From  equations  533,  545,  and  542,  and  since  M2\=  —  M23 

^^-  =  -2(i&)^"        ■      ■      ■    (5«) 

If,  therefore,  the  column  is  hinged  at  1 

Mis  =  Pe (538) 


Pe 

M34=-M32=-2- 


A^o/i2+3/v 


(541) 


M2i^-M23=^,,/^..  ,M34  (546) 

2(Ai  +  A2) 

If  the  column  is  fixed  at  1,  letting  A'"*  represent  4   ,  ,^    ,   .  ^/ 

'  ^  ^  4X1+4^2 

Miz  =  Pe (547) 

Pe         N'oK'^ 
Mu=-M„=^j^~^^  (548) 

IK 

M2i=-M23-    4^Kr-\-lK2    ^^'' ^^^^^ 

From  a  comparison  of  equations  538,  541,  and  546  with  547,  548, 
and  549  it  is  apparent  that  the  restraint  at  1  does  not  materially  affect 
the  moments  at  2  and  3.  For  purposes  of  design  the  moments  as  given 
by  either  equations  538,  541,  and  546  or  by  equations  547,  548,  and 
549  are  satisfactory.  Moreover  the  average  of  the  moments  obtained 
by  538,  541,  and  546,  and  547,  548,  and  549  approximate  very  closely 
the  true  moments. 

If  the  X's  are  all  equal,  a  condition  often  approximated  in  practice: 
For  column  hinged  at  1 

M,z  =  Pe (550) 
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M34=-M32=~  ^6  =  0.266  Pe    ........     (551) 

15 

M.i=-M23=^Pe  =  0.067Fe (552) 

15 

For  column  fixed  at  1 

Miz  =  Pe (553) 

ilf34=-M32=  7^Pe  =  0.269Pe     ........    (554) 

2d 

M2i=-Mo3  =  ^Pe  =  0.077Pe    .........     (555) 

It  is  to  be  noted  that  the  frame  considered  is  symmetrical  about  a 
vertical  center  line  and  is  symmetrically  loaded.  If  there  is  a  load  on 
the  right-hand  column  only,  the  moments  in  that  column  will  be 
slightly  smaller  than  the  moments  given  by  the  equation,  and  the 
other  columns  will  be  subjected  to  a  small  moment.  The  error  in  the 
moment  in  the  loaded  column  and  the  neglected  moment  in  the  other 
columns  increase  as  the  ratio  of  the  stiffness  of  the  loaded  column  to 
the  combined  stiffness  of  the  other  columns  increase.  Although  they 
have  not  been  able  to  establish  this  statement  mathematically,  it  is 
the  opinion  of  the  writers  that  if  the  equations  of  this  section  are 
applied  to  a  frame  that  is  either  unsymmetrical  or  unsymmetrically 
loaded,  the  error  due  to  the  horizontal  deflection  of  the  frame  is  negligible 
for  purposes  of  design, 

58.  Eccentric  Load  at  Top  of  Exterior  Column  of  a  Frame.  Con- 
nections of  Girders  to  Columns  Rigid. — Fig.  68  represents  a  frame  with 
eccentric  loads  at  the  tops  of  the  exterior  columns.  The  frame  and  the 
loading  are  symmetrical  about  the  vertical  center  line  of  the  frame. 
The  connections  of  the  girders  to  the  columns  are  rigid. 

An  exact  determination  of  the  moments  in  the  frame  is  practically 
impossible.  From  previous  similar  work,  however,  it  is  known  that  of 
the  moments  produced  by  P  on  the  right-hand  side  of  the  frame,  only 
the  moments  at  A,  B,  C,  and  F  are  large  enough  to  be  considered  in  the 
design  of  the  frame.  Furthermore,  from  previous  work  it  is  known 
that  the  moments  at  A,  B,  C,  and  F  are  practically  independent  of  the 
degree  of  restraint  at  J,  K,  G,  H,  and  D. 
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Figure  68 

It  is  therefore  considered  that  the  girders  are  hinged  at  /,  K,  G, 
and  H,  and  that  the  columns  are  hinged  at  H  and  D.  Applying  the 
same  general  method  that  was  used  in  section  57,  it  can  be  proved  that 

M..  =  4^A.0.(^-3^^-p^^-^-p^j (556) 


_  /3K^±NjKj±3K^\ 


in  which 


iV2  =  4 


3X3+3^6+3X2 
3X3+3X6+4X2" 


(557) 


■xj    _./     3X3  +  3X10  +  3X7 

^^'-\  3X8+3X10+4X7 


For  A  to  be  in  equilibrium 
MAB+MAF-Pe  =  Q    .      .      . 


(558) 


From  equations  556,  557,  and  558  letting 

,.         ,    /3X5  +  iV2X2  +  3Xl\  ,    ,,  .    /3X9  +  iV7X7  +  3X4\ 

^^^H3X5+iV2X.+4xJ  ^^^^^  =  H3i^9+iV7X7+4xJ  ^ 


ives 
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^-=iv;rak    ■ •   •   •  ''''' 

^-^ivSro ^'''' 

Also 


M..=  — 


Mab  f  N^K^ 


^c.=  -^(^;^f^) (565) 

,,  Maf  f  N,Kn  \  ._„„. 


IVlCD—  K^ 


If  the  -y-  s  of  the  girders  are  all  equal  and   are  represented  by 

I  K 

K,  if  the  —r  s  of  the  columns  are  all  equal  and  are  represented  by  —  > 
L  n 

and  if  the  I 's  are  all  equal,  A^2  =  iV?  =  iV  =  4  (  ) ,    and  equations 

559  to  569  reduce  to  the  form 
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M, 


Pe 


/3n±3±N_\ 

\  371  +  4:  + N  J 


(570) 


MAF  =  Pe 


/Gn±N_\ 
'^  \1n+N  ) 


/3n+3-K/V\  /Qn+N\ 


(571) 


,.     _    M^B  /     3n+iV    \ 


(572) 


Mrg  = 


J^^B  /       3w        \ 
2    i^3n+3+7Vy 


(573) 


Mrc=- 


M. 


(s^nl+iv) (^^^) 


Mc 


n+2  J 


(575) 


-  MCH  =  - 


M7,( 


n+2 


(576) 


Mr 


Mbc 


w+2 


(577) 


Mfa  = 


Map   (3n+N\ 
2      \Qn+N) 


(578) 


Mfg=- 


M. 


iV 


6n+iV 


(579) 


^     _       M^,.  /    3n     \ 


(580) 
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If  all  the  K  's  are  equal 


M  AB=.  500  Pe 
M  AF^.  500  Pe 
Mba=. 172  Pe 
MBG^-.07SPe 
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(581) 
(582) 
(583) 
(584) 


Ml 


.004:  Pe (585) 


M  CB=-. 031  Pe 
McH=.01QPe 
M CD  =. 016  Pe 
Mfa=. 172  Pe 
MfG=-.094Pe 
MFj=-.07SPe 


• 

f 

K, 

K, 

>' 

K. 

1/ 

K, 

4 

K, 

K, 

>/ 

(586) 
(587) 
(588) 
(589) 
(590) 
(591) 


Figures  69  and  70 

59.  Eccentric  Load  at  Middle  Floor  Level  of  Exterior  Column  of  a 
Frame.  Connections  of  Girders  to  Columns  Hinged. — Fig.  69  represents 
a  frame  with  eccentric  loads  at  the  middle  floor  level  of  the  exterior 
columns.     The  frame   and  the   loading   are  symmetrical    about    the 
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vertical  center  line  of  the  frame.     The  connections  of  the  girders  to  the 
columns  are  hinged. 

The  moments  are  practically  independent  of  the  degree  of  restraint 
at  1  and  7.     The  colmnn  is  therefore  assumed  to  be  hinged  at  1  and  7. 


-M43-M45+Pe  =  0 


Miz^Pe 


K, 


N,K2  +  4:Ks 


K, 


N0K2+SK3 


M4,  =  Pe-M43 


+K. 


M'.S4=-M,2  = 


M.4=-Msfi  = 


M43 

2 
M45 


N.K. 


M21=-M23-M34 
M67=-M65  =  M54 

In  these  equations 


iV5  =  4 


K,        1 

2(^1  +  ^2)    . 

2{K,+K,) 


/3Ke+3K, 

V  37^6+4X5 


When  all  K's  are  equal 


M 43  =  M i,  =  ^  Pe  =  0.5000 Pe 


Ms4  =  M,i=-^Pe  =  0. 1333  Pe 
15 


(592) 

(593) 

(594) 
(595) 

(596) 

(597) 
(598) 


(599) 
(600) 
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M2i=lf67  =  --Pe  =  0.0333Pe (601) 

oU 


If  the  ends  of  the  column  are  fixed  at  1  and  7,  with  all  K's  equal 


iVf,,  =  1-Pe  =  0. 5000  Pe 


M34=-^Pe  =  0.1346Pe 
52 


(602) 
(603) 


Mn=  ^Pe  =  0.0385Pe 


(604) 


If  there  is  a  number  of  loads,  the  moment  due  to  all  the  loads  is 
the  sum  of  the  moments  due  to  each  load  considered  separately. 

With  a  load  at  each  floor,  if  all  K  's  are  equal  and  all  values  of  Pe 

are  equal,  M=  —  Pe. 

The  moment  diagram  for  the  right-hand  exterior  column  is  repre- 
sented by  Fig.  70.  The  loading  which  produces  a  maximum  stress  in 
the  column  just  below  4  is  represented  by  Fig.  71.     If  all  X's  are  equal 


70-I 


6o- 


-►-eJP 


i 


2o- 


Ib 

Figure  71 


and  all  values  of  Pe  are  equal  the  maximum  moment  in  a  column  that 

,  1       It.  ,  .    ,      ,   .    Pe    ,    2Pe    ,    Pe        2Pe 

can  be  produced  by  eccentric  loads  is  —^   -\ — — -   4-  -^  —    -^— 
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It  is  to  be  noted  that  the  frame  considered  is  symmetrical  about  a 
vertical  center  line  and  is  symmetrically  loaded.  If  there  is  a  load  on 
the  right-hand  colmnn  only,  the  moments  in  that  column  will  be  slightly 
smaller  than  the  moments  given  by  the  equation,  and  the  other  columns 
will  be  subjected  to  a  small  moment.  The  error  in  the  moment  in  the 
loaded  column  and  the  neglected  moment  in  the  other  columns  increase 
as  the  ratio  of  the  stiffness  of  the  loaded  column  to  the  combined 
stiffness  of  the  other  columns  increases. 

As  in  section  57,  the  error  in  the  equations  of  this  section  due  to 
the  horizontal  deflection  of  a  frame  under  any  vertical  loading  is  un- 
doubtedly negligible  for  purposes  of  design. 

60.  Eccentric  Load  at  Middle  Floor  Level  of  Exterior  Column  of  a 
Frame.     Connections  of  Girders  to  Columns  Rigid. — Fig.  72  represents 


P^e^ 
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R    20 


Q    16 
18 


P    15 
17  II 


*C 


/      9 


K     10 


H     6 


Figure  72 


a  frame  with  eccentric  loads  at  the  middle  floor  level  of  the  exterior 
columns.  The  frame  and  the  loading  are  symmetrical  about  the 
vertical  center  line  of  the  frame.  The  connections  of  the  girders  to 
the  columns  are  rigid. 

From  previous  similar  work  it  is  known  that  of  the  moments  pro- 
duced by  P  on  the  right-hand  side  of  the  frame,  only  the  moments  at 
A,  B,  C,  L,  M,  and  F  are  large  enough  to  be  considered  in  the  design 
of  the  frame.     From  previous  work  it  is  known,  furthermore,  that  the 
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moments  at  these  points  are  practically  independent  of  the  degree  of 
restraint  at  D,  H,  G,  K,  J,  R,  P,  Q,  and  N.  It  will  therefore  be  con- 
sidered that  the  girders  are  hinged  at  H,  G,  K,  J,  R,  P,  and  Q,  and  that 
the  columns  are  hinged  at  D,  H,  Q,  and  N. 

Applying  the  general  method  used  in  section  58,  it  can  be  proved 

,,  ,  1 ...     .J    .  r 37^5+^^2X2+37^1 1 

that  lettmg  iVx  =  4  [  SK,+N,K,+^K,  J 

^  /3E:9  +  iV7i^7  +  A^17J^17  +  3i^4\ 

^'       \3Ko-\-N-jK^-\-Ni,Kit\-4:KJ 

.  .r      .  /  3K,,-\-N,2Ki,+SKn  \       . 
^^^^^^  =  H3X.+^.K.+4i^:J      ^'''' 

PeN.K, 

M^^=    N,K,+N,K,-^NnKn         •     •     • (605) 

PeNJCj 
^^^=    N,K,+NJ^,+NnKn         ^^^^^ 

M  ^^^   /         3Kn+Ni2Kn         \  ,.^Q. 


.J  Mal  /  Ni^Ku 

-LVl  LM  — n 


( 3Ki5+iVi2i^i2+3i^n  j (^^^^ 


,  ,                         Mz,M   /  Kl 

-iW  Jlf  Q  — n 


(k„w:+x.)  •••••••  (612) 

^--^(K..+t:+xj  •■••••  -(613) 
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^^-^=-2    ^-^H3i^9+iV7X7+iVx7i^n+3i^J      •      •      •      •      (620) 


Mfj=-      2 


V3i^9+iV7i^7+A^17i^l7  +  3X4  j  •         •         "         '       ^^^^^ 


M.p=--|-M./  ^''^'' 


in  which 

^  _     /3Ks+3Ke+3K2\ 


Ty      _   ,/3i^i3  +  3Xl6  +  3-K"l2 
^''"\3i^X3  +  3i^l6  +  4i^l2 

^      _      /3gi8  +  3X20  +  3gi7\ 

''■'       V3^i8+3i^oo+4Xi7y 
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If  the— T-  's  of  all  girders  are  equal  and  are  represented  by  K,  and  if 

T  K 

the  -p's  of  all  columns  are  equal  and  are  represented  by — > 

and  equations  605  to  623  reduce  to  the  form 


Mab  =  Mal  = 


Pe 


/3n-t-3-HV\ 
\Sn-\-4:-\-N  ) 


/3n+3+iV\  /  3n-\-N  \ 

_  \dn+4:-j-N)  "^  ^  V7n+2A^ )  . 


M. 


nPe 


/6n+2N\ 

\7n+2N) 

/3n+3+iV\~~'        /  Sn-^N  \ 
.\3n-\-4-\-N J  "^  ^  V7n+2iVy_ 


M     -M     __^^b/        3n        \ 


Mbo  =  -M"i:m=  - 


2     V3n+3+iV 


Mcij  =  MMQ  = 


M; 


Mcd  =  Mmn=  - 


Vn+2) 


, ,     _  Maf  /3n±2N  \ 


(624) 


(625) 


(627) 
(orxLlf") (628) 


Mc.  =  M..=  ^^(^) (629) 


(630) 
(631) 
(632) 
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^'--^(sifW)  •  ■  ■  ■ •  («^3) 

M.„  =  M.p=-^g^ (634) 

If  all  the  X's  are  equal,  equations  605  to  623  reduce  to  the  form 

MAB  =  MAL  =  0.3SlPe (635) 

Mba  =  Mla  =  0. 113  Pe (636) 

Mbg  =  Mlp= -0.052  Pe (637) 

MBc  =  MLM=-0.0Q2Pe (638) 

Mcb=Mml= -0.021  Pe .  (639) 

McH  =  MMQ  =  0.010Pe   ............  (640) 

Mcd  =  Mmn  =  0. 010  Pe .  (641) 

MAF  =  0.3S8Pe (642) 

MFA  =  0.131Pe (643) 

Mpj^-O.OSSPe (644) 

MFG  =  MFP=-O.OiQPe (645) 

If  there  are  loads  at  each  of  the  points  M,  L,  A,  B,  and  C,  the 
moment  at  any  point,  as  A,  can  be  determined  by  taking  the  sum  of 
the  moments  due  to  each  load  separately.    If  the  values  of  Pe  are  equal 

for  all  the  points,  if  the—r-  's  of  all  girders  are  equal  and  are  represented 

I  K 

by  K,  if  the  —j—  's  of  all  columns  are  equal  and  are  represented  by — , 

and  all  values  of  A^  =  4|  r — -=  ),  the  moments  are 
V3n+7y 


Mab  =  Mal=^^ 


L  3n+4+iV 


(646) 


2    /3n+3+#\       /3n+N\ 
V3n+4+iVy+^(^7n+2A^y 
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N 


_nPe(Qn+2N\  2n+4 

^lAF—Y\Jn^2N)~^\_      3W+4+A/' 


(647) 


/3?i+3+7V\       /_3n-K/V\ 


If  the  K's  of  the  columns  equal  the  i^'s  of  the  girders 


Mab  =  Mal  =  1^     (.331   Pe)  =0.372  Pe 


(648) 


MAF  =  0.254Pe 


(649) 


The  moments  Mal  and  Mab  are  a  maximum  when  the  frame  is 
loaded  as  shown  in  Fig.  73.     If  the-r-  's  of  the  girders  all  equal  K,  and  if 

J  K 

the-^  's  of  the  columns  all  equal  —  >  and  if  all  values  of  Pe  are  equal,  the 

maximum  moments  are 
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P\ 
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Figure  73 
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Mai.  =  Mab=   -^ 


Pe       L 


,.5„+3+^(^)- 


3n+4+A^ 


/3w+3+7y\        /_3n+7V_\ 
V3n+4+A^y/+'^\7n+2ivJ 


(650) 


Maf  is  maximum   when  alternate  floors  are   loaded.     For   such 
oading 

N 


/6n+2A^\ 
Maf  =  71  -77- 


2n+4 


L37i+4+iVJ 


2         /3n-m-iV\         /  3n+iV  \ 
\Sn-\-4:-^N)~^^\7n+2N) 


(651) 


If  the  X's  are  all  equal  and  the  values  of  Pe  are  all  equal,  the 
maximum  moments  are 


MAB  =  MAL  =  0A54:Pe 
MAF  =  0.S58Pe    .      . 

A 


Dcrr 


(652) 
(653) 


=-=oy 


Figure  74 

61.  Effect  of  Settlement  of  One  Column  of  a  Frame  Composed  of 
a  Number  of  Rectangles. — Fig.  74  represents  a  portion  of  a  frame  com- 
posed of  a  number  of  rectangles.  The  unstrained  outhne  of  the  frame 
is  represented  by  broken  lines.  The  middle  column  BGL  settles  an 
amount  represented  by  d.  The  strained  outline  of  the  frame  is  repre- 
sented by  the  full  lines.  The  points  D,  A,  C,  J,  M,  K,  F.  and  H  remain 
stationary. 

For  F  to  be  in  equilibrium 

MpK+Mj,n+MpA+MFG  =  0 (654) 
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Substituting  the  values  of  the  M 's  as  given  by  the  equations  of 
Table  1  gives 

3Ed  J  Iu-^K,+K^^2EKrhei<'+ 00-3-^^=0     .      .      .     (655) 


or 


6X5-7^    -2K,dG 
"^     3i^4+ 3X1+3^8 +  4i^5 


(656) 


(657) 


Substituting  the  value  of  dp  from  equation  656  in  equation  657  gives 
M         Fk\ar    f^K,+3K,+3Ks+dK,\ 


Qd  /3Ki-hSKi+3K8-\-2Kr,V 
U  \3K,+3K,+3Ks+4:KJ 


(658) 


Similarly  for  the  right-hand  portion  of  the  structure 
MGH  =  EKe 


^Q^    •3Z7+3K3+3Kio+3/^6\  _j_ 


3X7+3X3+3X10+4X6; 


6t^/3X7+3X3+3Xio+2X6\ 
U  ^3X7+3X3+3X10+4X6^  J 

MGB  =  3EK^dG      .... 


Mgl^SEK^Og      .      .      .      . 
For  G  to  be  in  equilibrium 
Mgf+Mgh+Mgb+Mgl  =  0 


(659) 

(660) 
(661) 

(662) 
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Substituting  the  value  of  the  M  's  in  equation  662  gives  * 

rK,f3K,^?Kr-\-3Ks+2K,\     KaSK,+3Ks-\-SKr,+2Ke\ 


8X4 + 3^1+3^8+ 3  A%- 

+3A8+4A5 


r3A4+3Ai 
'13X4+3X1 


+4At 


3A7+3A3+3A10+3A6I 
3A7+3A3+3A10+4A6J 


+  3X2+3X9 
.      .    (663) 


From  equation  656 

6^:^-2X5^0 

a     ^ [5_ 

^       3X4  +  3X1+3X8  +  4/^5 

Also 


Qd^-j-2KedG 
ifi 

■3X7+3X3+3X10  +  4X6 


(664) 


(665) 


If  the  portion  of  the  frame  DJ  is  symmetrical  about  G,  00  =  0, 
and  dF=  —  dn- 

With  do,  Of,  and  dn  known  the  moments  can  be  determined  from 
the  equations: 


MFA  =  3EKidi, 

MFD  =  SEKidF 

MpK  =  ?>EK^eF 

MFG  =  2EKJ2dF+dG-3Y) 

MGF  =  2EKl2dG+dF-?,Y^     .........  (670) 

MGB  =  3EK,dG (671) 

MGL  =  ?>EK,dG (672) 


(666) 
(667) 
(668) 

(669) 


MGH  =  2EK,{2eG+eH+?>Y^ 


(673) 
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MHG  =  2EK/2dH-\-dG-\-^Y) (674) 

MHc  =  SEK,dH     .     .      .      . (675) 

MHJ  =  SEK^^H ".     (676) 

MHM  =  SEKiodH (677) 

If  the  members,  instead  of  being  liinged,  are  fixed  at  D,  A,  B,  C, 
J,  M,  L,  and  K 

rX5/4X4+4i^i+4X8+2X5\      Kef^,+^K^+AK^o+2Ke\-] 
^"^  [  h  V4i^4+4Xi+4X8+4X5y      h  \^K,-\-4.K^+iKro-{-^Kej\ 


1G 


/4X^+4^H-4^8+3X5\  ,  ,  ^  /4J^7+4g3+4Zio+3i^6\  ,  ,^^  ,  .  ^ 

^^^  (,4A^+4X,+4X8+4XJ  +^^<4X,+4K3+4i^,o+4Xej'^^^^+^^^ 

(678) 


K 


6d^-2K,dG 
^''^  47^4+47^1+4^8+4^5 ^^''^^ 

M^+2K,da 
"""   ~  4i^7+4iC3+4Xio+4K6 ^^^^^ 


MFA  =  ^EK^dp •.      .      .      .  (681) 

MFD  =  ^EKiei, (682) 

Mfk  =^EK^dp .  (683) 

MFo  =  2EKj2ej,+  do-^  y) (^^^) 

MGF  =  2EKJ2eG+ep-Z-^\ (685) 

Mge^^EK^Og (686) 
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Mgl  =  ^EK^Bg 


MGH=2EKe(2dG-\-dir+ 


(2.0+^.+ I) 


MHG  =  2EK,i2dH-\-dG+  Y 


(687) 
(688) 

(689) 

(690) 
(691) 


MHM=4:EKiodH (692) 

If  the  portion  of  the  frame  DJ  is  symmetrical  about  G,  6g  =  0,  and 
^F  =  —  6h- 

The  moments  due  to  the  settlement  of  one  column  for  frames 
having  the  K's  of  all  members  equal  and  the  lengths  of  all  girders  equal, 
and  also  for  frames  having  the  K's  of  all  columns  equal,  the  K's  of  all 
girders  equal  and  the  lengths  of  all  girders  equal  are  given  in  Table  17. 

It  is  to  be  noted  that  the  work  in  this  section  is  based  upon  the 
assumption  that  there  is  no  horizontal  motion  in  the  frame. 

Table  17 
Moments  in  a  Frame  Composed  of  a  Number  op  Rectangles,  Due  to 


Settlement  of 

One  Column 

Moment 

iiC'sof  All 

Members  Equal 

Lengths  of  All 

Girders  Equal 

for  All  Columns  Equals  K 
h 

—  for  All  Girders  Equals  nK 

t 

Lengths  of  All  Girders  Equal 

Ends 
Hinged 

Ends 
Fixed 

Ends 
Hinged 

Ends 
Fixed 

Mgb  and  Mgl 

0 

0 

0 

0 

Mfa,  Mfk,   -Mhc, 

18      KEd 

3      KEd 

18n       KEd 
6+7n         I 

3n      KEd 

and  —Mhm 

13          I 

2          / 

l+n         I 

MfD  and  — Mhj 

18      KEd 

3      KEd 

ISri"      KEd 
6+7n         I 

3n2        KEd 

13         I 

2          I 

l+n         I 

Mfo  and  —Mho 

54   KEd 
13      I 

9    KEd 

-18ni2+n)KEd 

^^/2+n\KEd 

-^\i+n)-r 

2        I 

6+7n          I 

Mgf  and  —Mgh 

66  KEd 

21   KEd 

-Qn(()+5n)KEd 

-3n/4+3n\  KEd 
2     \l+nj     I 

13      I 

4        I 

Q+7n          I 
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XI.     Three-legged  Bent 

62.  Three-legged  Bent.  Lengths  of  All  Legs  Different.  Vertical 
Load  071  Left-hand  Span — Legs  Hinged  at  the  Bases. — Fig.  75  represents 
a  three-legged  bent.  The  lengths  of  all  legs  are  different  P  repre- 
sents the  resultant  of  any  system  of  loads  on  AB.  The  legs  of  the  bent 
are  hinged  at  D,  C,  and  E. 


P 

— » 

1— 

ta 

A 

' 

' 

B 

P 

,1 

H- 

'3 

. 

-c 

k^^ 

k- 

k^' 

-c. 

-c 

v       d\ 

C 
<t 

i — ^• 

E 

) ^ 

Figure  75 

Since  axial  strains  are  neglected  the  vertical  deflections  of  B  rela- 
tive to  A  and   F  are  zero.     Likewise  the  horizontal  deflections  of  A 
B,  and  F  are  equal.     This  deflection  is  represented  by  d. 

Applying  the  equations  of  Table  1  gives 


MAB  =  2EK,(2dA+  Ob) -Cab 

MbA  =  2EKr(2dB-\-  dA)+CBA 

d_ 

h. 


M 


^EKA  Ob-  ~ 


MBF  =  2EKz(2dB+eF) 

MFB  =  2EKz{2ep+dB) 

MFE  =  dEK.  ^"         ^ 


(-i) 


(693) 

(694) 
(695) 

(696) 

(697) 
(698) 

(699) 
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For  equilibrium  Sit  A,  B,  and  F 

Mad+Mab=o     ...:... (700) 

Mba+Mbc-\-Mbf  =  0 (701) 

« 

Meb+Mfe  =  0 (702) 

For  the  bent  as  a  whole  to  be  in  equilibrium 

^  +  ^+i^   =0      .      .      . (703) 

tlo  1I2  fli 

Substituting  the  values  of  the  moments  from  equations  693  to  699 
inclusive  in  equations  700,  701,\702,  and  703  gives 

SEKodA-SEKoj-  +'^EK^^^+^^K^^b  =  Cab     ....     (704) 

4:EKidB+2EKidAi-^EK2dB-3EKo  -^  +4:EK^eB+2EKzdp 

I12 

=  -Cba (705) 

4:EKzdp+2EKzdB-}-3EKidp-3EK,  ^  =0   .      .     .     .     .    (706) 

^^  eA-3EKo4i  +  ^^'  Ob-SEK,  ^,  +  ^  d,-3EKi  ^, 

Ho  flo  'I2  Hi  Hi  fli 

=  0 (707) 

These  four  equations  contain  only  four  unknowns,  and  it  is  there- 
fore possible  to  combine  the  equations  and  solve  for  the  unknowns. 
The  resulting  expressions,  however,  are  so  complex  that  it  is  more 
practicable  to  substitute  numerical  values  for  E,  the  i^'s  and  the  /i's 
and  then  solve  for  the  unknowns,  d  and  the  0's,  by  a  process  of  elimi- 
nation. Knowing  d  and  the  0's,  the  moments  can  be  determined  from 
equations  693  to  699  inclusive. 

For  convenience  in  eliminating  the  unknowns,  equations  704,  705, 
706,  and  707  are  reproduced  in  Table  18.  In  this  table  the  unknowns 
are  at  the  tops  of  the  columns  and  the  coefficients  of  the  unknowns  are 
in  the  lines  below.  Equations  A  to  D  of  Table  18  are  identical  with 
equations  704  to  707. 
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Table  18 

Equations  for  Three-legged  Bent 

Lengths  of  All  Legs  Different.     Vertical  Load  on  Left-hand  Span.     Legs  Hinged 
at  the  Bases. 


No. 
of 

Equa- 
tion 

Left-hand  Member  of  Equation 

Right- 
hand 
Member 

Oa 

Ob 

Bf 

d 

of 
Equation 

A 

3K<,+4Zi 

2Ki 

0 

SKo 

Cab 

+    E 

B 

2A'i 

4Ki+3K2+4JCs 

22^3 

3^2 

h2 

Cba 

~     E 

C 

0 

2X3 

4A^3+3A'4 

3Ki 

hi 

0 

D 

ZKo 

ho 

SK2 

h2 

3if4 

hi 

+3 

r  Ko        K2     Ki  ' 
_  ho^  +   h2^'^  hi^_ 

0 

■';—*■ 


m 


hi 


Figure  76 


63.  Three-legged  Bent.  Lengths  of  All  Legs  Different.  Vertical 
Load  on  Left-hand  Span — Legs  Fixed  at  the  Bases. — Fig.  76  represents 
a  three-legged  bent.  The  lengths  of  all  legs  are  different.  P  repre- 
sents the  resultant  of  any  system  of  loads  on  AB.  The  legs  of  the  bent 
are  fixed  at  D,  C,  and  E. 
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From  the  equations  of  Table  1 

MAD  =  2EKo(2dA-^Y) (708) 

MAB=^2EK,(2dA+dB)-CAB (709) 

MBA  =  2EKli2dB+dA)+CBA (710) 

d 


Mbc  =  2EK2 


i^'^-'j;)  •   •   • (^") 


MBF  =  2EKz{2dB+dp) (712) 

MFB  =  2EKz(2dp+dB) (713) 

Mpe  =  2EkJ 26^-3  j-\ (714) 

MnA=2EKofeA-3j^^ (715) 

McB  =  2EK2fdB-SY,) (^1^) 


MEF  =  2EKJeF-?>Y^ (717) 

For  equilibrium  at  A,  B,  and  F,  equations  700,  701,  and  702  are 
applicable. 

For  the  bent  as  a  whole  to  be  in  equilibrium 

Mad+Mda  ^  Mbc-\-Mcb  ^  Mpe+Mef  ^0         ....     (718) 
ho  hi  hi 

Substituting  the  values  of  the  moments  from  equations  708  to  717 
in  equations  700,  701,  702,  and  718  gives  the  equations  of  Table  19. 

64.  Three-legged  Bent.  Lengths  of  All  Legs  Different.  Any  System 
of  Loads. — No  matter  what  system  of  loads  is  appHed  to  the  three- 
legged  bents  of  Figs.  75  and  76,  equations  similar  to  equations  693 
to  699,  708  to  718  and  700  to  703  can  be  written.     These  equations  will 
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contain  no  unknown  quantities  not  found  in  the  equations  of  section  62, 
and  therefore  they  can  be  combined  to  obtain  equations  similar  to  the 
equations  of  Tables  18  and  19.  The  left-hand  members  of  the  equations 
for  all  bents  with  legs  hinged  at  the  bases  will  be  identical  with  the 
left-hand  members  of  the  equations  of  Table  18,  and  the  left-hand 
members  of  the  equations  for  all  bents  with  legs  fixed  at  the  bases  will 
be  identical  with  the  left-hand  members  of  the  equations  of  Table  19. 
The  equations  of  Table  1  as  applied  to  a  three-legged  bent  having 
legs  hinged  at  the  bases  and  carrying  a  number  of  systems  of  loads  are 
given  in  Table  20.  Similar  equations  for  a  three-legged  bent  having 
legs  fixed  at  the  bases  are  given  in  Table  21.  Four  equations  containing 
four  unknowns,  derived  from  the  equations  of  Table  20  are  given  in 
Table  22,  and  four  equations  containing  four  unknowns  based  upon  the 
equations  of  Table  21  are  given  in  Table  23.  The  equations  of  Table  22 
can  be  used  to  determine  the  stresses  in  a  bent  having  legs  hinged  at 
the  bases,  and  the  equations  of  Table  23  can  be  used  to  determine 
the  stresses  in  a  bent  having  legs  fixed  at  the  bases.  A  numerical 
problem  illustrating  the  use  of  the  equation  in  Table  23  is  presented 
in  section  76. 


Table  19 
Equations  for  Three-legged  Bent 

Lengths  of  All  Legs  Different.     Vertical  Load  on  Left-hand  Span.    Legs  Fixed  at 
the  Bases. 


No. 
of 

Left-hand  Member  of  Equation 

Right- 
hand 

Equa- 
tion 

Ba 

Bb 

9f 

d 

Member 

of 
Equation 

A 

AKo+4£i 

2Ki 

0 

ho 

,Cab 
^  E 

B 

2Ki 

4Xi+4if2+4if3 

2K3 

R^2 
-^j; 

Cba 
E 

C 

0 

2^3 

4A'3+4i^4 

0 

D 

-4" 

-^   h2 

rii 

^^\ho^^h2^^h,^\ 

0 

The     'a  and  d  can  be  determined  from  the  equations  of  Table  19  by  a  process  of  elimination. 
Knowing  the      's  and  d,  the  moments  can  be  determined  from  equations  708  to  717. 
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65.     Three-legged  Bent.     Lengths  and  Sections  of  All  Legs  Equal. 
Lengths  and  Sections  of  Top  Members  Equal.      Any  System  of  Loads. 

Let  -y  of  a  Top  Member  be  n  times  -r-  of  a  Leg.  Legs  Hinged  at  the  Bases. — 

Fig.  89  represents  a  three-legged  bent.     The  lengths  of  the  legs  are 
equal,  and  the  lengths  of  the  top  members  are  equal.     The  -r-  of  atop 

member  is  designated  as  K,  and  the  ^— of  a  leg  is  designated  as The 

h  n 

legs  of  the  bent  are  hinged  at  D,  C,  and  E. 
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Figure  89 


The  equations  of  Table  1  as  applied  to  the  three-legged  bent  repre- 
sented in  Fig.  89  are  given  in  Table  24  for  a  number  of  systems  of  loads. 
Four  equations  containing  four  unknowns,  derived  from  the  equations 
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of  Table  24,  are  given  in  Table  25,  and  the  moments  at  the  ends  of  the 
members  as  found  from  the  equations  of  Tables  24  and  25  are  given 
in  Table  26. 

66.  Three-legged  Bent.  Lengths  and  Sections  of  All  Legs  Equal. 
Lengths  and  Sections  of  Top  Members  Equal.  Any  System  of  Loads — 
Legs  Fixed  at  the  Bases. — Fig.  90  represents  a  three-legged  bent.  The 
lengths  of  the  legs  are  equal,  and  the  lengths  of  the  top  members  are 

equal.     The  -p  of  a  top  member  is  designated  as  K,  and  the  -j- 

is  designated  as The  legs  of  the  bent  are  fixed  at  D,  C,  and  E. 

The  equations  of  Table  1  as  applied  to  the  three-legged  bent  repre- 
sented in  Fig.  90  are  given  in  Table  27  for  a  number  of  systems  of  loads. 
Four  equations  containing  four  unknowns,  derived  from  the  equations 
of  Table  27,  are  given  in  Table  28,  and  the  moments  at  the  ends  of  the 
members  as  found  from  the  equations  of  Tables  27  and  28  are  given 
in  Table  29. 
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Table  26 
Moments  Due  to  Various  Systems  of  Loads  on  a  Three-legged  Bent 

Lengths  and  Sections  of  Top  Members  Equal.   (   —  =  K  ) 

(I  K  \ 

-r-    =    —  ) 

Legs  Hinged  at  the  Bases. 


No. 
of 

Equa- 
tion 


Mad  = 


Mab  = 


Mo- 
ment 


Case  I 

Vertical   Load   on   Left-hand   Span 

See  Fie.  91 


CAB{10n+9)+CBA{4:n+3) 

4(n  +  l)  (4re+3) 


CAB{l0n+9)+CBA{in+3) 

Mn  +  1)  (4ft  +  3) 


Case  II 

Vertical  Load  on  Right-hand  Span 

See  Fig.  92 


CsFJ^n+S)  -CFB(2n+3) 
4(n+l)  (4n+3) 


+ 


Cflf(4n+3)-CFB(2n+3) 
4(71  +  1)  (4n+3) 


Case  III 

Horizontal    Load    to    the    Right    on 

Left-hand  Leg 

See  Fig.  93 


2nHAD{lQn +15)  -Md(4w+3)^ 
12(«  +  1)  (4«+3) 


2nHAD{lQn+15)  -Mj(4n+3)^ 
12(«  +  1)  (4n+3) 


Case  IV 

Horizontal  Load  to  the  Left  on 

Right-hand  Leg 

See  Fig.  94 


2nHFE{8n+9)~ME(4:n+3y 
12(n  +  l)  (4n+3) 


2nFf£;(8n+9)  -Mg(4n+3)^ 
12(n  +  l)  (4n+3) 


CaseV 

Settlement  and  Sliding 

of  Foundation 

See  Fig.  ^ 


EK     IShjn  +  l)  {2di-dz)-l  [d2(8n+6)+d4(8n+9)] 


2hl 


(n  +  1)  (4n+3) 


EK  .  18/t(ri+l)  {2di-dz)-l  [c?2(8ra+6)+d4(8n+9)] 
'2hl  (n  +  1)  (4n+3) 


Case  VI 

External  Couple  at 

Upper  Left-hand 

Corner 

See  Fig.  96 


M(10n+9) 
4(n  +  l)  (4n+3) 


M(16n'+18n+3) 

4(n+l)  (4n+3) 


Mba  = 


(2ri+3)  [CAB(2n+l)+Cg^(4n+3)] 
4(n+l)  (4n+3) 


+ 


CBF{^n+Z)  (2n+l)+CM(4n2-3) 


4(n  +  l)  (4n+3) 


(2w+3)  [2nHxp-Mo(4n+3)] 

12(^^  +  1)  (4«+3) 


2nfl'f-£;(10n+9)-Mg(4n+3)  (2n+3) 

12(n  +  l)  (4n+3) 


EK  .  Qh{n+l)  (2n+3)  (2(ii-rf3)+^  [rf2(8n+6) -rf4(10n+9)] 
'2hl  (n+1)  (4n+3) 


M(2n+1)  (2n+3) 
4(n+l)  (4n+3) 


Mbc  = 


Cab+Cba 

'   2(n  +  l) 


+ 


Cbf-\-Cfb 
2(n  +  l) 


2n/fAD+Mz)(2n+3) 

6(»+l) 


+ 


2nHFE-ME(2n+3) 


6(n  +  l) 


EK  .  2d2-di 

'^  h         n  +  1 


M 


2(n+l) 


Mbf  = 


C^g(4ng-3)+CBA(4n+3)  (2w+l) 
4 (n  +  1)  (4n+3) 


(2n+3)  [CBF(An+3)+CFBi2n  +  l)] 


4(n+l)  (4n+3) 


2nF^g(10n+9)+MD(4n+3)  (2n+3) 
12(n  +  l)  (4n+3) 


(2n+3)   [2ngfg+Mg(4n+3)] 
12(n+l)  (4n+3) 


EK  .  mn  +  l)  (2n+3)  (2di-4)-^  ['i2(8n+6)+c^4(2n+3)] 
^2hl  (n  +  1)  (4n+3) 


M(4n^-3) 
"4(n  +  l)  (4n+3) 


C^B(2n+3)-CB^(4n+3) 

4(«  +  l)  (4n+3) 


CBF(4n+3)+CfB(10n+9) 

4(n  +  l)  (4n+3) 


2nHAD(Sn+9)+MD(An+dy 
12(n  +  l)  (4w+3) 


+ 


2n^F£(16n  +15)  +M£(4n+3)^ 
12(n+l)  (4n+3) 


EK 

'^2hl 


18A(n+l)  {2di-d3)+l[d2{8n+Q) -di(lQn+15)] 

(n  +  1)  (4n+3) 


M(2n+3) 
4(n  +  l)  (4n+3) 


Mfe  = 


C^B(2n+3)-CBA(4n+3) 
4(n+l)  (4?i+3) 


CBF(4n+3)+CF.B(10n+9) 
4(n+l)  (4n+3) 


2nHAD{8n+9)+MD{4n+3)^ 
12(n+l)  (4n+3) 


2nHFE{l&n+15)  +M^(4n+3)^ 
12(n+l)  (4n+3) 


EK  .  18;i(n+l)  {2di~d3)+l[d2i8n+6)-dia6n+15)] 
'2hl  (n+1)  (4n+3) 


M(2n+3) 
"4(n  +  l)  (4n+3) 


for  definition  of  Mo  and  Me  see  Table  24. 
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La 


E 


Figure  99 


r- 


t     J 


Figure  100 


^T 


Figure  101 


Table  29 
.Moments  Due  to  Various  Systems  of  Loads  on  a  Three-legged  Bent 

Lengths  and  Sections  of  Top  Members  Equal. (  -y  =K) 

—  = —   j 
Legs  Fixed  at  the  Bases. 


Mad  = 


Mba  = 


Mo- 
ment 


Mab  = 


Case  VII 

Vertical  Load  on  Left-hand  Span 

See  Fig.  97 


C^B(ll?i^+15n+2)+4wCB.4(ra  +  l) 
2(n-(-l)  (6n2+9«  +  l) 


CABinn^  +  l5n  +  2)+4nCBA(n  +  l) 
2(n  +  l)  (6/i2+9n+l) 


nCAB{Sn^+8n+4)+CBAin  +  l)  (6n^  +  13n+2) 


2(n  +  l)  (6n^+9n  +  l) 


Case  VIII 

Vertical  Load  on  Ria;ht-hand  Span 

See  Fig.'^gS 


inCBFJn  +  l)  —nCFBJn  +  'S) 
2(n  +  l)  (6n2+9?i+l) 


+ 


4nCBf  (n+1)  -nCFBJn+S) 
2(n  +  l)  (6n2+9tt  +  l) 


+ 


nCBF{n  +  l)  (6?J+5) -\-nC FsiSn^  +  n  —3) 


2{n  +  l)  (6n2+9n+l) 


Case  IX 

Horizontal  Load  to  the  Right  on  Left-hand  Leg 

See  Fig.  99 


nCAD{l0rr-  +  l5n+S)-2n{MD-CDAy{n  +  iy- 
2{n  +  l)  {6n^+9n+l) 


nCAi)(10n^  +  15n+3)  -2n(MD-Co^)  (n  +  iy 
2(n  +  l)  (6n2+9n-(-l) 


n(n+2)[CAD(2n  +  l)-(MD-CDA)(n  +  l)] 
2(n  +  l)  {6n'  +  9n  +  l) 


CaseX 

Horizontal  Load  to  the  Left 

on  Right-hand  Leg 

See  Fig.  100 


nCFE(2n^+3n-l)-2niME+CEF)  {n  +  iy- 
2{n  +  l)  {Qn-i+Qn  +  l} 


nCp£(2»s+3w  -1)  -2n{ME+CEF)  {n  +  iy 
2{n  +  l)  (6n2-h9tt  +  l) 


nCFE{4:n^+in-l)-7iiME+CEF)  (n  +  l)  („+2) 
2(rt  +  l)  (6/i-^+9/i  +  l) 


Case  XII 

External    Couple    at 

Upper  Left-hand  Corner 

See  Fig.  101 


+  ■ 


M(lln^-|-1.5w+2) 
2(n-|-l)  (6rt2+9n  +  l) 


Mw(3w-|-1)  (4w+5) 
2(«  +  l)  i6n^+9n  +  l} 


Mn{7i+2)  (3/i+2) 
2{?i  +  l)  {Qn'+9n  +  l) 


Mbc  = 


7nCAB+2CBA{in  +  l) 
2(6n2+9ii-i-l) 


2CBF{'in+l)+7nCFB 
2(6n2+9n  +  l) 


nCAD{2n~3)  +2n{M d-Cda)  (n+2) 
2{6n^+9n  +  l) 


7iCFE{2n-3)  ~2n(ME+CBF)  (n+2) 
2{Qn^+9n  +  l) 


7Mn 


2(6n2-|-9n  +  l) 


Mbf  = 


nCAB{3n^+n-3)+nCBA(n  +  l)  (6n+5) 
2{n  +  l)  (6?i2+9n  +  l) 


CBFJn+l)  iQn^  +  13n+2)+nCFB{3n^+8n+i) 
2{n  +  l)  (6?i2+9n+l) 


nCAD{4n^+4n-l)+n{MD~CDA)  (n  +  l)  (n+2) 


2{n  +  l)  (6n2-K9rt  +  l) 


+ 


nin+2)\CFE{2n+l)  +  iME+CEF)  (n  +  l)] 
2(n  +  l)  (6n'+9n  +  l) 


Mn(3n^+n-3) 
'2(n+l)  (Qn^'+9n  +  l) 


Mfb  = 


nCAB(n+3)  -inCBA(n  +  l) 
2(n+l)  (6n2-h9n4-l) 


4nCgF(n-t-l)+Cj-B(llw^  +  15w-h2) 
2(n+l)  (6?i2+9n+l) 


nCAD(2n^+3n-l)+2n(MD-CDA)  (n  +  l)^ 
2(n  +  l)  (6n2+9n  +  l) 


nCFE{l0n^  +  l5n+3)+2ti(ME+CEF)  (n  +  iy 


2 (n  +  l)  (6n'-  +  9n  +  l) 


Mfe  = 


nCAB(n+3)-inCBA(n  +  l) 
2(n  +  l)  (6n2+9n  +  l) 


4nCfiF(n  +  l)+Cfi;(lln^  +  15»+2) 
2(«  +  l)  (6w2+9n  +  l) 


nCAD(2n''+3n-l)+2n(MD-CDA)  (n  +  iy 
2(n  +  l)  (6n2+9n  +  l) 


nCpE(l0n''+l5n+3)+2n(ME+CEF)  (n  +  l)^ 
2(71  +  1)  (67i'+9}i  +  l) 


Mr 


nCAB(4n+5)+CBA(n  +  l)  (2n  +  l) 
2(n  +  l)  (6n2+9n  +  l) 


CBF(n  +  l)  (2n  +  l)  -CFB(27i'+4n  +  -[) 
2(n  +  l)  (Qn'-+9n  +  l) 


CAD(Qn^+27n^+2Q7i+2)      Ma  (6w^+ 9ft+2)+Cz).4(30ft^+45?7+4) 


6(?i  +  l)  (6n'+9n  +  l) 


6(6/t=+9«+l) 


CFE(Cm^+9n^-7i-l)-(ME+CEF)  (n  +  l)  (6u'-+9n+2) 


Q(n  +  1)  (6n2+9n  +  l) 


M7i(n+3) 


2(n  +  l)  (&n^+9n  +  l) 


Mn(n+3) 


2(n  +  l)  (6w2+9?z  +  l) 


Mn(in+o) 


2(n  +  l)  (6n-+9tt  +  l) 


McB  = 


CAB(rm  +  l)+inCBA 
2(Qn^+9n  +  l) 


4nCBF+CFB(5n  +  l) 
2(6^2+971  +  1) 


CAD(Qn'--3n-l)+2(MD-CDA)  (3n^+6n  +  l) 
6(6n2+9n  +  l) 


CFE(Qn'--3n-l)  -2(Me+Cef)  (3?i2+6n  +  l) 


6(6«2+9„  +  i) 


M(5n  +  l) 
'2(6w2+9n  +  l) 


Mef  = 


C^B(2n2+4n  +  l)  -CBA(n  +  l)  (2n  +  l) 
2(n  +  l)  (Qn'+9n+l) 


CBF(n  +  l)  (2n  +  l)+7,CFB(4n+5) 
2(n+l)  (6n2+9n+l) 


CAD(Qn'+9n^-n-l)  +  (MD-CDA)  (n  +  l)  (6n^+9n+2) 
6(n  +  l)  (6n2+9n  +  l) 


Cf  j;(6n''+27re'+26n+2)      Me  (Qn''+9n+2)  -  Cef  (3Qn''+A5n+4) 
6(re  +  l)  (6n2+9n  +  l) 


6(6n2+9n  +  l) 


M(2n^+4ft  +  l) 
"2(71  +  1)  (Qu^+9n  +  l) 


For  definitions  of  M     and  Me  see  Table  27. 
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XII.     Effect  of  Error  in  Assumptions 

67.  Error  Due  to  Assumption  that  Axial  Deformation  is  Zero. — 
In  determining  the  stresses  in  frames  it  has  been  assumed  that  the 
members  of  the  frame  do  not  change  in  length,  but  since  the  members 
are  subjected  to  axial  stress  there  must  be  a  corresponding  axial  deforma- 
tion. It  remains  to  determine  the  effect  of  the  axial  deformation  upon 
the  stresses  in  the  frames. 


Figure  102 


Fig.  102  represents  a  square  frame  with  all  sides  identical  in  section. 
The  frame  is  subjected  to  a  single  horizontal  force  P  at  the  top,  and  is 
ui  equilibrium  under  the  action  of  P  and  the  reactions  at  D  and  C. 
Since  there  are  no  loads  except  at  the  ends  of  the  members,  H  and  C 
of  Table  2  are  zero  for  all  members. 

Case  1.  Assume  horizontal  reactions  at  C  and  D  equal.  From 
equations  407  and  408  of  section  48 

Ph_ 

4 

Ph 


Mab  = 


Mnc= r 


McD  = 


Ph 
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Shear  in  AD  = 5 =  77" 

h  2 

Likewise 

Shear  in  BC  =  -|P 

Shearin^5=-|^P 

Shear  in  DC  =  ^P 

Stress  in  ^5  =  —  P  compression 

Stress  in  CD  =  0 

Stress  in  J.Z)  = — P  tension 

Stress  in  BC  =  — P  compression 

Since  AB,  AD,  and  BC  have  the  same  sections,  the  same  lengths, 
and  are  subjected  to  axial  stresses  of  the  same  magnitudes,  A  h,  repre- 
senting the  change  in  length  due  to  axial  stress,  is  the  same  for  all 
members. 

Referring  to  Fig.  102 

Ah  _  P 
^'~^'-~r~2AE 

^  _  2Ah  _  P 
^'~~r~AE 

Applying  the  equations  of  Table  1  gives 

MAB  =  2EK{2eA+dB-?>Rz)        (719) 

MAB=-2EK{2dA+dD-^Ri) (720) 

MBc  =  2EK{2dB+dc-^R2) (721) 
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MBc=-2EKi2dB-^dA-Ms) (722) 

McD  =  2EK{2ec+Bn) ,    .      .      .  (723) 

McD=-2EK{2dc+dB-?>R2) (724) 

MnA-2EK{2du+eA-2>Rx)'.  ■ (725) 

MnA^-2EK{2do+dc)  .      . (726) 

For  AD  and  BC  to  be  in  equilibrium 

-Mab+Mbc-Mcd+Moa+PI  =  0 (727) 

Combining  equations  719  to  727,  substituting  values  for  Ri,  R^, 
and  Rs,  and  solving  for  the  moments  gives 


Mab--^ 


[^-m •  •  ^'^^ 


Ph  r^_9K_l 


M^^^mi+lf-^]       . (730) 


Mda  =  -  ^- 


l  +  g         .      .      .      .      .      .      ...      .    (731) 


9K 
In  these  equations  ^-jr  represents  the  largest  error  due  to  neg- 

9K 
lecting  the  axial  deformation  in  the  members,  and  the  ratio  of  ^-j-r  to  1 

represents  the  relative  error. 

Case  2.     Assume  horizontal  reaction  at  C  only.     If  the  horizontal 
reaction  is  all  taken  at  C 

Stress  in  AB=  —P  compression 

Stress  in  CD  =  —P  compression 
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Stress  in  yl  Z)  =  —  P  tension 

Stress  in  BC  =  —F  compression 

Since  J.J5,  CD,  AD,  and  BC  have  the  same  sections,  the  same 
lengths,  and  are  subjected  to  axial  stresses  of  the  same  magnitude, 
A/i,  representing  the  change  in  length  due  to  axial  stress,  is  the  same  for 
all  members.     The  magnitude  of  A/?  is  given  by  the  expression 

As  A/i  for  AB  equals  A/i  for  DC,  Rx  =  R<i 
Since  AD  is  in  tension  and  BC  in  compression 
„  _  2A/i_   P 

Equations  719  to  727  are  appHcable.  Combining  the  equations, 
substituting  the  values  of  the  P's  and  solving  for  the  moments  gives 

^--fO-IrO    ■  •  ■ (^^2) 

i^=c  =  -?ri-|?.l (733) 


4  V        2Ah) 


..         Ph/,  ,    6K\  ,,„ ., 

^-=tO+2Ia)      •     •      •     •      • (734) 


=  _^Vl+l^^ 


MoA  ^ 


{!+^^ (^35) 


In  these  equations  ^-ji-   represents  the  error  due  to  neglecting  the 

axial  deformation  in  the  members,  and  the  ratio  of  ,jyr  to  1  represents 
the  relative  error. 
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Comparing  Case  1  with  Case  2,  it  is  apparent  that  the  error  due 
to  neglecting  the  axial  deformations  is  smaller  if  the  horizontal  reaction 
is  all  at  one  corner  than  if  half  of  it  comes  at  each  of  the  lower  corners. 

The  maximum  relative  error,  for  Case  1,  is  ^rrr  '     Substituting  for  K 

'  '      2Ah  ^ 

I  .       9K  97 

its  value  -j-)  the  expression  r-jr  becomes      .   ^  •  That  is,  the  error  due 

to  neglecting  the  axial  deformation  in  a  square  frame  with  all  sides 
identical,  subjected  to  a  single  horizontal  force  at  the  top,  varies  directly 
with  the  moments  of  inertia  of  the  section  of  the  members,  inversely 
with  the  area  of  the  members,  and  inversely  with  the  square  of  the 
length. 

If  for  Case  1  the  frame,  instead  of  being  square  as  shown  in  Fig.  102, 
is  a  rectangle  twice  as  wide  as  it  is  high,  and  if  the  sections  of  all  members 
are  identical,  the  moments  in  the  frame  due  to  a  single  horizontal  force 
P  at  the  top  are 

,^         P/i/,  ,     9    i^\  ,^^^. 

-^— ?(-^:S)      •   •   •  ' (^3^) 


,,  Ph/^  ,    15  K\  ,_„^, 


in  which  h  and  K  are  for  the  vertical  members. 

15   K 
The  maximum  relative  error  in  this  case  is   -; — rr  divided  by  1. 

4:  Ah  -^ 

15  .  K  . 

It  is  to  be  noted  that  —  >  the  coefficient  of  j-r  in  equation  739,  is 

9  .  K 

less  than  -^  j  the  coefficient  of  -jr '  in  equation  731.     Hence  for  two 

frames,  one  a  rectangle  twice  as  wide  as  it  is  high  with  sections  of  all 
members  identical,  and  the  other  a  square  having  all  sides  identical 
with  the  vertical  sides  of  the  rectangle,  and  both  frames  having  a 
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single  horizontal  force  applied  at  the  top,  the  error  due  to  axial  deforma- 
tion is  less  for  the  rectangular  frame  than  it  is  for  the  square  frame. 

If  for  Case  1  the  frame,  instead  of  being  square  as  shown  in  Fig.  102, 
is  a  rectangle  twice  as  high  as  it  is  wide,  and  if  the  sections  of  all  members 
are  identical,  the  moments  in  the  frame  due  to  a  single  horizontal 
force  P  at  the  top  are 


M..=  ^Vl      ^1^ 


Jh) (740) 


^^^=-f  0-f  s ■  ■  (^-) 


^»=T(l+f  .-S) (742) 


^-=-T(l+-8lAt (74.3) 


in  which  h  and  K  are  for  the  vertical  members. 

51   K 
The  maximum  relative  error  in  this  case  is  -7^ — tt  divided  by  1. 

8    Ah  ^ 

51  K 

It  is  to  be  noted  that  -^  >  the  coefficient  of  -jr  in  equation  743,  is 

9  .  K 

more  than  -^j  the  coefficient  of  -tj  in  equation  731.     Hence  for  two 

frames,  one  a  rectangle  twice  as  high  as  it  is  wide  with  sections  of  all 
members  identical,  and  the  other  a  square  having  all  sides  identical 
with  the  vertical  sides  of  the  rectangle,  and  both  frames  having  a  singl  e 
horizontal  force  at  the  top,  the  error  due  to  axial  deformation  is  greater 
for  the  rectangular  frame  than  it  is  for  the  square  frame. 

Table  30  gives  the  errors  due  to  axial  deformations  in  a  number  of 
rectangular  frames.  The  largest  error  in  the  table  is  3.70  per  cent 
for  a  frame  10  feet  square  composed  of  27  in. -83  lb. -I-beams.  Although 
this  frame  is  composed  of  members  having  sectional  areas  so  large  com- 
pared with  their  length  that  it  would  be  impracticable  to  provide  con- 
nections strong  enough  to  develop  the  strength  of  the  members,  yet 
the  error,  3.7  per  cent,  is  well  within  the  range  of  permissible  error. 
For  steel  frames  of  the  proportions  common  in  engineering  structures 
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the  error  is  well  under  2  per  cent.     For  concrete  frames  the  ratio 

-J-  is  much  less  than  for  steel  frames,  and  the  error  due  to  neglecting 

the   axial   deformations    is   correspondingly  less    for   concrete  frames 
than  for  steel  frames. 

Table  30 

Error  in  Stresses  in  Rectangular  Frames  Due  to  Neglecting  Axial 

Deformation 

Frame  is  subjected  to  a  single  horizontal  force  at  the  top.  The  horizontal 
reaction  at  the  bottom  is  equally  divided  between  the  two  lower  corners.  The  sec- 
tions of  all  members  of  a  frame  are  identical. 


Square 

Frame 

Having 

Width 

Frame  Having  Height 

Section 

Twice  Height 

Twice  Width 

Height 
and 

Error 

Height 

Width 

Error 

Height 

Width 

Error 

Width 
feet 

per 
cent 

feet 

feet 

per 
cent 

feet 

feet 

per 
cent 

27"- 

-1—83  lb. 

20 

.92 

20 

40 

.77 

40 

20 

.33 

15 

1.64 

15 

30 

1.37 

30 

15 

.58 

10 

3.70 

10 

20 

3.08 

20 

10 

1.31 

24"- 

-1—80  lb. 

20 

.70 

20 

40 

.58 

40 

20 

.25 

15 

1.24 

15 

30 

1.03 

30 

15 

.43 

10 

2.80 

10 

20 

2.33 

20 

10 

.99 

20"- 

-1—65  lb. 

20 

.48 

20 

40 

.40 

40 

20 

.17 

15 

.85 

15 

30 

.71 

30 

15 

.30 

10 

1.92 

10 

20 

1.60 

20 

10 

.68 

15"- 

1—42  lb. 

20 

.28 

20 

40 

.23 

40 

20 

.10 

15 

.49 

15 

30 

.41 

30 

15 

.17 

10 

1.10 

10 

20 

.92 

20 

10 

.39 

12"- 

-1—31.5  lb. 

20 

.18 

20 

40 

.15 

40 

20 

.06 

15 

.32 

15 

30 

.27 

30 

15 

.11 

10 

.73 

10 

20 

.61 

20 

10 

.26 

68.  Error  Due  to  Assumpficn  that  Shearing  Deformation  is  Zero. — 
In  the  derivation  of  the  fundamental  propositions  upon  which  the 
analyses  are  based,  deflection  due  to  shear  was  not  considered.  That 
being  the  case,  R  in  the  equations  of  Table  1  depends  upon  the  bending 
deflection  only.  In  the  analyses  of  the  rectangular  frames  the  R's 
of  the  two  vertical  members  are  taken  equal.  This  is  true  of  the  bending 
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deflections  only  when  the  shearing  deformations  in  the  two  vertical 
members  are  equal.  (Axial  deformation  is  here  neglected.)  Likewise, 
in  considering  that  the  deflection  due  to  bending  for  the  top  of  the 
frame  is  zero,  the  shear  deflection  in  the  top  of  the  frame  is  neglected. 


Figure  103 

Fig.  103  represents  a  rectangular  frame  having  a  horizontal  force 
applied  at  the  top.  The  members  of  the  frame  are  subjected  to  shear 
as  follows: 


Shear  in  DA,  Sda  = 


Moa-Mab  Ph  Ada   +   A, 


h 


h 


(744) 


Shear  in  AB,  Sab  = 


AIab-Mbc       Ph   Aab  +  Abc 


I 


I 


(745) 


Shear  in  BC,  Sbc  = 


Mbc-Mcd  Ph  Abc   +  Acd 


h 


h 


(746) 


Shear  in  CD,  Sen  = 


Mcd-Mda        Ph  Acd   +   Ada 


I 


I 


(747) 
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In  these  equations  Aab,  ^bc,  ^cd,  and  Ada  represent  the  quantities 
in  the  parentheses  of  equations  401,  402,  403,  and  404,  of  section  48, 
respectively,  and  A  represents  the  common  denominator  of  the  same 
equations. 

The  points  D  and  C  are  considered  to  remain  stationary,  and  axial 
strain  is  neglected. 

The  total  horizontal  deflection  of  A  equals  the  total  horizontal 
deflection  of  B.     These  deflections  are  represented  in  Fig.  103  by  d. 

S    h 
The  shear  deflection  of  DA  is  —77-; —  and  the  shear  deflection  of  BC  is 

GAi 

-77-j —  •     The  bending  deflection  of  DA ,  di,  is  therefore  given  by  the 

CrAs 

equation 

rf.=d-^ (^*«) 

and  the  bending  deflection  of  BC,  dz,  is  given  by  the  equation 


The  point  C  does  not  move  vertically  relatively  to  D,  but  there  is 
a  shear  Scd   which  produces   a   shear  deflection  in  CD  of  — 


ScdI 


GAi' 
therefore  there  must  be  an  equal  and  opposite  moment  deflection  of 

.^££L .     Similarly,  there  is  a  bending  deflection  in  AB  of  -7tt~  • 
GAi  GA2 

From  the  preceding  equations 

«-x  =  |-|t    ■ •  •  •  ■  (^^°) 

«-t  =  l3J      •    •    •    ■    • (751) 

^'=T-k    ■  ■  ■ •  •  •  ■  (^«3) 
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Applying  the  equations  of  Table  1  gives 
2EK 


MnA  = 


(2en+dA-SRi) ".     (754) 


Mab=- 


2EK 


{2dA+dn-3Ri) (755) 


MAB  =  2EK(2dA+dB-SR2) (756) 

MBc=-2EK{2eB+9A-SR2) (757) 

2EK 


Mbc  = 


{2dB+dc-3R3) '.      .      .     (758) 


2EK 


McD= (2^c+^B-3i?3) (759) 


McD='^^i2dc-\-dD-SRd 


(760) 


Mda  =  - 


2EK 

V 


{2dD+ec-SRi) (761) 


For  AD  and  BC  to  be  in  equilibrium 

MDA-MAB+MBC-McD  +  Ph  =  0    . 


(762) 


Substituting  the  values  of  the  shears  from  equations  744,  745, 
746,  and  747  in  equations  750,  751,  752,  and  753,  substituting  the 
resulting  values  of  the  R's  in  equations  754  to  761,  combining  the 
resulting  equations  and  762,  and  solving  for  the  moments  gives 


~Mab    when    shearing  strain  is 
Mab=     neglected,  a   positive  quantity 
_(see  equation  401,  section  48). _ 


+ 


QPKE 

A2  G 


BabD  +  OabQ] 

,      .      .     (763) 


Mbc  = 


"Mbc  when  shearing    strain    is" 
neglected,  a  negative  quantity    + 
_(see  equation  402,  section  48). _ 


'-^  §\[b.cD-OscQ] 
(764) 


ANALYSIS    OF   STATICALLY   INDETERMINATE    STRUCTURES  191 


McD  = 


~McD    when   shearing  strain  is 

neglected,    a  positive  quantity 

_(see  equation  403,  section  48). _ 


QPK  E 

A'     G 


BcdD-\-OcdQ 
.      .      (765) 


MnA  = 


~Mda    when  shearing    strain  is" 

neglected,  a  negative  quantity 

_(see  equation  404,  section  48). _ 


QPK  E 

A2     G 


Bt)aD  —  OdaQ 


in  which 

-SAB  =  6ris+5/)s+2pn+p2+2n+p  — s 

BBc  =  Qns-{-5pn+2ps-{-p^—n-\-2s-\-p 
BcD  =Qns-\-5n-'r2ps-\-p  —  pn-^2s-{-l 
BDA  =  Qns+5s  —  ps-{-p-]-2pn-\-2n-{-l 

h 
Oad  =  -J-  (ns—pn-{-s^+5ps-\-2n+2s-{-Qp) 


Obc  =  -j-  (ns-{-5pn  —  ps-{-'n?-\-2n-{-Qp-\-2s) 


OcD=  -p(ns+2ps+5n+6p+n^+2pn  — s) 


(766) 


Oda  =  -j-is^+2ps-^5s-\-Qp-\-ns-{-2pn—n) 


D  = 


llng+llnps+6ns^+2s^+10ps+12?}n+2g+3p  +  2sV+2sp^+3?>^ 


6sn^-{-2n^-\-llnps-\-10pn-\-nsn-^12ps-{-2n-\-Sp+2n'^p+2np^+dp 


Q  = 


10ns-\-12nps+3ns''+2s^+llps-{-npn+2s+6p-\-3sn'^+2n?+2n 

A, 


12ns-}-10nps-\-3ns'^-{-llps+llpn-\~2s^p-{-2sp^-{-6p^+dsn'^-\-2n^p-{-2np^ 


A  =  22{pns-\-ps+ns+np)-{-2(p^s-\-ps^-\-n^p-\-p'^n-\-s^-{-s-\-n"-\-n) 
+ 6  (nh + n.s^ + p^ + p) 
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If  the  members  AB  and  CD  are  identical,  equations  763,  764,  765, 
and  766  reduce  to  the  form 

Mab  —  Mab  when  shearing  deformation  is  neglected  (positive 

quantity) +/(; (767) 

Mbc^Mbc  when  shearing  deformation  is  neglected  (nega- 
tive quantity) +fc     (768) 

McD  =  McD  when  shearing  deformation  is  neglected  (positive 

quantity) -fc (769) 

Mda=Mda  when  shearing  deformation  is  neglected  (nega- 
tive quantity)  -  A;     (770) 

in  which 


E         PK        /s+3  _  n+3\ 
"    ""  G   (n-fs+6)2  \  A,  As   J 


If  the  members  AB  and  CD  are  identical,  and  if  DA  and  BC  are 
also  identical  but  not  necessarily  identical  with  AB  and  CD,  k  of  equa- 
tions 767  to  770  is  zero,  showing  that  for  a  rectangular  frame  with 
opposite  sides  identical  the  shearing  deformation  does  not  affect  the 
moment  in  the  frame. 

The  error  due  to  shearing  deformation  in  a  number  of  frames  is 
given  in  Table  31.  " 


Figure  104 
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Table  31 
Error  in  Stresses  in  Rectangular  Frames  Due  to  Neglecting  Shearing 

Deformations 
All  frames  are  subjected  to  a  single  horizontal  force  at  the  top. 


Description 

of  Frame 

Error  Due 
Strain 

to  Shearing 
Per  cent 

Area 

Height 
in 

Width 
in 

Mem- 

of 
Sec- 

/ 

in.4 

K 

in.3 

Mab 

Mbc 

McD 

Mda 

feet 

feet 

ber 

tion 
in.2 

AB 

20 

2500 

4.16 

No  Two 

30 

50 

BC 

20 

300 

.83 

.07 

.03 

.09 

.02 

Members 

CD 

40 

5000 

8.33 

Alike 

DA 

100 

6000 

16.67 

AB 

20 

2500 

5.21 

24 

40 

BC 
CD 
DA 

20 

40 

100 

300 
5000 
6000 

1.04 
10.41 
20.81 

.115 

.05 

.14 

.03 

AB 

20 

2500 

8.33 

15 

25 

BC 
CD 
DA 

20 

40 

100 

300 
5000 
6000 

1.67 
16.67 
33.33 

.30 

.14 

.35 

.07 

AB 

AB  and 

and 

CD 

CD 

20 

2500 

4.16 

identical 

30 

50 

BC 
DA 

20 
100 

300 
6000 

0.83 
16.67 

.032 

.078 

.078 

.032 

AB 

and 

CD 

20 

2500 

5.21 

24 

40 

BC 

20 

300 

1.04 

.050 

.122 

.122 

.050 

DA 

100 

6000 

20.81 

AB 

and 

CD 

20 

2500 

8.33 

15 

25 

BC 
DA 

20 
100 

300 
6000 

1.67 
33.33 

.127 

.313 

.313 

.127 

AB 

and 

CD 

20 

2500 

6.95 

50 

30 

BC 
DA 

20 
100 

300 
6000 

0.50 
10.00 

.016 

.072 

.072 

.016 

AB 

and 

CD 

20 

2500 

8.69 

40 

24 

BC 
DA 

20 
100 

300 
6000 

0.62 
12.50 

.025 

.113 

.113 

.025 

AB 

and 

CD 

20 

2500 

13.90 

25 

15 

BC 
DA 

20 
100 

300 
6000 

1.00 
20.00 

.063 

.290 

.290 

.063 
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69.  Effect  of  Slip  in  the  Connections  upon  the  Moments  in  a  Rec- 
tangular Frame  Having  a  Single  Horizontal  Force  at  the  Top. — Fig.  104 
represents  a  rectangular  frame  having  a  single  horizontal  force  applied 
at  the  top.  The  sections  of  opposite  sides  of  the  frame  are  identical. 
The  connections  at  the  corners  of  the  frame  slip. 

The  changes  in  the  slopes  at  the  ends  of  the  member  AB  are  repre- 
sented by  6 A  at  A  and  ^s  at  5 ;  likewise  for  the  member  CD  the  change 
in  slope  at  C  is  represented  by  dc  and  at  D  hy  do;  for  the  member  AD 
the  change  in  slope  at  A  is  represented  by  Oe  and  at  D  hy  Oh',  and  for 
the  member  BC  the  change  in  slope  at  B  is  represented  by  dp  and  at  C 
by  Og-  That  is:  slip  at  A  equals  ds-dA',  slip  at  B  equals  dp- Ob',  slip 
at  C  equals  do-Bc',  and  slip  at  D  equals  Oh-Od- 

J  T  K 

Represent -^  for  AB  and  CD  by  K,  and  y-for  AD  and  BC  by 

Applying  equation  A,  Table  1,  and  equating  the  sum  of  the  moments 
at  each  of  the  points  A,  B,  C,  and  D  to  zero  and  also  equating  the  sums 
of  the  moments  at  the  ends  of  the  two  members  AD  and  BC  to  —Ph 
gives 

2EK(2dA+dB)+^^^i2dE+dH-SR)=0 (771) 

71/ 


2EK{2dB+dA)  +  ^^^(2ejr+eG-SR)=0 (772) 

lb 


2EKi2dc+en)-\-^^{2dG+dE-3R)=0 (773) 


2EK{2dD+dc)  +  ^^{2dH+dE-3R)  =  0  ......    (774) 

^=^^(2dE+dH-^R+2dH+dE-3R+2dF-{-dG-SR-\-2dG-\-dF 
n 

-3R)-{-Ph  =  0 (775) 

Letting  A  represent  the  quantity,  slip  at  A  divided  by  R,  likewise 
letting  B,  C,  and  D  represent  the  corresponding  quantities  at  the  points 
B,  C,  and  D,  respectively,  gives 


^~~R~'R 


ANALYSIS    OF   STATICALLY    INDETERMINATE    STRUCTURES  195 


B 


R      R 


f^  _"g  PC 

^~~R      R 


n  —  zIL  —  zJL 
R       R 


Substituting  the  values  of  ds,  dp,  do,  and  Oh  from  these  equations 
in  the  preceding  equations  gives 


2^ 
nR 


-J A  I  \  ,   Ob    ,   Od        1  ,  ,       ^ 


(776) 


2  Ob 
nR 


R   '  nR      n 


^+nn-R+zrB  =  -[  S-2B-C 


{111) 


2dc 
nR 


(l+n)+^+^  =  |(3-2C-5) (778) 


2dn 
nR 


R'^nR~  n 


rrr   l+n   +-p  +:;t>  =  — (  3-2D-A 


{119) 


Phn 


2EKR  = 


R      R     R      R 


+^-{A-\-B+C+D) 


(780) 


These  five  equations  contain  four  unknown  angles  and  one  unknown 
deflection.  Solving  these  equations  and  substituting  the  values  for 
the  ^'s  and  R  in  the  expressions  for  the  moments  gives 


M, 


Ph 


3    4:-{A-\-B+C+D) 
■(6A+35-9)+n(16A+55+4C+5Z)-30)+n2(6A+3i)-9) 


(n+3)  (3ri+l) 


(781) 
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"""      3     4:-{A-\-B+C+D) 

(6Z)+3C-9)+n(16Z)+5C+4B+5A-30)+nH6Z)+3^-9)1 

(n+3)  (3n+l)  J 

(782) 


M..  =  -i  ^'' 


3     4.-{A+B+C+D) 
(6^+3A-9)+n(16^+5A+4Z)+5C-30)+n^(6g+3C— 9) 

(n+3)  (3n+l) 

. (783) 


1  Ph 

Mcn  =  ^ 


3    4-(vl+B+C+D) 
r(6(7+3Z)-9)+n(16C+5Z)+4A+5^-30)+n'^(6C+3B-9)1 
L  (n+3)  (3n+l)  J 

.      .    (784) 


The  values  of  -^^  ^;  -^i  and  -^  determined  from  equations   776 
ti    ti     ti  ti 


to  779  substituted  in  equation  780  gives 


R=  ^ 


1  Ph^n+l) 
(RA  +RB-hRC-{-RD)+-Q      ^j^ 


(785) 


in  which  RA,  RB,  RC,  and  RD  represent  the  sHps  in  the  connections 
sd,  A,  B,  C,  and  D  respectively.  If  the  shps  are  measured,  R  may  be 
computed  from  equation  786.  Knowing  R  and  the  slips,  the  values  of 
A,  B,  C,  and  D  may  be  computed.  Substituting  the  values  oi  A,  B,  C, 
and  Z)  in  equations  781  to  784,  the  moments  in  a  frame  having  connec- 
tions which  are  not  rigid  may  be  determined. 

If  there  is  no  slip  in  the  connections  the  moment  at  each  corner 
of  the  frame  of  Fig.  104  is  —  }4,Ph.  The  differences  between  —}4:Ph 
and  the  moments  given  by  equations  781,  782,  783,  and  784  represent 
the  effect  of  the  slip  in  the  connections. 
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If  ^,  B,  C,  and  D,  of  equations  781  to  784  inclusive,  are  equal  to 
each  other ;  that  is,  if  the  shps  in  all  the  connections  of  the  rectangular 
frame  represented  by  Fig.  104  are  equal,  equations  781  to  784  reduce 
to  the  form 

MAD=-jPh (781a) 

MDA=-~Ph (782a) 

Mbc=— ^PA (783a) 

McB=-^Ph (784a) 

That  is,  if  the  slips  in  all  the  connections  of  the  rectangular  frame 
shown  in  Fig.  104*  are  equal,  the  stresses  in  the  frame  are  the  same  as 
they  are  in  a  similar  frame  having  connections  which  are  perfectly  rigid. 


70.000  Ih.  A 


-5lip'.0025=R.\ 


^K  =  8.20  in" 


II 


f3lip~0013=RD 


l=K=820in' 


Figure  105 


B /3np=.0025=RB 


.-3lip=.001kRD 


AC 


To  illustrate  the  magnitude  of  the  effect  of  slip  in  the  connections 
upon  the  stresses  in  a  rectangular  frame  consider' the  frame  represented 
by  Fig.  105.  Equations  781,  782,  783,  784,  and  785  are  appHcable. 
Substituting  the  values  of  the  quantities  given  in  Fig.  105  in  equations 
781  to  785  gives 


*Wilson,  W.  M.,  and  Moore,  H.  F.     "Tests  to  Determine  the  Rigidity  of   Riveted  Joints  of 
Steel  Structures,"  Univ.  of  111.  Eng.  Exp   Sta.,  Bui.  104,  p.  28.  1917. 


198  ILLINOIS    ENGINEERING   EXPERIMENT   STATION 

M^7)  =  3,030,000in.  lb. 
Md^  =  3,240,000  in.  lb. 
MBc  =  3,050,000in.  lb. 
ilfcB  =  3,300,000in.  lb. 

If  there  is  no  slip  in  the  connections,  each  of  these  moments  is 
3,150,000  in.  lb.  The  errors  in  the  moments  due  to  neglecting  the  slip 
in  the  connections  are  as  follows: 

Mad,  error  =  —3.8  per  cent 
Mda,  error  =+3.0  per  cent 
Mbc,  error  =  —3.0  per  cent 
McB,  error  =  +4.6  per  cent 

For  a  given  slip,  the  error  due  to  slip  is  greater  for  a  frame  having 
short  stiff  members  than  it  is  for  a  frame  having  long  flexible  members. 
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XIII.     Numerical  Problems 

The  following  numerical  problems  illustrate  the  use  of  the  equations 
which  have  been  derived. 

70.  Girder  Restrained  at  the  Ends.  Supports  on  Different  Levels. 
Any  System  of  Vertical  Loads. — Fig.  106  represents  a  12  in.-31.5  lb.  I- 
beam  embedded  in  masonry  at  both  ends.  Because  of  upheaval  by 
frost,  or  other  causes,  the  beam  which  was  originally  horizontal  now 
has  one  end  higher  than  the  other  and  the  tangents  to  the  elastic 
curve  of  the  beam  at  the  ends  are  inclined  to  the  horizontal.  The  beam 
carries  a  concentrated  load  and  a  uniform  load  as  shown.  It  is  required 
to  find  the  bending  moments  in  the  beam. 


Figure  106 


Equations  25  and  26,  section  13,   are  applicable.     E  for  steel  is 
30,000,000  lb.  per  sq.  in. 

ciB=.75inch  ^^  =  +  .005 

7  =  215.8  in.4  0b  =-.008 

J5 
180 


Z  =  180in. 


R 


.00416 


215_8^ 
ii       180       ^-^  '''• 

From  Table  2,  Cab  for  a  single  concentrated  load  is 
Pab^ 


F 


in  which 


a  =  108  in. 
6=   72  in. 
P  =  2000  lb 
Pa¥ 


I' 


=  34560  in.  lb. 
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Also  from  Table  2,  Cab  for  a  uniform  load  over  a  portion  of  the 


.     w 
span  IS 


121' 


d'(-il-3d)-¥{4:l-3b)']     in  which 


rf=120im 

h=  72  in. 

10  =  400  lb.  per  ft.  =  -r^lb.  per  in. 


w  r 


=  37,200  in.  lb. 


Total  Cab  =  37,200+34,560  =  71,760  in.  lb. 

Substituting  the  values  of  the  constants  in  equation  25,  section  13, 
gives 

Mab= -826,300  in.  lb. 

From  Table  2,  Cba  for  the  concentrated  load  is  52,000  in.  lb.,  and 
Cba  for  the  uniform  load  is  32,700  in.  lb. 

Total  Cba  =  52,000+32,700  =  84,700  in.  lb. 

Substituting  the  values  of  the  constants  in  equation  26,  section  13, 
gives 

Mba=- 1,606,300  in.  lb. 

It  is  to  be  noted  in  the  solution  of  this  problem,  in  solving  for  both 
Mab  and  Mba,  that  Oa  and  R  are  both  positive  whereas  Ob  is  negative. 
The  minus  sign,  moreover,  is  used  before  Cab  and  the  plus  sign  is  used 
before  Cba-  The  signs  are  in  accordance  with  the  conventional  method 
of  fixing  signs  given  at  the  bottom  of  Table  1. 

If  the  supports  had  been  on  the  same  level  and  if  the  tangents  to 
the  elastic  curves  at  the  ends  of  the  beams  had  been  horizontal,  the 
moments  would  have  been  given  by  the  equations  of  section  11.  Using 
the  same  values  of  Cab  and  Cba  as  before 

Mab  = -Cab  = -71,760 in.  lb. 
Mba  =-^Cba^  +84,700  in.  lb. 

71.  Girder  Continuous  over  Four  Supports.  Supports  on  Different 
Levels.  Any  System  of  Vertical  Loads.— Fig.  107  represents  a  20  in.- 
80  lb.  I-beam  supported  on  four  supports  and  having  hinged  ends. 
The  supports  are  all  on  different  levels.  It  is  required  to  find  the 
moments  in  the  girder. 
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3m  Ih.    per  ft.       ;  -o. 


G 


-12'- 


so  lb.  I-beam. 


—6^ 


Wj 


-10     -i*    6-> 


Figure  107 


Equations  (a),  Table  6,  are  applicable. 


7„  =  7,  =  72  =  1466in.4 
^0  =  240  in. 
Zi  =  216in. 
^2  =  192  in. 

1466 
1^1  =  ^  =  6.79  in.3 


K2- 

192 

=  7.64 

in.^ 

no  = 

6.79 
6.10 

=  1.11 

7.64 


^  =  30,000,000  lb.  per  sq.  in. 
dA  =  0 
dB  =  2  in. 
dc  =  1  in. 

dn  =  .5  in. 

From  Table  2 

3600X144    /  V 

^^^~  8X240X240  [^^^"^^     ^^^J 

=  127,000  in.  lb. 

5000X144X72(216+72) 
2X216X216 

=  160,000  in.  lb. 

5000X144X72(216+144) 


Hbc  = 


HcB  = 


2X216X216 


200,000  in.  lb. 


7,,,=  1^00X1^X72    ^^2+72 


2X192X192 

=  310,000  in.  lb. 

Substituting  these  values  in  equations  (a)  of  Table  6  gives 
MBc  =  4,071,500in.  lb. 
McD= -1,987,500  in.  lb. 
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If  the  supports  had  all  been  on  the  same  level,  the  moments  would 
have  been 

M^c- -88,500  in.  lb. 
Mr7)= -227,500  m.  lb. 

72.  Girder  Coritinuous  over  Five  Supports.  Supports  on  Different 
Levels.  Any  System  of  Vertical  Loads.  Ends  of  Girder  Restrained. — 
Fig.  108  represents  a  girder  continuous  over  five  supports.  All  the  sup- 
ports are  on  different  levels  and  the  girder  is  restrained  at  the  ends. 
The  slopes  of  the  elastic  curve  at  the  ends  are  known.  It  is  required 
to  determine  the  moments  in  the  girder  in  terms  of  /,  the  moment  of 
inertia  of  the  girder. 


Figure  lOS 


The  solution  of  the  problem  involves  writing  the  equations  of  three 
moments  and  solving  these  equations  for  the  moments. 

Cases  (a),  (d),  and  (e),  Table  4,  and  the  equations  of  Table  2  are  ap- 
phcable. 


^°=  -do2    =  114   ^"-^    "^=  #7  =  1=  '"^^    Z.=  12X12  =  144in. 


^^^  idoK  =  m  "^-      ^^^=-^-=1  =1-^^^   Z:  =  12Xl5  =  180in. 


Ko  = 


Ks  = 


12X8 
I 


I    . 


96 


m."       ns  = 


/     . 


12X10         120 


m. 


^3 


=  .800    ?2  =  12X8  =  96  in. 


^3  =  12X10  =  120  in. 
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dA  =  2.5m.  dB-(^A  =  2.8-2.5  =+0.3  in.     0a  =+.003 

^5  =  2.8  in.  (/c- 6^5  =  3.0-2.8  =+0.2  in.     ^^=-.002 

(7c  =  3.0in.  di3-f/c  =  3.1-3.0=+0.1  in.    ^  =  30,000,000  lb.  per  sq.  in. 

(/b  =  3.1  in.  c?E-dD  =  3.0-3.1  =  -0.1  in. 

cZE  =  3.0in. 

^    5000X5X7X19X12  _,     12000(16) X (2X144- 16) 
^^~  2X144  8X144 

=  -183,900  in.  lb. 

„  5000X5X7X17X12    ,    12000   /,..     ^,\f^^,...     .,.     ^A 

=  190,700  in.  lb. 

„          10000X8X7X22X12    ,     12000   ,,^^^     ca^^c^c^-     lu 
Ebc= 2X225 ' 8 —  X 225  =  665,500  in.  lb. 

„          10000X8X7X23X12    ,    12000  ^„^_     „„,  _„„  .     „ 
licB=  2x225 "^  — 8 —  X 225  =  681,500  m.  lb. 


Ecn=  -^1^  X  (  64-36  )  (  2X64-36-64  )  =18,400  in.  lb. 


/^Dc=|^^('4V2X64-4')  =ll,600in.  lb. 

„           10000X5X5(15)X12       ^^,  ...  .     „ 
tiDE  =  2x100 ^ 225,000  m.  lb. 

„           10000X5X5(15)  X 12      ^^,  ...  .     ., 
Etsv  =  200  — ^  225,000  m.  lb. 

Substituting  the  values  of   these  quantities  in  the  equations  of 
Table  4  gives 

From  equation  (d) 

6.4  Mbc+ 2.0  ilf  CD  =  1030  7-2,978,000    , (786) 
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From  equation  (a) 

1.875  Mbc+5.75Mcd+Mds  =  130  7-2,593,000       .      .      .    (787) 

From  equation  (e) 

1.6  Mci)+6.2Mx,£  =  3900  7-487,100 (788) 

From  equations  786,  787,  and  788 

Mde  =  (672  7+9,500)  in.  lb. 

McD=-(lQQ  7+341,000)  in.  lb. 

Mbc  =  (213  7-358,000)  in.  lb. 


Substituting  the  values  of  Mbc  and  Mcd  in  equation  (a)  of  Table  4 


gives 


Mas  =  (467  7+18,750)  in.  lb. 
Also  from  equation  (a)  of  Table  4 

Med  =  -(5307-193,400)  in.  lb. 


lO.OOOIb.    per  ft.  10.000  lb.    per  ft.' 

Figure  109 

73.  Tifo-legged  Rectangular  Bent  with  Legs  Fixed  at  the  Bases. 
Bent  and  Loading  Symmetrical  about  a  Vertical  Center  Line. —  Fig.  109 
represents  a  two-legged  rectangular  bent  with  legs  fixed  at  the  bases. 
Both  legs  are  subjected  to  hydrostatic  pressure.  The  bent  and  loading 
are  symmetrical  about  a  vertical  center  line.  It  is  required  to  deter- 
mine the  moments  in  the  frame. 
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Equations  126  and  127,  section  25,  are  applicable. 

441.8 
K  for  AB 


n  = 


240 

KiorAD=  841.8 
192 


=  .42 


From  Table  2 
Wd 


Cad  — 


30/2 
Wa 


{51  — 3a)  in  which 


TF  =  iM^0.50,000  1b 

a  =  120  inches 
Z=  192  inches 
C^fl  =  391,000in.  lb. 
Cz3A  =  984,400  in.  lb. 


Mab  =  Mbc=- 
Mcb=-Mda  = 


0.42 

0.42+2 

1 

0.42+2 


20,000  lb. 


X391,000=  -67,900  in.  lb. 
X391,000+984,400  =  1,145,900  in.  lb. 


-20 


12  in.  31.5  lb.  I-beam 


B 


Figure  110 


74.     Two-legged  Rectangular  Bent.     One  Leg  Longer  than  the  Other. 
Concentrated  Horizontal  Load  at  the  Top.     Legs  Fixed  at  the  Bases. — ■ 
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Fig.  110  represents  a  rectangular  bent  having  one  leg  longer  than  the 
other.  There  is  a  horizontal  force  of  20,000  lb.  applied  at  the  top. 
The  bases  of  the  legs  are  fixed.  It  is  required  to  determine  the  moments 
in  the  bent. 

Equations  252,  253,  254,  and  255,  section  33,  are  apphcable. 

P  =  20,000  lb. 

Z  =  240  inches 

A  =  240  inches 

n      240       „„„_ 

K  for  AB  =  4^7??-  =  0.90  in.^ 
240 

441  8 
K  for  AD=  -^f^  =  1.84  in.^ 
240 

Xfor5C=^;;^=2.34in=^ 
360 

K  for  AB     _  ._ 

n=  JF7 j-p.=0.49 

K  for  AD 

'^KiorBC^^-^^^ 

A„  =  2(3X.49X.385X.385+4X.49X.385+.385X.385+.385+3 
X.49  X.385  X.667+3  X.49  X.49  X.385  X  .667  X. 667+ .49 
X.49  X.667X.667+.49  X.667  X.667+4  X.49  X.385  X.667 
X. 667)  =5.334 

Substituting  the  values  of  the  quantities  in  equations  252,  253, 
254,  and  255,  of  section  33,  gives 

M^B  =  1,100,000  in.  lb. 

ilfBA  =  958,000  in.  lb. 

Mz)A=- 1,950,000  in.  lb. 

McB  =  - 1,664,000  in.  lb. 
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75.  Tivo-legged  Rectangular  Bent.  Settlement  of  Foundation. — 
Fig.  Ill  represents  a  rectangular  portal.  Due  to  upheaval  by  frost 
or  other  causes  the  foundation  originally  at  C  moves  2  inches  to  the 
right,  settles  3  inches,  and  turns  in  a  negative  direction  an  angle  of  .01 
radians.     It  is  required  to  determine  the  moments  in  the  portal. 

-20- 


FlGURE    111 

Equations  204,  205,  206,  and  207,  section  31,  are  applicable. 
Z  =  240  inches 
/i  =  480  inches 


K=?^m  =83.4  i„.3 


n  = 


240 

K  for  AB      83.4 


K  for  AD      6.25 


=  13.3 


-.01 


242 


=  -.0224 


d  =  2  inches 

£  =  30,000,000  lb.  per  sq.  in 
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Mab  =  2,502,000,000     [0.000816-0.001461-0.000831] 
=  -3,700,000  in.  lb. 

Mbc  =  2,502,000,000     [0.000816-0.001431+0.000831] 
=  +470,000  in.  lb. 


McB  =  2,502,000,000     [0.000877 
=  -8,040,000  in.  lb. 


■0.003255-0.000831] 


Mda=  -2,502,000,000     [0.000877-0.003255+0.000831] 
=  +3,875,000  in.  lb. 


200" 


300" 


Figure  112 

76.  Three-legged  Bent.  Lengths  of  All  Legs  Different.  Loads  on 
Top  and  Setfleinent  of  Foundations. — Fig.  112  represents  a  three-legged 
bent  having  vertical  loads  on  top.  The  legs  are  restrained  at  the  bases. 
Due  to  upheaval  by  frost  or  other  causes  the  foundation  at  D  has 
rotated  in  a  positive  direction  through  an  angle  of  0.01  radians.  Like- 
wise the  foundations  at  C  and  E  have  rotated  in  a  negative  direction 
through  an  angle  0.01.  The  foundation,  originally  at  C",  has  moved, 
moreover,  to  the  right  1  inch  and  has  settled  3  inches.  Likewise  the 
foundation,  originally  at  E',  has  moved  to  the  right  2  inches  and  has 
settled  1  inch.     It  is  required  to  determine  the  moments  in  tha  frame. 
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The  equations  of  Table  21  are  applicable.  Since  there  are  no  hori- 
zontal loads  on  the  legs  nor  external  couples  at  the  top,  Cases  IX,  X, 
and  XII  will  not  enter. 

The  total  right-hand  members  of  the  equations  of  Table  21  will 
therefore  be  the  algebraic  sum  of  the  right-hand  members  due  to  Case 
VII,  Case  Vm,  and  Case  XI. 


ho  =  200  m. 

7o  =  60in.4 

/?  2  =  300  in. 

/i  =  120in.4 

/Z4  =  400in. 

72  =  90  in.4 

/:  =  200in. 

73  =  120  in.4 

^3  =  300  in. 

74  =  200  in.4 

7vo  =  0.30in.'^ 

CAZi  =  2,880,000  in. 

lb. 

/vi  =  0.60in.3 

Cba  =  1,920,000  in. 

lb. 

/l2  =  0.30in.3 

CBi.  =  4,410,000  in. 

lb. 

Ks  =  OAO'm.^ 

Cfb  =  1,890,000  in. 

lb. 

K4  =  0.50in.3 

7/ =  30,000,000  lb. 

3er  sq.  in 

MiKi       6X3X0.6 
.  Zi                200 

=  0.054  in.3 

KodD  =  0.003  in.' 
K.dc=- 0.003  in.^ 

QdilU       6X1X0.3 
h2               300 

=  0.006  in.3 

KidE= -0.005  in.' 

6{dz-di)Ks      6X(- 

2)X0.4 

^3                      300 

= -0.016  in.3 

Qdjii       6X2X0.5 

=  0  01.1^  hi  3 

hi  400 

Substituting  the  values  of  these  quantities  in  the  equations  of 
Table  23  gives  equations  1,  2,  3,  and  4  of  Table  32.  It  is  to  be  noted 
in  the  equations  of  Table  32  that  the  quantities  under  the  headings 

Case  VII  and  Case  VIII  are  coefficients  of  —77  •     Solving  equations  1, 

2,  3,  and  4  by  the  method  of  elimination,  as  given  in  Table  32,  gives 


-i 


49,373,300-19,722,100    +1.19314 
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6^=^    238,155-797,0341-0.0047062 
ej,=  L    -608,835+1,039,2631+0.0061134 
1,126,370-395,7271  +0.014278 


J. 
E  L 


Substituting  these  values  of  the  0's  and  d  in  the  equations  of 
Table  21  gives  the  moments  in  tbo  frame.  The  moments  are  itemized 
and  presented  in  Table  33. 

Table  32 
Equations  for  the  Three-legged  Bent  op  Fig.  112 


Left-hand  Member  of  Equation 

Right-hand  Member  of 
Equation 

No.  of 
Equation 

Oa 

6b 

dp 

d 

Case  VII 
Coeffi- 
cients 
,  100 
"^    E 

Case  VIII 
Coeffi- 
cients 
,  100 
^^     E 

Case  XI 

1 

2 
3 
4X1000 

3.6 
1.2 
0 
1.5 

1.2 

5.2 

.8 

1.0 

0 

.80 
3.60 
1.25 

-.0090 
-.0060 
-.0075 
-.02792 

+28800 
-19200 

0 

0 

0 
+44100 
-18900 

0 

.04800 

.03800 

-.02100 

-.01167 

1 
2 

3 

4 

+1.0 
+  1.0 

0 
+  1.0 

+   .3333 
+4.3333 

+   .6667 

0 
+   .6667 

+   .8333 

-.002500 
-.005000 

-.018611 

+  8000 
-16000 

0 

0 

+36750 

0 

+  .013333 
+  .031667 

-.007777 

(2-1)  =a 
(2-4)  =6 

0 
0 

+4.0000 
+3.6667 

+   .6667 
-    .1667 

-.002500 
+  .013611 

-24000 
-16000 

+36750 
+36750 

+  .018333 
+  .039444 

a 
b 
3 

+  1.0 
+1.0 
+  1.0 

+ . 166667 
-.045454 
+4.500000 

-.000625 
+  .003712 
-.009375 

-6000 
-4363.63 
0 

+  9187.5 
+10022.7 
-23625.0 

+  .004583 
+  .010757 
-.026250 

(3-a)=c 
iS-b)=d 

0 
0 

+4.333333 
+4.545454 

-.008750 
-.013087 

+6000 
+4363.63 

-32812.5 
-33647.7 

-.030833 
-.037007 

c 
d 

+  1.0 
+  1.0 

-.0020192 
-.0028792 

+  1384.61 
+  960.00 

-7572.11 
-7402.50 

-.0071154 
-.0081415 

{c-d)=e 
e 

0 

+  .0008600 
+  1.0 

+424.61 
+493733 

-169.61 
-197221 

+  .0010261 
+1.19314 
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Table  33 
Moments  in  Three-legged  Bent  of  Fig.  112 
Moments  are  expressed  in  inch-pounds. 


Due  to 

Moment 

Due  to  Load 

Due  to  Load 

Settlement  of 

Total 

onAB 

on5F 

Foundations 

Mda 

+  231500 

-   59900 

+294900 

+  466500 

Mab 

-  907300 

+    297400 

-371800 

-  981700 

Mba 

+  1810400 

+  2019400 

-665800 

+  3164000 

Mbc 

-  1026800 

+  1365400 

+  5300 

+  343900 

McB 

-  661500 

+  741900 

-284700 

-  204300 

Mbf 

-  783600 

-  3384800 

+660500 

-  3507900 

Mfb 

-  106000 

+  1446200 

+400800 

+  1741000 

Mef 

-  132100 

-  649100 

-559600 

-  1340800 

212  ILLINOIS   ENGINEERING    EXPERIMENT   STATION 


XIV.     Conclusions 

Some  outstanding  features  of  the  use  of  the  slope-deflection  equa- 
tions, as  brought  out  by  the  analysis  in  Part  II,  may  well  be  emphasized. 

Two  general  methods  of  using  the  equations  have  been  illustrated. 
In  one  case,  after  the  equations  have  been  written  for  each  member  of 
a  frame,  by  equating  the  sum  of  the  moments  at  each  joint  to  zero  and 
employing  one  equation  of  statics,  a  number  of  equations  is  obtained 
which  contain  values  of  6  and  R  as  the  only  unknowns.  From  these 
equations  can  be  found  values  of  6  and  R,  which,  when  substituted  in 
the  original  slope-deflection  equations,  give  values  of  the  various 
moments.  This  method  applies  especially  well  to  a  frame  in  which 
a  large  number  of  members  meet  at  each  joint.  Such  a  problem  is 
generally  best  solved  in  numerical  terms.  Examples  of  this  method 
are  found  in  sections  23,  61,  64,  and  65. 

The  procedure  in  the  other  case  is  more  direct.  The  slope-deflec- 
tion equations  for  each  member  may  be  combined  to  eliminate  values 
of  6  and  R,  leaving  equations  involving  the  unknown  moments,  the 
properties  of  the  members,  and  the  given  loading  of  the  frame.  These 
equations  may  be  solved  directly  for  the  moments.  Examples  of  this 
method  are  found  in  sections  24,  35,  and  49. 

Special  attention  is  called  to  the  form  of  the  equations,  which 
are  independent  of  the  magnitude  and  location  of  the  individual  loads, 
except  as  the  magnitude  and  location  of  such  loads  influence  the  numer- 
ical values  of  the  quantities  C  and  H  of  the  equations.  The  quantities 
C  and  H  are  determinate  and  their  numerical  values  may  be  readily 
found  for  any  known  system  of  loads. 

It  is  well  to  note  also  that  the  treatment  of  continuous  girders  for 
which  the  supports  are  not  on  the  same  level  is  comparatively  simple. 
This  part  of  the  work  is  of  consideral^le  value  inasmuch  as  it  permits 
the  determination  of  the  effect  of  the  settlement  of  supports.  The 
treatment  of  the  settlement  of  foundations  for  two-legged  bents  is  of 
equal  importance. 

Advantages  of  the  slope-deflection  equations  which  are  worthy  of 
appreciation  are: 

(1)     The  general  form  of  the  fundamental  equation  is  easily 

memorized,  and  the  equations  may  be  written  for  all  members  of 

a  structure  with  little  effort.     The  value  of  the  quantities  C  or  H 
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for  loaded  members  may  be  calculated  by  reference  to  Tables  2 
and  3.  It  is  frequently  possible  to  simplify  the  equations  through 
noting  where  values  of  6  and  R  -^lust  be  equal  to  zero  from  the 
conditions  of  the  problem. 

(2)  No  integrations  need  be  performed  except  possibly  to 
find  values  of  C  or  H,  and  there  is  little  danger  of  the  omission  of 
the  effect  of  a  single  indeterminate  quantity,  as  there  is  in  methods 
involving  the  work  of  internal  forces  or  moments. 

(3")  The  physical  conception  of  a  problem  is  easier  than  in  the 
case  where  differentiation  or  integration  is  performed.  When  the 
slopes  and  deflections  are  determined,  it  is  easy  to  visualize  the 
approximate  shape  of  the  elastic  curve  of  a  member,  whereas  an 
expression  involving  the  work  of  an  indeterminate  force  or  moment 
may  have  little  physical  meaning.  Neither  does  the  method  of 
cutting  a  member  and  equating  expressions  for  the  hnear  and 
angular  movement  of  the  adjoining  ends  give  so  clear  an  idea  of 
the  actual  deformation.  To  one  unfamiliar  with  such  a  method, 
the  determination  of  the  sign  of  the  movement  of  the  ends  of  the 
member  cut  is  also  more  or  less  difficult. 

(4)  It  is  shown  in  sections  67,  68,  and  69  that  the  effect  of 
axial  and  shearing  deformations  and  of  slip  of  joints  may  be  cal- 
culated by  the  use  of  the  slope-deflection  equations.  This  makes 
possible  a  complete  treatment  of  any  problem,  though  it  is  shown 
that  it  is  seldom  necessary  to  make  use  of  such  refinements  in  an 
analysis. 

v5)     The  use  of  the  quantity  K  for  -r-  of  a  member,  and  also 

of  quantities  n,  s,  and  p,  as  ratios  of  K's  for  different  members, 
is  of  great  help  in  writing  equations  in  a  workable  form.  The 
restraint  factor  A''  is  also  useful  in  simplifying  both  analyses  and 
final  equations. 

(6)  Although  the  fact  has  not  been  brought  out  in  this 
bulletin,  these  equations  may  be  applied  to  many  structures  not 
composed  of  rectangular  units.  The  determination  of  secondary 
stresses  in  bridge  trusses  is  an  example  of  such  use  which  has  been 
in  print  for  some  time.  With  trapezoidal  and  triangular  frames, 
care  must  be  taken  in  the  use  of  the  term  R  for  adjoining  members. 
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(7)  While  the  method  is  readily  applicable  to  all  the 
problems  solved  in  this  bulletin,  its  advantage  over  other  methods 
is  seen  when  applied  to  stru-.'^  .res  which  are  statically  indeterminate 
to  a  high  degree  and  in  which  a  number  of  members  meets  at  each 
joint. 

The  use  of  statically  indeterminate  structures  in  recent  years  has 
grown  rapidly  and  many  new  types  of  structures  have  been  evolved. 
With  the  use  of  riveted  connections  in  steel  frames  and  the  develop- 
ment of  monolithic  reinforced  concrete  structures  of  all  sorts,  it  often 
happens  that  statically  indeterminate  stresses  cannot  be  avoided.  On 
the  other  hand,  structures  are  frequently  made  of  an  indeterminate 
type  for  the  purpose  of  securing  economy  of  material.  Rational 
methods  of  design  will  do  much  to  inspire  confidence  in  the  reliability 
and  economy  of  such  structures,  thus  insuring  their  more  widespread 
use. 

It  is  felt  that  the  treatment  of  statically  indeterminate  structures 
given  in  this  bulletin  will  be  helpful  in  giving  information  regarding 
such  structures.  The  method  has  been  explained  in  sufficient  detail 
to  enable  the  designing  engineer  to  use  it  in  the  solution  of  his  particular 
problems.  It  is  believed  that  the  fundamental  principles  can  be  quickly 
coordinated  with  the  ordinary  principles  of  mechanics  so  that  the  more 
complex  problems  and  even  the  simpler  ones  may  be  studied  from  a  new 
viewpoint. 
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I.     Inteoduction 

1.  Scope  of  Bulletin. — In  this  bulletin  are  given  the  results  of 
tests  made  to  determine  the  practicability  of  measuring  the  flow  of 
water  by  means  of  the  thin-plate  circular  orifice  inserted  in  a  pipe, 
to  determine  the  experimental  coefficients  for  calculating  the  velocity 
of  the  flow  in  the  pipe  and  the  discharge,  and  to  determine  the  con- 
ditions most  favorable  to  the  use  of  such  an  orifice  as  a  flow  measuring 
device.  An  orifice  thus  inserted  causes  an  abrupt  change  in  the  con- 
ditions of  flow  as  the  stream  approaches  and  passes  through  the  ori- 
fice and  this  change  in  the  conditions  of  flow  is  accompanied  by  a 
considerable  change  in  pressure  head  which  may  be  readily  measured 
and  which  varies  with  the  velocity  of  flow  in  the  pipe.  The  orifice 
inserted  in  a  pipe  line  is  looked  upon  more  especially  as  a  temporary 
or  field  device  for  measuring  the  flow  of  water  through  a  pipe,  being 
inexpensive,  simple  to  construct,  light  in  weight,  and  easy  to  install. 
There  may  be  opportunities  for  its  use  in  permanent  installations 
where  a  continuous  record  is  not  necessary,  loss  in  head  is  not  an 
important  factor,  and  the  expense  of  any  one  of  the  common  flow 
meters  is  not  justified.  In  flanged  pipe  systemis  the  thin-plate  oriflce 
may  be  inserted  at  a  joint  with  little  or  no  disturbance  of  existing 
piping;  and  in  long  pipe  lines  the  loss  in  head  caused  by  the  orifice 
will  be  inconsiderable  as  compared  with  other  losses.  It  would  seem 
that  this  device  might  well  be  utilized,  for  example,  in  testing  the 
efficiency  of  certain  forms  of  pumps,  in  measuring  the  performance 
of  individual  wells  of  water  works  systems,  in  determining  the  water 
consumption  for  individual  purposes  in  mills  and  factories,  in  measur- 
ing the  discharge  through  city  mains,  and  in  distributing  water  for 
irrigation  purposes.  In  planning  and  conducting  the  tests  the  condi- 
tions under  which  the  orifice  would  ordinarily  be  found  useful  have 
been  borne  in  mind,  and  no  attempt  has  been  made  to  refine  apparatus 
or  methods  of  observing  beyond  what  might  be  expected  in  practice. 
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Tests  were  made  to  determine:  (1)  the  positions  of  two  cross- 
sections  of  the  pipe,  one  section  upstream  from  the  orifice,  the  other 
downstream  from  the  orifice,  at  which  pressure  head  may  be  measured 
and  the  drop  in  pressure  from  one  section  to  the  other  may  be  most 
favorably  determined,  (2)  the  relation  between  this  drop  in  pressure 
head  and  the  rate  of  discharge  through  the  pipe,  (3)  the  lost  head 
occasioned  by  the  orifice,  (4)  the  effect  of  small  deviations  from  what 
may  be  termed  standard  conditions,  and  ( 5 )  the  proper  size  of  orifice 
for  given  conditions.  In  the  presentation  of  the  results  of  these  tests 
special  attention  has  been  given  to  the  probable  sources,  magnitudes, 
and  effects  of  the  accidental  and  constant  errors  incidental  to  the  ob- 
servations. Attempt  has  been  made  through  the  use  of  tables  and 
curves  to  render  the  results  easily  adaptable  to  all  sizes  of  pipe  from  4 
inches  to  20  inches  in  diameter  and  for  all  sizes  of  orifice  up  to  five- 
sixths  of  the  diameter  of  the  pipe.  In  the  belief  that  others  than  ex- 
perienced hydraulicians  may  find  use  for  the  results,  some  attention 
has  been  given  to  matters  connected  with  the  construction,  installation, 
and  use  of  a  form  of  apparatus  adapted  to  normal  practice. 

2.  Other  Experiuieiits. — The  method  of  measuring  water  by  in- 
serting an  orifice  in  the  pipe  line  is  not  new.  Partially  closed  valves 
have  been  calibrated  as  orifices  for  such  use  and  experiments  of  a 
preliminary  nature  have  been  conducted  recently  with  thin-plate  ori- 
fices. In  " Exijeriments  on  Water  Flow  through  Pipe  Orifices,"* 
Horace  Judd  reports  the  progress  of  somewhat  similar  experiments 
conducted  at  Ohio  State  University,  the  orifices  being  in  plates  of 
Monel  metal  1/32  inch  thick  inserted  in  a  5-inch  pipe. 

In  "Diaphragm  Method  of  Measuring  the  Velocity  of  Fluid  Flow 
in  Pipes, "I  Holbrook  Gaskell,  Jr.,  gives  an  account  of  a  brief  series  of 
tests  on  6-inch  and  8-iucli  pipe. 

3.  Acknowledgment. — The  tests  were  made  in  the  Laboratory  of 
Applied  Mechanics  of  the  University  of  Illinois  in  1914-15  as  graduate 
work  in  the  Department  of  Theoretical  and  Applied  Mechanics  and  in 
1916-17  as  an  investigation  of  the  University  of  Illinois  Engineering* 
Experiment  Station.  The  investigations  were  under  the  general  super- 
vision of  Arthur  N.  Talbot,  Professor  of  Municipal  and  Sanitary 
Engineering  and  in  Charge  of  the  Department  of  Theoretical  and 

*Jour.  of  the  Am.  Soc.  of  M.  E.,  Sept.  19 10. 
tMinutes  of  Proc.  of  the  Inst,  of  C.  E.,   1914. 
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Applied  Mechanics.  To  Professor  Talbot  credit  is  due  for  valuable 
suggestions  made  during  the  preparation  of  this  bulletin.  To  Pro- 
fessors M.  L.  Exger  and  Fred  B  Seely.  of  the  Department  of  Theo- 
retical and  Applied  Mechanics,  credit  is  due  for  many  helpful  sugges- 
tions made  during  the  progress  of  the  work. 

The  tests  treated  in  this  bulletin  are  the  outgrowth  of  brief  ex- 
periments by  C.  S.  MuLVANEY,  of  the  class  of  1914,  conducted  under 
the  direction  of  Y.  R.  Fleming^,  Assistant  Professor  of  Applied  Me- 
chanics. The  results  of  the  experiments  of  Mr.  Mulvaney  were  pre- 
sented as  an  undergraduate  thesis. 

4.  Notation. — Throughout  the  bulletin  the  following  no'tation 
will  be  used : 

T"  =  mean  velocity  (ft.  per  sec.)  in  pipe  at  a  section  of 
normal  uniform  flow. 

V  =  velocity  (ft.  per  sec.)  of  the  jet  issuing  from  the  ori- 
fice at  the  section  of  greatest  contraction. 

A  =  cross-sectional  area  of  the  pipe  (sq.  ft.). 

Q  ==  rate  of  discharge  (cu.  ft.  per  sec). 

D  =  diameter  of  the  pipe  (in.). 

d    =  diameter  of  the  orifice  (in.). 

/(,,  =  lost  head  (ft.  of  water)  caused  by  the  orifice,  ineludiwg 
the  loss  due  both  to  contraction  and  to  sudden  ex- 
pansion of  the  jet. 

/('J  =  drop  in  pressure  head  (ft.  of  Avater)  ;  or  change  in 
pressure  head  as  registered  by  a  differential  gage  one 
column  of  which  is  connected  to  the  pipe  at  a  section 
of  normal  uniform  flow  upstream  from  the  orifice  and 
the  other  column  of  which  is  connected  to  the  pipe  in 
■  the  same  plane  as  the  section  of  greatest  contraction 
of  the  jet  downstream  from  the  orifice. 

C  =  coefficient  of  discharge. 

Cc  =  coefficient  of  contraction. 

Cr  =  coefficient  of  velocity. 

g    =  acceleration  of  gravity  (ft.  per  sec.^). 

Cp  =  factor  depending  on  diameter  of  pipe. 

K  =  velocity  modulus ;  or  velocity  corresponding  to  a  drop 
in  pressure  head  (/i&)  of  1  ft. 
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Gr  =  ratio  factor,  depending  on    -=- 


P  =  factor  showing  the  dependence  of  ha  on  diameter  of 

pipe. 
•/    =  coefficient  expressing  the  relation  between  ha  and  hi,. 
C/  =  coefficient  of  discharge  for  bevel-edged  orifices. 
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II.     Analytical  Relation  between  Velocity,  Drop 
IN  Pressure  Head,  and  Lost  Head 

5.  Relation  hetween  Drop  in  Pressure  Head  and  Velocity  of 
Flow. — In  the  use  of  the  pipe  orifice  the  velocity  of  flow  in  the  pipe 
(or  the  rate  of  discharge)  is  calculated  from  the  drop  in  the  pressure 
head  between  a  section  upstream  from  the  orifice  and  a  section  down- 
stream from  the  orifice.  It  is  desirable,  therefore,  to  develop  a  simple 
rational  expression  for  the  velocity  in  terms  of  the  drop  in  the  pres- 
sure head.  Furthermore,  since  the  loss  of  head  caused  by  the  orifice 
in  the  pipe  may  be  a  determining  factor  in  the  selection  of  the  proper 
orifice  it  is  desirable  that  a  rational  expression  be  found  for  the  lost 
head.  Assumptions  have  been  made  concerning  the  behavior  of  the 
jet  which  have  some  experimental  justification  as  will  be  discussed 
later. 


If 


■  1 


-^ 


^^ 


v.        ,,i ^,^_Peg/on  of  cf/s- 


Section  J 


Sect/on  2 


Pig.  1.     Behavior  of  Jet 


3ect/on  3 


Fig.  1  represents  a  longitudinal  section  of  a  pipe  with  the  water 
passing  through  an  orifice  at  AA\  Let  section  1  be  a  section  of  normal 
uniform  flow  on  the  upstream  side  of  the  orifice.  As  the  stream  ap- 
proaches the  orifice  from  this  section  it  converges  and,  if  it  may  be 
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assumed  to  behave  not  unlike  the  jet  issuing  from  the  standard  orifice 
in  the  open  air,  it  continues  to  converge  after  leaving  the  orifice  until 
the  greatest  contraction  takes  place  at,  let  us  say,  section  2.  The  jet 
then  expands  until  normal  flow  takes  place  at  section  3. 

Let  /ii,  h2,  and  h^  respectively  be  the  pressure  heads  registered 
by  piezometer  tubes  inserted  at  sections  1,  2,  and  3,  and  let  it  be  as- 
sumed that  the  pressure  head  h^  is  the  same  as  it  would  be  if  the  pie- 
zometer tube  at  section  2  were  projecting  through  the  wall  of  the  pipe 
to  the  periphery  of  the  jet  at  the  contracted  section. 

Neglecting  pipe  friction,  the  drop  in  pressure  head  between  the 
section  of  beginning  of  convergence  and  the  section  of  greatest  con- 
traction (Fig.  1)  is  equal  to  the  change  in  velocity  head  between  the 
two  sections  plus  the  loss  in  head  due  to  the  contraction  of  the  jet. 
Then  by  Bernoulli's  Law 


hb  =  hi—h2- 


2gCl      2g 
Since     -^  =    ^     .^  and  0  =  0^0^ 


[(?/ 


d' 


C  12  g 


V=         DV 


^       (1) 


(2) 


It  is  evident  that  this  drop  in  pressure  head,  hi,  is  the  maximum 
drop  in  head  that  may  be  found  near  the  orifice  and  is  somewhat 
greater  than  the  sum  of  all  losses  occasioned  by  the  orifice,  since  beyond 
the  contracted  section  as  the  velocity  decreases  from  v  to  V  sl  portion 
of  the  velocity  head  is  transformed  into  pressure  head. 

6.  Expression  for  Lost  Head. — Between  two  sections  of  uniform 
flow,  one  section  on  each  side  of  the  orifice,  such  as  section  1  and  sec- 
tion 3  (Fig.  1),  a  change  in  pressure  head  is  accompanied  by  three 
losses— the  loss  due  to  contraction,  the  loss  due  to  sudden  expansion, 
and  the  loss  due  to  pipe  friction.  If  the  latter  factor  is  eliminated 
from  consideration,  then  by  methods  similar  to  those  used  in  the 
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derivation  of  the  expression  in  the  preceding  article  it  may  be  shown 
that 


*»=ft>-As-5  [  (f y (^ - jj)+( (§y ^ - 1)' ]  • 


(3) 


This  is  the  loss  of  head  caused  by  the  orifice.  It  is  evidently 
always  less  than  the  drop  in  pressure  head  of  equation    (1)    but 

approaches  that  quantity  as  the  ratio  -j  increases. 

In  order  properly  to  apply  these  equations,  the  sections  previously 
referred  to,  particularly  the  section  of  beginning  of  convergence  and 
the  section  of  greatest  contraction,  must  be  studied  experimentally. 
The  method  of  modifying  the  rational  equations  to  conform  with  the 
experimental  results  will  be  discussed  later. 
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III.     Tests  and  Results 

7.  Scope  of  Experiments. — The  principjal  tests  were  made  on 
4-inch,  6-ineh  and  12-inch  pipe  with  eight  sizes  of  orifices  for  each 
size  of  pipe  as  recorded  in  Table  1.    It  will  be  noted  that  the  diameters 


Table  1 
Diameters  of  Orifices  and  Pipes 


4-inch 

Pipe 

6-inch  Pipe 

12-inch  Pipe 

Z)  =  4.06  in. 

Z)  =  6.12  in. 

D  =  12.15  in. 

D 

D 

D 

d 

d 

d 

d 

d 

d 

0.497 

8.17 

0.75 

8.16 

1.50 

8.10 

0.667 

6.09 

1.00 

6.12 

2.00 

6.08 

1.00 

4.06 

1.49 

4.10 

3.00 

4.05 

1.34 

3.04 

2.00 

3.00 

4.00 

3.04 

1.67 

2.43 

2.50 

2.44 

5.00 

2.43 

2.00 

2.03 

3.01 

2.03 

6.00 

2.03 

2.68 

1.52 

4.02 

1.52 

8.00 

1.52 

3.33 

1.22 

5.01 

1.22 

10.00 

1.22 

of  the  orifices  range  from  one-eight  to  five-sixths  the  diameter  of  the 
pipe,  and  that  the  eight  ratios  of  diameter  of  pipe  to  diameter  of  ori- 
fice for  the  4-inch  series  are  approximately  the  same  as  for  the  6-inch 
and  12-inch  series. 

The  mean  velocity  in  the  pipe  ranged  from  0.01  ft.  per  sec,  with 
the  smallest  orifice  of  each  series  to  a  maximum  velocity  of  about  23 
ft.  per  sec.  with  the  largest  orifice  of  the  4-inch  series,  14  ft. 
per  sec.  with  the  6-inch  series,  and  3i^  ft,  per  sec.  with  the  12-inch 
series. 

Experiments  were  conducted  to  investigate  phases  of  the  problem 
as  follows: 

(1)  Pressure  Variations  and  Behavior  of  Stream 
By  observations  of  pressure  variations  along  the  pipe  the  posi- 
tion of  the  following  sections  was  found :  (a)  the  section  at  which 
the  flow  in  the  pipe  changes  from  normal  uniform  flow  and  the  stream 
begins  to  converge  towards  the  orifice;  (b)  the  section  at  which  the 
jet  issuing  from  the  orifice  becomes  fully  expanded  and  normal  uni- 
form flow  is  resumed;  and  (c)  the  section  of  greatest  contraction  of 
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the  jet  issuing  from  the  orifice.  The  change  in  pressure  head  was 
taken  to  indicate  the  change  in  area  of  stream  flow,  the  section  of 
greatest  contraction  being  Ideated  where  the  pressure  head  is  the 
least.  The  terms  normal  uniform  flow,  beginning  of  convergence,  sec- 
tion of  greatest  contraction,  and  section  where  jet  becomes  fully  ex- 
panded and  normal  uniform  flow  is  resumed  are  used  for  convenience 
to  describe  the  general  phenomena  at  the  several  sections ;  they  are  not 
to  be  taken  to  define  strictly  the  conditions  of  flow.  The  general 
behavior  of  the  stream  in  the  vicinity  of  the  orifice  was  also  studied. 

(2)     Relation  between  Drop  in  Pressure  and  Discharge 

The  observations  of  pressure  variations  along  the  pipe  indicated 
that  the  two  most  favorable  sections  for  gage  connections,  the  sections 
giving  the  steadiest  pressure  and  the  most  reliable  drop  in  pressure 
head  were  a  section  at  or  slightly  upstream  from  the  section  of  begin- 
ning of  convergence  and  one  at  the  section  of  greatest  contraction. 
For  these  sections  a  greater  change  in  pressure  head  was  found  than 
for  any  other  two  sections  in  the  vicinity  of  the  orifice. 

For  measured  rates  of  discharge  the  drop  in  pressure  head  as 
registered  by  a  differential  gage  connected  at  approximately  the  sec- 
tion of  beginning  of  convergence  and  at  the  section  of  greatest  contrac- 
tion was  observed.  From  these  tests  coefficients  of  discharge  will  be 
derived. 

(3)     Lost  Head 

The  lost  head  caused  by  the  orifice,  if  pipe  friction  is  disregarded, 
is  represented  by  the  change  in  pressure  head  between  the  section  of 
beginning  of  convergence  upstream  from  the  orifice  and  the  section 
of  resumed  normal  uniform  flow  down  stream  from  the  orifice,  or  is 
the  difference  between  the  pressure  heads  at  two  sections  of  normal 
uniform  flow,  one  section  above  and  one  below  the  orifice.  Observa- 
tions were  made  to  determine  the  relation  between  lost  head  and  dis- 
charge. 

(4)     Effect  of  Varying  the  Conditions 

Tests  were  made  to  determine:  (a)  the  effect  of  a  small  lateral 
displacement  of  the  I  orifice,  (b)  the  effect  of  throttling  the  gage  on 
the  precision  of  observations,  (c)  whether  or  not  there  is  a  measure 
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able  difference  between  the  drop  in  pressure  head  with  gage  connec- 
tions made  at  the  top  of  each  section  and  the  drop  in  pressure  head 
with  the  gage  connections  made  at  the  bottom  of  each  section,  (d)  the 
effect  of  number  of  connections  at  each  section  on  the  precision  of 
observations,  and  (e)  the  effect  of  beveling  the  upstream  edge  of  the 
orifice. 

The  drop  in  pressure  was  measured  between  a  section  at  approxi- 
mately the  beginning  of  convergence  and  the  section  of  greatest 
contraction.    The  tests  were  made  only  on  4-inch  and  6-inch  pipe. 

8.  Apparatus. — The  pipe  upon  which  tests  were  made  was  com- 
mercial steel  pipe  which  had  been  in  service  some  years.  In  general 
there  was  a  small  but  measurable  difference  between  the  diameters  of 
the  adjoining  sections  of  pipe  between  which  the  orifice  plate  was  in- 
serted, and,  due  to  roughnesses  and  other  variations,  the  error  of 
measuring  the  diameter  was  perhaps  0.02  inch.  The  pipe  was  horizon- 
tal and  straight  for  a  sufficient  distance  on  each  side  of  the  orifice  to 
make  the  effect  from  bends  negligible. 

All  orifices  were  circular  in  shape  and  were  cut  in  3/16-inch 
steel  plates.  In  general  the  edges  of  the  orifices  were  square.  To 
find  the  effect  of  a  deviation  from  this  standard,  experiments  were 
also  made  with  bevel-edged  orifices,  a  bevel  of  45  degrees  being  made 
on  the  upstream  side  of  the  orifice  in  such  a  way  as  to  leave  a  thick- 
ness of  metal  of  1/32  inch  at  the  throat. 

Drop  in  pressure  head  was  measured  by  the  usual  form  of  U- 
tube  differential  gage,  the  water  gage  being  used  for  small  differences, 
and  the  mercury  gage  for  large  differences. 

The  gage  connections  to  the  pipe  at  the  sections  under  consider- 
ation were  14-i^ch  pipe  nipples.  Care  was  taken  that  no  burr  was 
left  at  the  inner  edge  of  the  tapped  holes  and  that  the  nipples  did  not 
protrude  beyond  the  inner  surface  of  the  pipe.  The  pipe  nipples 
were  connected  with  the  gages  by  ordinary  rubber  tubing. 

9.  Water  Supply  and  Measurement. — The  supply  of  water  was 
obtained  from  the  60-foot  standpipe  of  the  Hydraulic  Laboratory. 
For  most  of  the  tests  the  water  level  in  the  standpipe  was  within  a 
few  feet  of  the  top  and  a  nearly  constant  head  was  maintained  by  a 
2200-gallon  duplex  pump,  the  pump  being  automatically  regulated. 
For  most  work  the  head  remained  nearly  constant  during  a  given  run, 


Fig.  2.    Apparatus  foe  Observing  Pressure  Changes 


THE  PIPE  ORIFICE  FOR   MEASURING  FLOW   OF   WATER 


19 


but  for  large  discharges  surges  occurred  in  the  standpipe  resulting  in 
momentary  fluctuations  in  pressure  in  the  pipe. 

When  less  than  about  1/3  cu.  ft.  per  sec,  the  discharge  was 
measured  by  weight;  when  greater,  by  displacement. 

Time  of  discharge  was  observed  with  a  calibrated  stop  watch. 

10.  Pressure  Changes  near  Orifice. — For  these  tests  gage  con- 
nections to  the  pipe  were  inserted  at  the  sections  indicated  in  Table  2, 

Table  2 

Position  of  Sections  at  Pressure  Connections 
Diameter  of  pipe  and  distances  from  the  orifice  to  the  various  sections 


are  given  in 

inches. 

Diam. 

of 
Pipe 

Sec.  A 

to 

Orif. 

Sec.  B 

to 

Orif. 

Orif. 

to 

Sec.  C 

Orif. 

to 

Sec.  D 

Orif. 

to 

Sec.E 

Orif. 

to 

Sec.  F 

Orif. 

to 

Sec.G 

Orif. 

to 

Sec.  H 

Orif. 

to 

Sec.  I 

Sec.  A 

to 
Sec.  I 

4.06 

3M 

2 

y2 

2 

W2 

9J^ 

15M 

25  J^ 

491^ 

53 

6.12 

4:}4 

2H 

y^ 

23^ 

8M 

20 

38 

74 

77 

12.15 

5 

4M 

16 

40 

76 

127 

132 

section  A  being  upstream  from  the  orifice  and  the  change  in  pressure 
head  between  adjacent  sections  was  observed  at  from  20  to  40  rates 
of  flow  for  each  orifice.  The  maximum  changes  in  pressure  observed 
ranged  from  0.01  ft.  to  50  ft. 

Fig.  2  shows  the  apparatus  for  observing  changes  in  pressure  head 
in  the  12-inch  pipe,  the  orifice  plate  being  between  the  flanges  near 
the  left  of  the  picture  and  the  direction  of  flow  being  from  left  to 
right.  At  the  sections  adjacent  to  the  orifice  (section  A  and  section 
D,  Table  2),  gage  connections  were  inserted  both  in  the  top  and  in  the 
bottom  of  the  pipe,  and  the  two  nipples  at  each  of  these  sections  were 
brought  to  a  union.  Two  connections  were  also  used  at  section  I.  At 
other  sections  a  single  nipple  was  inserted  in  the  bottom  of  the  pipe. 

The  results  of  the  observations  are  shown  graphically  in  Fig.  3. 
For  ease  in  making  comparison,  changes  in  pressure  head  along  the 
pipe  are  shown  in  terms  of  the  lost  head  caused  by  the  orifice  (ratio 
of  change  in  pressure  head  to  lost  head),  an  allowance  for  pipe  friction 
having  been  made. 
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Fig.  3.     Pressure  Variations  near  Orifice 


For  each  -r  the  ordinate  of  the  curve  at  any  section  was  obtained 

a 

by  averaging  the  ratios  for  all  rates  of  flow,  there  being  nothing  to 
indicate  a  consistent  variation  between  these  ratios  at  low  rates  of  flow 


THE  PIPE  ORIFICE  FOR  MEAStJRlNG  FLOW  OF  WaTeR  21 

and  at  high  rates  of  flow.  That  there  are  not  three  curves  shown  for 
each  -T  merely  indicates  that  there  is  close  agreement  between  the  gen- 
eral behavior  of  the  jet  for  one  size  of  pipe  and  the  general  behavior 
for  other  sizes,  and  does  not  indicate  that  the  size  of  pipe  has  no  in- 
fluence on  the  relation  between  velocity  and  change  in  pressure  head. 

The  dotted  portion  of  the  curve  for  —  =1.22  is  regarded  as  uncertain. 

11.  Deductions  on  Behavior  of  the  Jet. — A  study  of  the  observa- 
tions of  the  changes  in  pressure  head  (which  are  too  numerous  to  be 
shown  here)  and  of  the  curves  in  Fig.  3  warrants  the  following  deduc- 
tions : 

(1)  The  location  of  the  section  of  beginning  of  convergence 
as  the  stream  approaches  the  orifice  is  approximately  0.8  of  the 
diameter  of  the  pipe  upstream  from  the  plane  of  the  orifice,  for 

J- =1.2,  and  it  gradually  approaches  the  orifice  as—  increases. 

(2)  The  section  of  greatest  contraction  is  at  a  fairly  con- 
stant distance  of  0.4  of  the  pipe  diameter  downstream  from  the 

plane  of  the  orifice  for  values  of  -r  of  1.5  or  greater.    As  -r  be- 

d  a 

comes  less  than  1.5,  the  section  of  greatest  contraction  gradually 

approaches  the  orifice. 

(3)  The  distance  from  the  orifice  to  the  section  at  which  the 
jet  has  fully  expanded  and  normal  uniform  flow  is   resumed 

varies  between  3  and  4  pipe  diameters,  increasing  as  -^  decreases 

until  -T  becomes  1.5,  and  thereafter  probably  decreasing. 

(4)  Downstream  from  the  contracted  section  there  is  a  re- 
gion of  greatly  disturbed  pressure.  As  the  diameter  of  the  ori- 
fice approaches  the  diameter  of  the  pipe,  this  region  approaches 
the  section  of  greatest  contraction  and  the  pressure  fluctuations 
as  shown  by  gage  readings  become  more  violent. 

(5)  The  proportional  accidental  error  of  observing  drop 
in  pressure  head  between  the  section  of  beginning  of  convergence 
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upstream  from  the  orifice  and  sections  downstream  from  the  ori- 
fice is  in  general  least  when  the  downstream  section  is  at  the  point 
of  greatest  contraction.  The  error  increases  as  the  distance  from 
this  section  is  increased  until  the  region  of  maximum  pressure 
fluctuation  is  reached,  and  decreases  thereafter  as  the  down- 
stream section  approaches  the  section  of  resumed  normal  uni- 
form flow. 

(6)     Except  for  —  =1.2  (the  largest  orifice  used  with  each 

size  of  pipe),  there  is  no  indication  of  a  variation  between  the 
general  behavior  of  the  flow  passing  through  the  orifice  used  with 
one  size  of  pipe  and  that  passing  the  corresponding  orifices  used 

D 

with  other  sizes  of  pipe.     That  is,  for  a  particular  value  of  --s, 

except  -T  =1.2,  there  is  no  indication  that  the  curve  showing  the 

pressure  variation  for  the  4-inch  pipe  should  not  coincide  with 

that  for  the  6-inch  pipe  and  for  the  12-inch  pipe.     For  -r  =1.2 

there  is  evidence  of  considerable  variation,  though  whether  or 
not  this  is  to  any  considerable  extent  due  to  size  of  pipe  is  prob- 
lematical. 

The  preceding  deductions  indicate  that,  for  the  purpose  of  flow 
measurement,  gage  readings  of  drop  in  pressure  should  be  taken  with 
gage  connections  at  the  section  of  beginning  of  convergence  or  up- 
stream therefrom  and  at  the  section  of  greatest  contraction.  The 
distances  to  these  sections,  as  far  as  effect  on  measurement  of  drop  in 
pressure  head  is  concerned,  may  be  considered  as  0.8  Z>  upstream  from 
the  orifice  and  0.4  D  downstream  from  the  orifice.  In  the  tests  to  deter- 
mine the  relation  between  drop  in  pressure  and  discharge  these  dis- 
tances were  used. 

12.  Relation  between  Drop  in  Pressure  Head  and  Discharge. — 
Since  the  use  of  the  pipe  orifice  as  a  flow  measuring  device  depends 
upon  the  proper  relations  between  the  drop  in  pressure  head  and  the 
velocity  (or  rate  of  discharge)  a  wide  range  of  tests  was  made  to 
determine  their  relation  after  the  preliminary  experiments  had  shown 
the  proper  arrangement  of  the  apparatus  as  already  discussed. 


Fig.  4.     Pipe  Connections  near  Orifice 


Fig.  5.     Differential  Gaaes 
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For  various  rates  of  flow  the  discharge  was  measured  during  an 
observed  time  interval  and  the  drop  in  pressure  head  was  read  from 
the  differential  gage.  The  velocities  in  the  pipe  ranged  from  0.01  ft. 
per  sec.  with  the  smallest  orifice  of  each  series  to  24  ft.  per  sec.  with  the 
largest  orifice  of  the  4-iu.  series;  the  drop  in  pressure  ranged  from 
0.01  ft.  to  56  ft.  On  the  average  30  observations  for  as  many  rates  of 
flow  were  made  for  each  si2;e  of  orifice. 

Fig.  4  shows  the  gage  connections  with  the  pipe  at  the  two  sec- 
tions adjacent  to  the  orifice,  the  distances  to  these  sections  being  0.8 


Head  in  ft.  of  water. 


Table  3 

Sample  Data 

Orifices  in  4  in.  pipe 

Time  in  sec.     Discharge  in  cu.  ft.  per  sec. 


Obs.  No. 


Net  Wt. 


Cor.  Time 


Lost  Head 


Drop  in 
Pressure  Head 


Discharge 


Orifice  1.67  in.  diameter. 


183 

345 

240 

0.073 

0.088 

0.0230 

184 

394 

254-1 

0.086 

0.104 

0.0247 

185 

414 

240 

0.105 

0.127 

0.0276 

186 

332 

180 

0.123 

0.151 

0.0295 

187 

447 

2211 

0.144 

0.174 

0.0323 

188 

534 

240 

0.172 

0.213 

0.0356 

189 

1076 

420 

0.229 

0.283 

0.0410 

190 

525 

180 

0.293 

0.360 

0 . 0467 

191 

583 

179^ 

0.363 

0.454 

0.0519 

192 

660 

180 

0.468 

0.585 

0.0587 

193 

751 

1821 

0.591 

0.738 

0.0658 

194 

839 

180 

0.760 

0.950 

0.0746 

195 

938 

180 

0.95 

1.18 

0.0834 

196 

977 

165 

1.22 

1.52 

0.0948 

197 

912 

1321 

1.68 

2.05 

0.110 

198 

960 

1211 

2.21 

2.76 

0.126 

199 

1515 

160 

3.17 

3.95 

0.152 

200 

1739 

180 

3.26 

4.00 

0.155 

201 

1884 

179^ 

3.86 

4.76 

0.168 

202 

1857 

164 

4.45 

6.48 

0.181 

203 

1854 

1491 

5.36 

6.68 

0.199 

204 

1852 

135 

6.56 

8.07 

0.219 

205 

1825 

120 

7.98 

'9.97 

0.244 

206 

1821 

106 

10.1 

12.7 

0.276 

207 

3256 

1741 

12.9 

15.9 

0.298 

208 

3373 

155 

16.7 

20.6 

0.348 

209 

3385 

140 

20.3 

25.4 

0.387 

210 

3129 

120 

23.7 

29.5 

0.417 

Orifice  2 .  00  in.  diameter 


211 

252 

360 

0.008 

0.009 

0.0112 

212 

301 

360 

0.011 

0.013 

0.0134 

213 

223 

360 

0.013 

0.015 

0.0144 

214 

284 

300 

0.013 

0.018 

0.0152 

215 

519 

484 

0.017 

0.022 

0.0172 

216 

246 

200 

0.020 

0.026 

0.0197 

217 

247 

200 

0.021 

0.030 

0.0197 

218 

683 

490 

0.030 

0.039 

0.0223 

219 

818 

560 

0.034 

0.044 

0.0234 

220 

578 

360 

0.040 

0.052 

0.0257 

221 

576 

330 

0.046 

0.060 

0.0279 
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Table  3     (Continued) 

Sample  Data 

Orifices  in  12-in.  pipe 

Head  in  ft.  of  water.     Time  in  sec.     Discharge  in  cu.  ft.  per  sec. 


Obs.  No. 


Net  Wt. 


Cor.  Time 


Lost  Head 


Drop  in 
Pressure  Head 


Discharge 


Orifice  1.50  in.  diameter 


613a 

224 

600 

0.011 

0.011 

0.00598 

614a 

210 

500 

0.013 

(3.013 

0.00672 

615a 

198 

400 

0.017 

0.018 

0.00793 

616a 

205 

360 

0.021 

0.022 

0.00911 

617 

209 

339 

0.028 

0.029 

0.00987 

618 

216 

300 

0.036 

0.036 

0.0115 

619 

202 

261 

0.042 

0.044 

0.0124 

620 

203 

241 

0.050 

0.052 

0.0135 

621 

208 

215 

0.067 

0.067 

0.0155 

622 

258 

240 

0.079 

0.080 

0.0172 

623 

376 

332 

0.090 

0.092 

0.0181 

624 

342 

240 

0.112 

0.113 

0.0228 

625 

300 

241 

0.135 

0.135 

0.0199 

626 

372 

240 

0.176 

0.176 

0.0248 

627 

347 

199 

0.216 

0.216 

0.0279 

628 

392 

199 

0.274 

0.277 

0.0315 

629 

448 

200 

0.350 

0.353 

0.0358 

630 

497 

200 

0.428 

0.437 

0.0398 

631 

517 

191 

0.516 

0.523 

0.0433 

632 

585 

191 

0.663 

0.675 

0.0490 

633 

596 

180 

0.773 

0.790 

0.0530 

634 

650 

180 

0.915 

0.940 

0.0578 

635 

730 

184 

1.12 

1.14 

0.0635 

636 

830 

179 

1.50 

1.53  • 

0.0742 

637 

1040 

202 

1.86 

1.91 

0.0825 

638 

1512 

260 

2.39 

2.44 

0.0930 

639 

1542 

240 

2.97 

3.04 

0.103 

640 

1725 

240 

3.66 

3.72 

0.115 

641 

1644 

200 

4.79 

4.89 

0.132 

642 

1679 

ISO 

6.18 

6.31 

0.149 

643 

1902 

180 

7.88 

8.04 

0.169 

644 

1787 

155 

9.56 

9.70 

0.184 

645 

3286 

259 

11.5 

11.7 

0.203 

646 

3218 

215 

15.9 

16.2 

0.239 

647 

1800 

1031 

21  2 

21.6 

0.279 

648 

3254 

1661 

27^2 

27.8 

0.312 

649 

3110 

138 

36.2 

36.9 

0.361 

650 

3398 

145 

41.4 

42.1 

0.375 

Orifice  2 .  00  in.  diameter 


651 

224 

360 

0.009 

0.010 

0.00997 

652 

241 

300 

0.012 

0.013 

0.0129 

653 

206 

240 

0.016 

0.018 

0.0137 

654 

223 

270 

0.017 

0.017 

0.0132 

655 

258 

240 

0.026 

0.028 

0.0172 

656 

246 

188§ 

0.037 

0.040 

0.0209 

657 

287 

180 

0.056 

0.060 

0.0255 

D  upstream  and  0.4  D  downstream  from  the  orifice  and  there  being 
two  pressure  openings  at  diametrically  opposite  points  at  each  section. 
Fig.  5  shows  the  differential  gages  with  connecting  hose.  The  two  gages 
on  the  left,  one  for  mercury,  the  other  for  water,  are  connected  to  the 
sections  adjacent  to  the  orifice  and  register  the  drop  in  pressure  head ; 
the  two  gages  on  the  right  register  the  lost  head  due  to  the  orifice  plus 
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Table  3  (Concluded) 

Sample  Data 
Orifices  in  12-in.  pipe 

Head  in  ft.  of  water.     Time  in  sec.     Discharge  in  cu.  ft.  per  sec. 


Obs.  No. 


Cubic  Feet 


Initial 


Final 


Net 


Cor. 
Time 


Lost 
Head 


Drop  in 

Pressure 
Head 


Cu.  Ft. 
Sec. 


Orifice  6.00  in.  diameter 


783 

48.2 

167.3 

119.1 

293i 

0.136 

0.179 

0.407 

784 

54.7 

170.3 

115.6 

233 

0.197 

0.265 

0.497 

785 

57.7 

168.3 

110.6 

27U 

0.136 

0.183 

0.407 

786 

54.5 

189.4 

134.9 

228t 

0.276 

0.370 

0.589 

787 

53.3 

200.9 

147.6 

217 

0.371 

0.497 

0.680 

788 

57.2 

209.6 

152.4 

194 

0.490 

0.66 

0.786 

789 

45.1 

193.7 

148.6 

1681 

0.61 

0.82 

0.882 

790 

44.5 

178.7 

134.2 

134 

0.80 

1.06 

1.00 

791 

37.0 

177.0 

140.0 

122* 

1.04 

1.40 

1.14 

792 

13.6 

190.9 

177.3 

133t 

1.40 

1.89 

1.33 

793 

14.1 

187.9 

173.8 

113i 

1.84 

2.47 

1.53 

794 

1.4 

204.1 

205.5 

119 

2.38 

3.18 

1.72 

795 

15.5 

184.3 

168.8 

78 

3.76 

5.07 

2.16 

796 

4.4 

209.9 

205.5 

85i 

4.50 

6.23 

2.39 

797 

6.8 

226.6 

219.8 

84i 

5.27 

7.12 

2.60 

798 

11.0 

204.5 

193.5 

72 

6.46 

8.94 

2.69 

799 

2.3 

236.6 

234.3 

79^ 

6.89 

9.32 

2.95 

Orifice  8.00  in.  diameter. 
Observed  discharge  given  in  pounds 


800 

1443 

122 

0.005 

0.010 

0.189 

801 

1771 

122^ 

0.008 

0.0155 

0.232 

802 

3245 

235 

0.007 

0.014 

0.221 

803 

3187 

200 

0.010 

0.018 

0.255 

804 

3197 

1761 

0.013 

0,024 

0.290 

805 

3148 

162 

0.015 

0.0295 

0.313 

Discharge  in  Cubic  Feet 


806 

55.6 

165.4 

109.8 

302i 

0.023 

0.040 

0.363 

807 

57.8 

169 . 1 j 

111.3 

264* 

0.029 

0.050 

0.421 

808 

60.3 

169.8 

109.5 

241i 

0.035 

0.063 

0.454 

809 

11.3 

167.4 

156.1 

293i 

0.047 

0.085 

0.532 

810 

50.5 

167.2 

116.7 

1871 

0.070 

0.110 

0.622 

811 

48.2 

170.6 

122.4 

164i, 

0.092 

0.148 

0.745 

812 

45.2 

176.3 

131.1 

156i 

0.125 

0.200 

0.838 

813 

52.7 

182.1 

129.4 

136i 

0.154 

0.250 

0.948 

814 

42.8 

205.8 

163.0 

152i 

0.206 

0.325 

1.07 

815 

51.1 

202.4 

141.3 

125i 

0.27 

0.435 

1.21 

816 

41.3 

215.7 

174.4 

1294 

0.30 

0.53 

1.35 

817 

36.3 

225.2 

188.9 

121| 

0.41 

0.70 

1.56 

818 

35.4 

223.1 

187.7 

102 

0.53 

0.97 

1.84 

819 

39.4 

225.3 

185.9 

97 

0.60 

1.10 

1.92 

820 

27.4 

221.2 

193.8 

91 

0.76 

1.38 

2.13 

821 

25.9 

236.7 

210.8 

88 

0.95 

1.70 

2.40 

822 

7.1 

230.5 

223.4 

911 

1.07 

1.78 

2.44 

the  loss  due  to  pipe  friction  within  the  length  between  gage  connec- 
tions.   The  lost  head  will  be  discussed  in  section  16. 

A  sample  of  the  data  thus  obtained  is  shown  in  Table  3,  The 
values  of  lost  head  there  recorded  have  been  corrected  for  pipe  fric- 
tion. 
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Fig.  6.     Experimental  Discharge  Curves — 4-inch  Pipe 


The  data  of  the  tests  are  plotted  logarithmically  in  Figs.  6,  7 
and  8,  the  observed  drop  in  pressure  head  in  feet  being  plotted  against 
measured  discharge  in  cubic  feet  per  second.  The  lines  which  have 
been  drawn  through  the  mean  of  the  plotted  points  are  seen  to  be 
straight  and  very  nearly  parallel.  It  will  also  be  noted  that  the  curves 
for  one  series  bear  the  same  general  relation  to  one  another  as  do  the 
curves  for  the  other  two  series. 

The  mean  of  the  measured  slopes  of  the  24  curves  varies  only 
slightly  from  2.00.  A  study  of  the  curves  indicates  that  the  variation 
of  the  slopes  of  the  individual  curves  from  the  mean  value  is  partly 
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Fig.  7.     Experimental  Discharge  CtnivES — 6-inch  Pipe 

accidental.  Since  the  curves  are  plotted  to  logarithmic  scale  and  have 
a  slope  of  2,  li^  may  be  said  to  vary  as  "F^  which  is  in  accord  with  the 
theoretical  expression,  equation  (1)  p.  12.  To  make  the  theoretical 
equation  exactly  fit  the  experimental  curves  it  must  be  assumed  that 
for  a  particular  size  of  orifice  and  pipe  the  coefficient  of  discharge 
decreases  slightly  as  the  drop  in  pressure  head  increases,  as  may  be 
seen  in  Table  4. 

The  values  of  the  coefficients  of  discharge  in  Table  4  were  obtained 

by  substituting  in  equation  (1)  values  of  hi,  and  F  =  ^  taken  from  the 

A 

experimental  curves.    It  will  be  seen  that  for  a  particular  value  of- 
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Fig.  8.    Experimental  Discharge  Curves — 12-inch  Pipe 


Table  4 
Coefficient  of  Discharge — C 


D 

4-in.  Pipe 

6-in.  Pipe 

12-in.  Pipe 

A 

/l.=«-^ 

/l,=^-00 

/ir^° 

K-""-^ 

/l,=l-«° 

K=''^ 

/ir°'^ 

/i,  =  ioo 

/i.=io 

1.22 
1.52 
2.03 
2.43 
3.05 
4.07 
6.10 
8.14 

0.771 
0.670 
0.633 
0.622 
0.617 
0.618 
0.626 
0.638 

0.760 
0.663 
0.628 
0.619 
0.614 
0.615 
0.624 
0.636 

6!65i 
0.617 
0.609 
0.606 
0.608 
0.618 
0.630 

0.753 
0.659 
0.620 
0.609 
0.604 
0.606 
0.613 
0.619 

0.746 
0.651 
0.616 
0.606 
0.602 
0.604 
0.611 
0.616 

6!  608 
0.600 
0.597 
0.598 
0.601 
0.604 

0.742 
0.638 
0.615 
0.608 
0.605 
0.605 
0.610 
0.610 

6!63i 

0.609 
0.602 
0.600 
0.600 
0.606 
0.606 

6!  603 
0.596 
0.594 
0.595 
0.602 
0.602 
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the  coefficient  of  discharge  not  only  decreases  slightly  as  the  drop  in 
pressure  head  increases  but  also  decreases  as  the  diameter  of  the  pipe 
increases. 

For  a  better  understanding  of  the  general  behavior  of  the  coeffi- 
cient of  discharge,  and  also  that  the  coefficient  of  discharge  may  be 

determined  readily  for  other  values  of  -j  than  those  of  the  experiments, 

the  data  of  Table  4  for  the  4-inch  pipe  are  shown  graphically  by  the 
two  upper  curves  of  Fig.  9,  values  of  the  coefficients  being  plotted 

against  -r  •  The  two  curves — the  full  line  for  hj)=0.1  ft.  and  the  dash 
line  for  /i6=50  ft. — are  intended  to  show  the  extremes  of  the  coefficients 

which  may  possibly  be  used.     For   -j  greater  than  3.0  the  coefficient 

of  discharge  increases  nearly  as  a  straight  line,  a  peculiarity  which 

may  perhaps  be  explained  through  the  fact  that  as  -j  increases  the 

distance  from  the  wall  of  the  pipe  to  the  periphery  of  the  jet  at 
the  section  of  greatest  contraction  also  increases  and  there  is  con- 
sequently less  likelihood  of  the  pressure  at  the  wall  of  the  pipe  being 
the  same  as  that  which  exists  at  the  periphery  of  the  jet  at  the  section 

of  greatest  contraction.     As  -j  decreases  from  3.00  the  coefficient  of 

discharge  increases,  and  the  rate  at  which  the  coefficient  changes  for 

small  values  of  -7  still  further  emphasizes  the  impracticability  of 

attempting  to  make  precise  measurements  of  discharge  when  the  di- 
ameter of  the  orifice  is  greater  than  two-thirds  the  diameter  of  the  pipe. 

The  C  curves  for  the  4-inch  pipe  are  typical  of  those  for  the  6-inch 
and  12-inch  for  the  lower  values  of  hb  and  —j- ,  but  as  hj)  becomes 

larger  the  rate  of  increase  of  C  diminishes  for  the  higher  values  of   —z-  • 

The  two  lower  curves  of  Fig.  9  illustrate  this  change  in  rate  of  in- 
crease of  C. 

13.     Simplified  Equations  for  Velocity  and  Discharge. — The  the- 
oretical equation  for  the  determination  of  velocity  in  the  pipe  in  terms 
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Fig.  9.    Coefficients  of  Discharge 
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of  the  drop  of  pressure  head   (equation   (2),  p.  12)   may  be  put  in 
the  form 


in  which  K  = 


y=  K^T, 


2g 


(4) 


V 


1 


The  expression  for  the  rate  of  discharge  then  is 
Q=AK^-h,  


"(5) 


Within  the  range  of  the  drop  in  pressure  likely  to  be  used  in 
practice,  K  may  with  small  error  be  regarded  as  a  constant  for  a  par- 
ticular size  of  pipe  and  orifice.  To  simplify  the  work  of  computing 
velocities,  values  of  K  for  various  sizes  of  pipes  are  given  in  Table  5. 
For  convenience,  the  term  K  will  be  called  the  velocity  modulus.  Some 
of  the  values  of  the  velocity  modulus  have  been  carried  to  one  more  sig- 


Table  5 

Velocity  Modulus — K 
Values  of  K  in  Equation  V  =  K'^  hj^ 


D 

d 

Velocity  Modulus 

4-in.  Pipe 

5-in.  Pipe 

6-in.  Pipe 

8-in.  Pipe 

lO-in.  Pipe 

12-in,  Pipe 

2.00 

1.275 

1.250 

1.240 

1.240 

1.240 

1.240 

2.10 

1.150 

1.123 

1.111 

1.110 

1.110 

1.110 

2.20 

1.030 

1.015 

1.010 

1.010 

1.010 

1.010 

2.30 

0.944 

0.930 

0.925 

0.925 

0.925 

0.925 

2.40 

0.865 

0.850 

0.845 

0.845 

0.845 

0.846 

2.50 

0.798 

0.785 

0.779 

0.779 

0.779 

0.779 

2.60 

0.736 

0.725 

0.720 

0.720 

0.720 

0.720 

2.70 

0.684 

0.672 

0.667 

0.667 

0.667 

0.667 

2.80 

0.635 

0.625 

0.620 

0.620 

0.620 

0.620 

2.90 

0.592 

0.583 

0.578 

0.577 

0.576 

0.576 

3.00 

0.553 

0.545 

0.540 

0.540 

0.539 

0.539 

3.25 

0.473 

0.465 

0.462 

0.461 

0.461 

0.461 

3.50 

0.405 

0.399 

0.395 

0.395 

0.395 

0.395 

3.75 

0.351 

0.345 

0.342 

0.342 

0.342 

0.342 

4.00 

0.310 

0.305 

0.303 

0.302 

0.302 

0.302 

4.50 

0.244 

0.240 

0.238 

0.237 

0.237 

0.237 

5.00 

0.197 

0.194 

0 .  192 

0.192 

0.192 

0.192 

5.50 

0.165 

0.161 

0.160 

0.160 

0.160 

0.160 

6.00 

0.138 

0.136 

0.135 

0.135 

0.135 

0.135 
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nificant  figure  than  the  data  may  warrant  in  order  to  permit  more 

nearly  accurate  interpolation.    In  interpolating  for  other  values  of  — 

or  other  sizes  of  pipe  than  those  shown  it  may  be  assumed  that  the 
velocity  modulus  varies  as  a  straight  line. 

The  computations  for  the  velocity  modulus  were  based  on  the 
coefficients  of  discharge  for  a  drop  in  pressure  head  of  1.0  ft.  as  shown 
in  Table  4  and  by  the  curves  of  Figs.  9  and  10.  (Fig.  10  is  explained 
in  the  following  section.)  Since  K  varies  as  C  and  since  C  decreases 
as  hb  increases,  the  values  of  the  velocity  modulus  are  for  a  large  drop 
in  pressure  head  slightly  too  large  and  for  a  small  drop  in  pressure 
head  slightly  too  small;  but  within  the  limits  hh=0.1  ft.  to  /i6=10  ft., 
which  seem  to  be  about  the  limits  which  would  be  found  practicable 
under  ordinary  conditions  of  flow,  the  error  introduced  by  use  of 
Table  5  is  negligible. 

14.  Application  to  Other  Sizes  of  Pipes. — In  order  to  use  equa- 
tion (2)  or  (4)  for  sizes  of  pipe  other  than  those  used  in  the  expieri- 
ments  herein  recorded  it  is  important  to  determine  the  effect  of  the 
diameter  of  the  pipe  on  the  coefficient  of  discharge.  The  proper  co- 
efficient of  discharge  is  obtained  by  applying  a  diameter  factor,  Cp, 
which  is  the  quantity  by  which  the  coefficient  of  discharge  for  a  6-inch 
pipe  must  be  multiplied  to  produce  the  coefficient  of  discharge  for  a 
given  size  of  pipe.  The  values  of  the  diameter  factor  for  various  diam- 
eters of  pipe  are  shown  in  Fig.  10.    Since  the  curve  is  based  on  only 
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Fig.  10.     Diameter  Factor 
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three  plotted  points  it  is  likely  to  be  somewhat  in  error.    Its  use  should 

be  confined  to  values  of  -r  between  2  and  6  and  between  1  ft.  and  10 
ft.  for  hh  if  accurate  results  are  desired. 

15.  Empirical  Relation  between  Velocity  and  Drop  in  Pressure 
Head. — From  the  discharge  curves  of  Figs.  6,  7,  and  8  the  following 
empirical  equation  has  been  derived  for  the  velocity  in  terms  of  the 
drop  in.  pressure  head, 


F  =  4.85 


^V-f±y (6) 


(f)'-(i) 


This  equation  has  an  advantage  over  the  rational  expression, 
equation  (2),  in  that  the  variable  coefficient  of  discharge  is  eliminated. 
This  empirical  equation  will  give  approximately  the  same  results  as 

equation  (2)  for  those  values  of -r  which  are  recommended  for  use 
in  engineering  practice,  namely,  for  values  of  -7  between  2  and  6. 

16.  Empirical  Formula  for  Lost  Head. — Since  the  amount  of 
lost  head  caused  by  the  orifice  may  be  an  important  factor  in  the  selec- 
tion of  the  orifice  to  be  used,  or  even  in  accepting  the  pipe  orifice 
method  of  measuring  the  discharge,  it  is  important  to  know  the  rela- 
tion between  the  drop  in  pressure  head  and  the  lost  head.  In  Fig.  5 
the  gages  on  the  right  registered  the  lost  head  due  to  the  orifice  plus 
the  loss  due  to  pipe  friction  within  the  length  between  gage  connec- 
tions. 

The  results  of  the  experiments  to  determine  this  relation  indicate 
that  the  rational  expression,  equation   (3)    p.  13,  holds  good  when 

the  ratio  -7  is  large  but  gives  results  which  are  increasingly  too  large 

as  -7  decreases,  until  for  -j  —  1.2  the  lost  head  as  computed  by  equation 

(3)  is  about  3  per  cent  less  than  the  lost  head  as  determined  by  ex- 
periment. In  arriving  at  this  conclusion,  the  coefficients  of  discharge 
as  determined  from  the  experiments  on  drop  in  pressure  head  and 
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as  shown  in  Table  4  were  used  in  the  rational  expression  and  the  coef- 
ficients of  contraction  employed  were  derived  assuming  a  coefficient 
of  velocity  of  0.98. 

Equation  (3)  is  too  complicated  an  expression  to  be  used  readily 
in  computing.  A  simpler  expression  for  the  lost  head  and  the  dis- 
charge is  given  by  the  empirical  equation 

K=o.osmF[(^y-^yTv^       ....     (7) 

in  which  jF'  is  a  factor  depending  on  the  size  of  pipe  and  having  the 
values  0.98  for  4-inch  pipe,  1.02  for  6-inch  pipe  and  1.04  for  12-inch 
pipe.    This  expression  gives  lost  heads  correct  within  about  2  per  cent 

except  when  -^  is  less  than  1.5.  For  -r  =1.2  the  expression  gives  results 

about  3  per  cent  too  small. 

A  convenient  expression  for  determining  the  lost  head,  having 
given  the  drop  in  pressure  head,  is  given  by  the  equation 

K  =  0.S4.h     \-^ ^f ^,,9  =  Jh    ...     (8) 

The  values  of  J  in  the  foregoing  equation  for  given  values  of  hh 
are  shown  by  the  curve  in  Fig.  11. 

17.  Choice  of  Orifice. — The  choice  of  the  size  of  orifice  to  be 
used  under  given  conditions  may  depend  upon  four  factors,  the  rate 
of  flow  in  the  pipe,  the  lost  head  that  may  be  allowed,  the  desired 
precision  of  the  discharge  measurement,  and  the  maximum  drop  in 
pressure  head  which  the  differential  gage  will  register.  Table  6  which 
shows  approximate  values  of  the  drop  in  pressure  head  and  the  lost 

head  for  several  velocities  and  values  of  —r  is  intended  to  be  of  assist- 

d 

ance  in  estimating  the  size  of  orifice  best  adapted  to  particular  re- 
quirements.   In  Fig.  12  the  drop  in  pressure  head  for  various  ratios 

of  -T  is  given  in  terms  of  the  lost  head. 
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The  relative  error  in  the  observation  of  the  drop  in  pressure  head 
varies  inversely  as  —  but  for  —  equal  to  2.0  or  greater  the  error  may 

be  reduced  to  a  negligible  quantity.  There  are  other  factors  which 
make  it  advisable  to  use  a  diameter  of  orifice  not  greater  than  one- 
half  that  of  the  pipe  when  conditions  will  allow.    If  the  magnitude  of 
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Table  6 

Approximate  Values  of  Drop  in  Pressure  and  Lost  Head 

/ij^  =  drop  in  pressure  head  in  feet;  /i^  =  lost  head  in  feet 


D 

D 

D 

D 

D 

D 

=  1.2 

=  1.5 

=  2.0 

=  2.5 

=  3.0 

=  4.0 

d 

d 

d 

d 

d 

d 

V 

h 

K 

h 

ha 

K 

h„ 

K 

ha 

K 

ha 

h 

ha 

0.2 

0.43 

0.39 

0.5 

0.16 

0.12 

0.41 

0.33 

0.86 

0.73 

2.7 

2.5 

1 

0.17 

0.09 

0.64 

0.46 

1.6 

1.3 

3.4 

2.9 

10.8 

9.8 

2 

0.66 

0.36 

2.6 

1.9 

6.5 

5.3 

14 

12 

43 

39 

3 

0.37 

0.12 

1.5 

0.8 

5.8 

4.2 

15 

12 

31 

26 

4 

0.65 

0.21 

2.6 

1.4 

10 

7 

26 

21 

55 

47 

5 

1.0 

0.3 

4.1 

2.3 

16 

12 

41 

33 

6 

1.5 

0.5 

5.9 

3.2 

23 

17 

59 

48 

10 

4.1 

1.3 

17 

9 

64 

46 

the  lost  head  is  not  an  important  factor,  it  is  best  that  the  drop  in 
pressure  head  be  greater  than  1.0  ft.  so  that  the  relative  error  of 
measurement  will  be  small,  but  the  indications  are  that  gage  heights 
as  small  as  0.2  ft.  may  be  measured  with  good  results,  provided  the 
observer  is  experienced.  Eeliable  observations  may  be  taken  with  an 
orifice  having  a  diameter  two-thirds  that  of  the  pipe,  but  the  probable 
error  of  reading  the  gage  is  likely  to  be  several  times  what  it  is  for  the 
smaller  orifices,  even  though  the  gage  be  carefully  throttled.  An 
orifice  having  a  diameter  much  greater  than  two-thirds  that  of  the 
pipe  should  not  be  used  except  for  approximate  discharge  measure- 
ments. 

As  an  illustrative  example  let  it  be  required  to  measure  the  rate 
of  discharge  through  an  8-inch  pipe  the  velocity  in  which  s^aries 
during  the  day  through  a  large  range,  say  from  about  1  to  6  ft.  per 
sec.  Should  the  pipe-orifice  method  be  used  and,  if  so,  what  size  of 
orifice  should  be  installed?     From  Table  6  it  will  be  noted  that  for 

—  =2  the  drop  in  pressure  head  is  0.64  ft.  for  a  velocity  of  1  ft.  per  sec. 

in  the  pipe,  with  a  lost  head  of  0.46  ft.  Likewise  the  drop  in  pres- 
sure head  is  23  ft.  for  a  velocity  of  6  ft.  per  sec.  with  a  lost  head  of 
17  ft.  Assuming  that  a  lost  head  of  10  ft.  is  the  greatest  that  should 
be  allowed  and  that  both  a  water  gage  and  a  mercury  gage  would  be 
used  for  a  range  in  drop  of  pressure  head  of  23  ft,,  it  is  seen  that  an 
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orifice  larger  than  4  in.  should  be  selected.  One  with— =1.5  gives  a 
range  in  drop  in  pressure  head  from  0.17  to  5.9  ft.  corresponding  to  a 
range  in  lost  head  of  0.09  to  3.2  ft.    An  orifice  with  — =1.5  would  give 

somewhat  less  nearly  accurate  results  than  one  with -j- =2  (as  already 
discussed)  but  it  would  answer  the  purpose  well,  although  perhaps  it 
would  be  advisable  to  use  a  slightly  larger  orifice,  one  with  -j  =1.^  or 

a 

18.  Computations  for  Discharge. — For  most  precise  computations 
use  equation  (2),  p.  12,  with  coefficient  of  discharge  taken  from 
Table  4,  p.  30.  For  sizes  of  pipe  other  than  those  for  which  coeffi- 
cients are  shown  use  the  diameter  factor  as  explained  in  section  14, 

p.  34.  With  — 7- from  1.5  to  6  and  with  care  in  making  the  observa- 
tions, the  error  introduced  may  be  kept  lower  than  2  per  cent.    Witli 

wider  ranges  of  -y-  or  with  very  high  or  low  values  in  drop  in  pressure 
a 

head  this  percentage  will  be  increased,  because  of  difficulties  in  read- 
ing the  gage  properly. 

For  less  precise  computations  use  equation  (4)  or  equation  (5), 
p.  33,  with  the  proper  velocity  modulus  taken  from  Table  5,  p.  33. 

With  pipe  from  4  to  12  inches  in  diameter  and  with  -7-  from  1.5  to  6, 

the  maximum  error  introduced  will  be  about  3  per  cent.    With  wider 

ranges  of  —  or  with  very  high  or  low  values  of  drop  in  pressure  head 

this  percentage  will  be  correspondingly  increased. 

The  use  of  equation   (6),  p.  35,  eliminates  variable  coefficients. 

For  sizes  of  pipe  from  4  to  12  inches,  with  —r-  from  2  to  4  the  maximum 

error  will  not  be  greater  than  3  per  cent.     With  — p-  less  than  2  or 

a 

greater  than  4  the  error  introduced  may  be  5  per  cent  or  more. 

Diagrams  similar  to  Figs.  6,  7,  and  8  may  be  constructed,  from 

which  the  discharge  for  the  more  common  sizes  of  pipe,  with  the  proper 
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range  of  -r,  may  be  obtained  directly.  The  calculation,  however, 
from  equations  (4)  and  (5)  and  Tables  6  and  7  is  very  simple. 

To  determine  the  lost  head,  having  given—  and  the  drop  in 
pressure  head,  use  equation  (8),  p.  36. 

19.  Errors  and  Precautions. — In  the  use  of  a  flow  measuring 
device  it  is  important  to  know  the  source  of  the  errors  likely  to  be 
met  and  to  know  the  precautions  and  limitations  which  if  observed 
will  help  to  reduce  the  errors. 

It  is  important  that  the  edges  of  the  orifices  be  sharp  and  square. 
The  orifice  plates  in  the  present  tests  were  3/16  inch  thick,  but  there 
is  no  reason  for  believing  that  the  coefficients  derived  from  the  ex- 
perimental data  would  not  apply  equally  well  to  orifices  in  plates  of 
lesser  thickness. 

The  orifice  should  be  placed  in  a  region  where  there  is  approxi- 
mately uniform  flow.  This  will  necessitate  the  pipe  upstream  from 
the  orifice  being  straight  and  free  from  abrupt  changes  in  cross-sec- 
tional area  for  10  diameters  or  more. 

On  account  of  the  possibility  of  small  openings  becoming  clogged 
it  seems  inadvisable  to  use  gage  connections  having  a  diameter  less 
than  ^  inch,  particularly  for  permanent  installation. 

It  is  important  that  all  burr  be  removed  and  also  that  the  nipple 
does  not  protrude  beyond  the  inner  surface  of  the  pipe ;  for  small  pro- 
jections, by  altering  How  conditions,  are  likely  to  produce  a  systematic 
error  of  considerable  magnitude  in  the  gage  readings. 

For  -T  equal  to  2.0  or  greater  a  single  nipple  at  each  section  will 

be  sufficient.  Although  in  the  tests  from  which  the  coefficients  of 
discharge  were  derived  the  sections  at  which  nipples  were  placed  were 
0.8  D  upstream  from  the  orifice  and  0.4  D  downstream  from  the  ori- 
fice, these  distances  may  be  altered  somewhat  without  appreciably 
changing  pressure  conditions.    (See  Fig.  3,  p.  20). 

For  -r  less  than  2.0  two  opposite  nipples  at  each  section  produce 

more  reliable  gage  readings  than  do  the  single  nipples,  the  pair  at 
each  section  being  joined  together  as  illustrated  in  Fig.  4,  p.  23. 
The  indications  are  that  the  distance  from  the  orifice  to  the  section 
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downstream  from  the  orifice  may  not  be  appreciably  altered  from  0.4 
D  and  that  the  distance  from  the  orifice  to  the  section  upstream  from 
the  orifice  should  not  be  less  than  0.8  D.  On  account  of  pipe  friction 
this  latter  distance  should  not  greatly  exceed  0.8  D,  particularly  for 
high  velocities. 

A  differential  gage  of  the  U-tube  type,  similar  to  those  shown  in 
Fig.  5,  p.  24,  answers  all  the  requirements,  is  simple  to  construct,  and 
may  be  used  with  mercury  or  water.  The  gage  board  should  be 
graduated  to  0.01  ft.  and  the  graduations  should  extend  under  the 
gage  tubes.  For  flushing  the  gage  and  the  connecting  tubes,  and  for 
regulating  the  height  of  the  air  columns  when  water  is  the  differential, 
there  should  be  a  pet  cock  at  the  end  of  each  gage  tube.  Stop  cocks 
for  throttling  the  gage  should  be  placed  near  the  ends  of  the  gage 
tubes  as  shown  in  Fig.  5. 

A  gage  that  may  be  quickly  constructed  in  an  emergency  and 
the  essential  parts  of  which  are  easily  obtainable  and  readily  portable 
is  shown  in  Fig.  13.    The  glass  tubes  need  not  be  more  than  a  foot 


Fig.    13.       EJmEBGENCY  PiFFEBENTlAti   U-AGB 
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long.  The  piece  of  rubber  tubing  connecting  the  glass  tubes  makes  it 
possible  to  adjust  the  relative  height  of  the  tubes  to  suit  the  drop  in 
pressure  head.  The  gage  may  be  fixed  to  an  ordinary  leveling  rod  or 
may  be  fixed  to  a  plain  board  and  the  gage  height  measured  with  the 
ordinary  pocket  rule.  This  form  of  gage  is  not  suitable  for  high 
pressures  on  account  of  the  difficulty  'of  making  tight  joints. 

If  the  pressure  openings  are  in  the  upper  side  of  the  pipe,  it  is 
important  that  provision  be  made  for  removing  air,  which  is  likely 
to  become  pocketed  on  either  side  of  the  orifice  and  in  the  gage  con- 
nections, without  forcing  it  through  the  hose  or  pipe  connecting  the 
pressure  openings  with  the  gage.  If  there  are  no  pressure  openings 
in  the  upper  side  of  the  pipe,  pet  cocks  should  be  inserted.  When 
opposite  openings  are  inserted  at  each  section  provision  should  be 
made  for  ascertaining  whether  or  not  the  tubes  are  free  from  ob- 
struction and  full  of  water.  Fig.  4,  p.  23,  illustrates  an  arrangement 
of  valves  and  pet  cocks  which  makes  this  possible. 

Preliminary  to  taking  observations,  with  water  flowing  in  the 
pipe,  all  cocks  should  be  opened  and  the  pipe  and  gage  connections 
should  be  flushed.  It  is  important  that  there  should  be  no  air  in  the 
pipe  in  the  vicinity  of  the  orifice,  nor  in  the  gage  connections,  for  the 
presence  of  air  is  likely  to  change  radically  the  gage  reading. 

If  the  foregoing  precautions  are  observed  under  favorable  condi- 
tions, the  rate  of  discharge  as  measured  by  a  pipe  orifice  should  be 
accurate  within  2  per  cent.  This  means  compares  favorably  with  many 
other  methods  of  measuring  water.  For  unfavorable  conditions  the 
accuracy  of  the  method  will  be  as  great  as  with  most  other  methods 
under  similarly  unfavorable  conditions. 
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IV,     Effect  of  Deviation  from  Standard  Conditions 

20.  General  Remarks. — With  the  possibilities  of  utilizing  the 
relation  between  drop  in  pressure  and  discharge  for  determining  the 
rate  of  discharge  through  a  pipe  line  in  mind,  it  is  important  that 
something  should  be  known  concerning  the  effect  of  slight  deviations 
from  the  standard  conditions  under  which  the  tests  were  made,  either 
in  the  arrangement  or  design  of  the  apparatus  or  in  the  methods  of 
handling  the  apparatus.  To  this  end  series  of  tests  were  made:  (1) 
with  gage  connections  fully  opened  and  then  with  gage  throttled,  (2) 
with  a  single  gage  connection  at  each  section,  first  with  the  nipple 
inserted  in  the  upper  side  of  the  pipe  and  then  in  the  under  side,  (3) 
with  14-iiich  eccentricity  between  center  of  orifice  and  center  of  pipe, 
first  with  a  single  nipple  at  each  section,  and  then  with  the  standard 
connection  of  two  opposite  nipples  at  each  section,  (4)  with  45  degree 
bevel-edged  orifices,  the  bevel  facing  upstream, 

21.  Throttling. — The  purpose  of  throttling  is  to  reduce  the 
effect  of  momentary  pressure  fiuctuations,  thereby  causing,  for  a 
constant  discharge,  the  fluid  in  the  columns  of  the  differential  gage 
to  remain  in  a  nearly  stationary  position.     The  experiments  indicate 

that  for  values  of   -7  of  2  or  greater,  when  there  are  no  systematic 

surges  along  the  pipe  line  (such  as  might  be  caused  by  pump  action), 
there  is  no  appreciable  reduction  in  the  magnitude  of  the  accidental 

errors  of  observing  brought  about  by  throttling ;  but  for  -7  less  than 

2,  when  the  region  of  greatly  disturbed  flow  (to  which  reference  has 
previously  been  made)  is  at  or  near  the  section  of  greatest  contrac- 
tion, the  accidental  errors  may  be  reduced  to  20  or  25  per  cent  of  what 
they  are  with  gage  connections  fully  open.  The  results  of  the  tests 
also  make  it  clear  that  systematic  errors  are  likely  to  enter  into  the 
gage  readings  unless  the  throttling  is  done  very  carefully.  If  the 
gage  is  throttled  too  much  and  a  change  in  the  rate  of  flow  takes 
place,  it  is  likely  to  be  several  minutes  before  the  columns  become 
fully  adjusted  to  the  change  in  pressure.     If  the  throttling  is  done 
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quickly,  a  gage  reading  taken  immediately  after  is  not  likely  to  rep- 
resent the  mean  difference  in  pressure  head. 

Briefly  summed  up,  the  experience  of  the  observers  warrants  the 
following  suggestions : 

(1)  Throttle  only  when  necessary,  which  in  general  will 
be  for  values  of  -j  less  than  2,  unless  there  are  systematic  surges 

along  the  pipe  line. 

(2)  Throttling  too  much  is  often  worse  than  not  throttling 
at  all,  particularly  if  the  rate  of  discharge  is  variable.  Accurate 
observations  may  be  taken  when  there  is  a  considerable  fluctuation 
in  the  heights  of  the  gage  columns. 

(3)  When  throttling,  best  results  are  to  be  obtained  if  the 
throttle  cocks  are  opened  prior  to  each  observation  and  simul- 
taneously and  slowly  closed  the  desired  amount.  It  is  important 
that  there  should  be  no  leaks  in  the  gage  connections.  A  leakage 
of  a  few  drops  per  minute  from  the  throttle  cock  is  likely  to 
produce  a  large  error  in  gage  reading. 

(4)  When  using  the  water  gage,  observations  may  be  most 
nearly  accurately  taken  when  the  gage  is  so  throttled  that  the 
two  water  columns  fluctuate  the  same  amount  and  in  unison.  In 
general  this  arrangement  will  require  that  the  gage  column  con- 
nection for  the  section  of  greatest  contraction  be  throttled  more 
than  that  for  the  section  of  beginning  of  convergence. 

22.  Position  and  Number  of  Gage  Connections. — The  tests  to 
determine  the  effect  of  the  position  and  number  of  gage  connections 
warrant  the  following  statements : 

(1)  If  the  orifice  is  concentric  with  the  pipe,  a  change  in  the 
circumferential  position  of  the  pipe  nipples  inserted  at  the  section 
of  beginning  of  convergence  and  the  section  of  greatest  contrac- 
tion will  cause  no  variation  in  gage  readings.  If  only  one  nipple 
is  to  be  inserted  at  each  section,  there  is  an  advantage  in  placing 
it  in  the  under  side  of  the  pipe  if  air  is  present  in  the  discharge, 
and  in  the  upper  side  of  the  pipe  if  sediment  is  being  carried. 

(2)  For  -J  equal  to  2  or  more  there  is  no  material  advantage 
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in  having-  more  than  one  pressure  opening  at  each  section.    For 

-J  less  than  2  the  momentary  fluctuations  in  pressure,  as  registered 

by  the  gage,  may  be  appreciably  reduced  by  having  two  opposite 
openings  at  each  section,  these  being  connected  as  shown  in  Fig. 
4,  p.  23.  It  seems  probable  that  additional  openings  would  still 
further  reduce  the  gage  fluctuations. 


23.  Eccentricity. — The  tests  to  determine  the  effect  of  eccentric- 
ity were  made  on  only  the  4-inch  pipe.  The  eccentricity  was  ^  inch 
and  the  displacement  of  the  orifice  was  vertical.  The  apparatus  was 
so  arranged  that  the  gage  could  be  made  to  register  the  difference  in 
pressure  obtained  for  the  two  sections  by  connecting  to  the  differential 
gage  (a)  the  openings  in  the  top  of  the  pipe,  (b)  the  openings  in  the 
bottom  of  the  pipe,  and  (c)  all  four  openings. 

The  results  indicate  that  regardless  of  the  size  of  orifice  an  eccen- 
tricity of  as  much  as  D/16  will  produce  no  effect  on  gage  readings, 
provided  the  gage  is  connected  to  two  opposite  pressure  openings  at 

each  section.    But  for  —  less  than  2  the  gage  readings  will  be  changed 

considerably  when  the  gage  is  connected  to  a  single  pressure  opening 

at  each  section.    For  —  =1.5  this  change  is  about  4  per  cent,  and  for 

-T-=1.2,  about  18  per  cent.     It  seems  probable  that  a  corresponding 

eccentricity  with  other  sizes  of  pipe  would  produce  a  similar  effect. 
Considering  the  difficulties  of  ascertaining  whether  or  not  the  orifice 
is  properly  centered  under  the  ordinary  conditions  of  practice,  the 
necessity  for  gage  connections  on  opposite  sides  of  the  pipe  at  each 

section,  when  -j  is  less  than  2,  will  be  readily  appreciated. 

The  effect  of  small  longitudinal  displacements  of  the  gage  con- 
nections is  well  illustrated  by  the  curves  of  Fig.  3,  p.  20.    It  is  evident 

that  for  -=-  less  than  2,  in  order  that  no  measurable  change  in  the  gage 

readings  be  produced,  no  considerable  change  in  the  longitudinal  posi- 
tion of  the  pr<3ssure  openings  for  the  section  of  beginning  of  con- 
vergence may  be  made,  nor  may  the  pressure  openings  for  the  section 
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of  greatest  contraction  be  placed  nearer  the  orifice  than  four-tenths 
the  diameter  of  the  pipe. 

24.  Bevel-edged  Orifices. — ^The  method  of  conducting  tests  with 
bevel-edged  orifices  was  identical  with  that  used  in  determining  the 
relation  between  drop  in  pressure  and  discharge  for  thin  square-edged 
orifices.  Tests  were  made  on  4-inch  and  6-inch  pipe  with  five  sizes  of 
orifice  for  each  size  of  pipe.  For  each  of  the  two  series  of  tests  the 
ratios  of  diameter  of  pipe  to  diameter  of  orifice  were  1.22,  1.52,  2.03. 
3.04,  and  6.08. 

The  orifices  were  cut  in  3/16-inch  plates  with  the  upstream  edge 
on  a  45-degree  bevel.  The  thickness  of  metal  at  the  small  diameter 
of  each  orifice  was  1/32  inch,  and  the  large  diameter  was  5/16  inch 
greater  than  the  small  diameter. 

In  instituting  the  tests  the  thought  was  that  the  effect  of  the 
beveled   edge  might   go   to   produce   a   coefficient   of   discharge   less 

affected  by  small  changes  in  —  as  the  diameter  of  the  orifice  approaches 

that  of  the  pipe,  and  thus  make  it  practicable,  with  high  velocities,  to 
use  a  larger  sized  orifice  than  the  experiments  with  thin-plate  orifices 
indicate  may  be  used  with  precision. 

Table  7 
Coefficients  op  Discharge  for  Bevel-Edged  Orifices — C 


D 

Coef.  of  Discharge 

Coef.  of  Discharge 

d 

/l6  =  0.01 

h^^OA 

/i6  =  1.0 

hb  =  io 

A, -50 

/lb  =  0.01 

/l,  =  0.1 

/lb  ==1.0 

h-w 

/l6=50 

1.22 
1.52 
2.03 
3.04 
6.08 

4i 

0.870 
0.802 
0.773 
0.753 
0.756 

0.852 
0.784 
0.759 
0.741 
0.750 

0.832 
0.765 
0.745 
0.730 
0.745 

0.811 
0.747 
0.731 
0.718 
0.739 

0.800 
0.738 
0.724 
0.713 
0.737 

CO 

0.8::'0 
0.762 
0.735 
0.735 
0.746 

0.813 
0.744 
0.722 
0.724 
0.740 

0.795 
0.727 
0.709 
0.713 
0.735 

0.775 
0.709 
0.696 
0.702 
0.729 

0.764 
0.701 
0.690 
0.697 
0.727 

The  coefficients  of  discharge,  deduced  from  discharge  curves 
similar  to  those  of  Figs.  6  and  7,  pp.  28  and  29,  are  shown  in  Table  7. 
A  comparison  of  these  coefficients  with  corresponding  values  in  Table 
4,  p.  30,  will  show  that  the  effect  of  beveling  has  been  materially  to  in- 
crease the  coefficients  of  discharge  and  also  to  produce  a  coefficient  of 
discharge  that,  as  the  drop  in  pressure  head  increases  and  as  the  size 
of  pipe  increases,  decreases  much  more  rapidly.    In  Fig.  14  the  coeffi- 
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Raflo  of  D/'amefer  ofP/pe  to  O/'ameter  of  Or/f/ce  -  ^ 

Fig.  14.    Coefficients  of  Discharge  for  Bevel-edged  Orifices 


cients  of  Table  7  for  /i6=0.01  ft.  and  /i6=10  ft.  are  plotted  against  val- 
ues of  -J.  A  comparison  of  the  curves  drawn  through  these  points  with 
corresponding  curves  for  square-edged  orifices,   Fig.  9,   p.   32,  will 
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still  further  emphasize  the  extreme  variability^  of  the  coefficients  of 
discharge   under   consideration.     As   an   offset   to   these   undesirable 

characteristics,  for  a  edven  change  in  the  value  of  —r  when  that  ratio 

a 

is  less  than  2,  there  is  considerablj^  less  variation  in  the  coefficient 

of  discharge  for  the  bevel-edged  orifice  than  for  the  square-edged 

orifice.    This  statement  is  especially  true  for  values  of  -7  less  than  1.5, 

where  the  rate  of  change  for  the  bevel-edged  orifice  is  about  two- 
thirds  that  for  the  square-edged  orifice. 

It  is  worth  noting  that  the  coefficient  of  discharge  for  each  orifice 
approaches  that  for  the  corresponding  square-edged  orifice  as  the 
drop  in  pressure  head  increases,  and  that  the  rate  of  this  increase  be- 
comes greater  as  -j  decreases  and  becomes  greater  as  the  diameter  of 

the  pipe  increases.    For  example,  for  the  4-incli  pipe  and  -j  ^2.03  the 

variation  between  the  two  coefficients  of  discharge  is  17  per  cent  when 
/i6=0.1  ft.   and  15   pe'r  cent  when   /i^^50   ft. ;   for  the   6-incli  and 

-r  =2.03  the  variation  is  14  per  cent  when  /i/,=0.1  ft.  and  12  per  cent 

when  hy=50  ft. 

A  study  of  the  observations  indicates  that  the  accidental  errors 
of  reading  the  gage  are  about  the  same  for  the  bevel-edged  orifice  as 
for  the  square-edged  orifice.  The  systematic  errors,  however,  or  those 
which  will  not  be  eliminated  by  increasing  the  number  of  observations, 
are  those  to  which  most  attention  must  be  given ;  and  among  the  sources 

of  systematic  error  when --3-  is  small,  that  source  most  likely  to  be  pro- 
ductive of  the  greatest  error  in  the  computed  discharge  under  the  con- 
ditions of  ordinary  practice  seems  to  be  in  the  determination  of  the 

ratio  -7-     Since  for  small  values  of  -;-  the  coefficient  of  discharge  for 
a  d 

bevel-edged  orifices  varies  less  for  a  given  change  in  -j  than  does  the 

coefficient  for  square-edged  orifices,  it  seems  reasonable  to  believe  that 

for  values  of  --7  less  than  1.5  there  may  be  a  slight  advantage  in  using 
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the  bevel-edged   orifice,   although   the   present   experiments   are   not 
sufficiently  comprehensive  to  confirm  fullj^^  this  belief. 

The  curves  in  Figs.  9  and  14  are  of  value  as  an  indication  of  the 
importance  of  having  the  edges  of  the  square-edged  orifice  sharp  and 
square  if  the  coefficients  of  discharge  for  square-edged  orifices  are  ex- 
pected to  hold  good.  In  permanent  installations  this  will  make  it 
important  that  the  orifice  plate  be  of  some  material  which  does  not  rust 
or  corrode  easily. 
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V.     Summary 

25.  General  Applicability  of  Pipe  Orifice  Method. — The  fore- 
going discussion  has  shown  that  the  thin-plate  orifice  inserted  in  a 
pipe  may  be  used  with  confidence  for  measuring  the  discharge  of  water 
through  pipes.  Like  nearly  all  methods  of  measuring  water  it  is 
subject  to  some  limitations  although  it  helps  to  fill  a  growing  need 
which  has  been  partly  filled  by  the  pitometer  and  by  the  injection  of 
chemicals.  The  pipe  orifice  is  in  effect  a  portable  Venturi  meter,  the 
disadvantage  of  the  pipe  orifice  being  the  relatively  large  lost  head 
caused  by  the  obstruction  of  the  orifice  plate ;  however  since  the  pipe 
orifice  method  is  probably  best  adapted  to  temporary  use  the  lost 
head  may  in  general  be  unimportant.  In  a  long  pipe  line  also  the 
lost  head  caused  by  the  orifice  would  be  relatively  small.  Cases  in 
which  the  pipe  orifice  should  be  of  particular  value  have  already  been 
suggested  in  the  introduction. 

Although  all  the  deductions  and  conclusions  given  in  this  sum- 
mary apply  to  the  measurement  of  water,  attention  should  be  called 
to  the  fact  that  the  pipe  orifice  is  adapted  to  measuring  the  discharge 
of  air,  gas,  and  steam  through  pipes. 

26.  Conclusions. — The  following  points  are  important  as  a  guide 
to  the  proper  use  of  the  pipe  orifice  method  of  measuring  the  discharge 
of  water  through  a  pipe : 

(1)  The  two  sections  of  the  pipe  between  which  change  in 
pressure  head  may  be  most  reliably  determined  are  the  section  at 
which  normal  flow  is  discontinued  and  the  stream  begins  to  con- 
verge as  it  approaches  the  orifice  and  the  section  of  greatest  con- 
traction of  the  jet  after  it  leaves  the  orifice.  Regardless  of  the 
size  of  pipe,  for  all  sizes  of  orifice  which  it  is  feasible  to  use,  the 
distance  from  the  plane  of  the  orifice  to  the  section  of  beginning 
of  convergence  may  be  taken  as  eight-tenths  the  pipe  diameter, 
and  the  distance  to  the  section  of  greatest  contraction  as  four- 
tenths  the  pipe  diameter  (section  11,  p.  21). 

(2)  The  drop  in  pressure  head  between  these  two  sections 
is  greater  than  that  to  be  found  for  any  other  two  sections  near 
the  orifice. 


THE  PIPE  ORIFICE  FOR   MEASURING  FLOW   OF   WATER  51 

(3)  Having  given  the  measured  difference  between  the  pres- 
sure head  at  the  section  of  beginning  of  convergence  and  the  pres- 
sure head  at  the  section  of  greatest  contraction  the  discharge  may- 
be determined  through  the  use  of  equation  (2),  p.  12,  or  through 
the  use  of  equation  (6),  p.  35. 

(4)  The  coefficient  of  discharge  to  be  used  in  equation  (2) 
is  a  variable  quantity  (Table  4,  p.  30).  It  decreases  as  the  size 
of  pipe  increases;  it  decreases  slightly  as  the  drop  in  pressure 
head  increases ;  it  has  a  minimum  value  for  orifices  having  a  diam- 
eter of  one-third  that  of  the  pipe  and  increases  as  the  diameter 
of  the  orifice  becomes  greater  or  becomes  less  than  one-third  the 
diameter  of  the  pipe. 

(5)  The  lost  head  caused  by  any  given  orifice  in  the  pipe  in 
terms  of  the  velocity  in  the  pipe  may  be  determined  by  equation 
(3),  p.  13. 

(6)  The  lost  head  is  always  less  than  the  drop  in  pressure 
head  but  approaches  it  in  value  as  the  ratio  of  the  diameter  of 
the  pipe  to  the  diameter  of  the  orifice  increases  (section  6,  p.  13). 

(7)  Due  to  the  fluctuations  of  the  liquid  in  the  gage  tubes 
the  systematic  error  of  reading  the  gage  increases  as  the  ratio  of 
the  diameter  of  the  pipe  to  that  of  the  orifice  decreases,  but  when 

that  ratio  -7  is  2  or  greater  the  error  may  under  normal  condi- 
tions of  flow  be  reduced  to  a  negligible  quantity  by  a  proper  manip- 
ulation of  apparatus.    As  -j  becomes  less  than  2  the  accidental 

error  of  reading  the  gage  increases  very  rapidly  (section  19,  p.  40) 
and  also  small  errors  in  the  measurement  of  the  diameter  of  the 
pipe  or  the  diameter  of  the  orifice  are  likely  to  be  the  constant 
sources  of  an  error  of  increasing  magnitude  in  the  computed  dis- 
charge (section  14,  p.  34).  The  indications  are  that,  for  favorable 
conditions  of  flow  and  with  care  in  installing  the  apparatus  and  in 
observing,  discharge  may  be  determined  generally  within  2  per 
cent  when  the  diameter  of  the  orifice  is  not  in  excess  of  two-thirds 
that  of  the  pipe,  but  this  size  of  orifice  seems  to  be  about  the 
maximum  that  can  be  used  except  for  approximate  determina- 
tions of  discharge.  When  the  magnitude  of  the  lost  head  is  not 
the  controlling  factor  in  the  choice  of  size  of  orifice,  best  results 
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are  likely  to  be  obtained  if  the  diameter  of  the  orifice  is  not  greater 
than  one-half  that  of  the  pipe. 

(8)  For  orifices  having  a  diameter  greater  than  one-half 
that  of  the  pipe  the  use  of  two  opposite  pressure  openings  at  each 
section  is  important  because  of  the  probability  of  the  orifice  being 
somewhat  eccentric  with  the  pipe,  unless  greater  care  is  taken  in 
placing  the  orifice  than  will  usually  be  found  practicable  (sections 

22,  p.  44,  and  23,  p.  45).     Systematic  errors  of  observing  may  be 
greatlj^  reduced  by  proper  throttling   (section  21,  p.  43). 

(9)  The  coefficient  of  discharge  for  bevel-edged  orifices  is 
a  much  more  variable  quantity  and  is  materially  greater  than  the 
coefficient  of  discharge  for  thin  square-edged  orifices.  The  use  of 
the  bevel-edged  orifice  seems  not  to  be  practicable,  except  for 
approximate  measurements  when  the  orifice  diameter  is  greater 
than  two-thirds  of  the  pipe  diameter  (section  24,  p.  46). 
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THE  Engineering  Experiment  Station  was  established  by  act  of 
the  Board  of  Trustees,  December  8,  1903.     It  is  the  purpose 
of  the  Station  to  carry  on  investigations  along  various  lines  of 
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I.    Introduction 

1.  Preliminary  Statement. — The  Department  of  Railway  Engi- 
neering of  the  University  of  Illinois  has  for  some  years  carried  on  ex- 
periments to  determine  the  tractive  resistance  of  steam  railway  trains 
and  electric  railway  motor  cars.*  The  results  relating  to  steam  rail- 
ways thus  far  published  have  applied  only  to  freight  .trains.  This 
bulletin  presents  for  the  first  time  the  results  of  the  experiments  with 
passenger  trains.  These  experiments  were  begun  in  1908  on  light 
local  trains  and  were  resumed  during  the  spring  and  summer  of  1916 
on  heavy  equipment  in  through  passenger  service. 

The  results  here  presented  define  the  resistance  of  the  trains 
tested  throughout  the  ordinary  range  of  speed  of  passenger  trains. 
The  fact  is  also  made  clear  that  in  passenger  as  in  freight  trains  the 
resistance  expressed  in  pounds  per  ton  varies  with  the  average  weight 
of  the  cars  composing  the  train,  being  less  for  trains  made  up  of  heavy 
cars  than  it  is  for  trains  of  light  cars.  As  regards  freight  train  re- 
sistance, this  influence  ot  car  weight  has  been  recognized  for  some 
years,  and  this  recognition  found  application  in  freight  service  in  the 
making  of  tonnage  ratings  even  before  complete  experimental  data 
were  at  hand.  Today  tonnage  ratings  almost  universally  embody 
distinctions  based  upon  this  influence  of  car  weight. 

It  has  always  seemed  likely  that  the  specific  resistance  of  pas- 
senger trains  was  similarly  affected  by  the  weight  of  the  cars  in  the 
train.  Notwithstanding  this  probability,  however,  the  influence  of 
car  weight  has  frequently  been  ignored  in  dealing  with  problems  in 
passenger  train  resistance.  It  is  embodied  in  only  a  few  of  the  for- 
mulas currently  used  for  that  purpose,  and  even  in  some  of  these  its 
influence  is  recognized  only  to  the  extent  to  which  it  affects  the  air 


*See  Bulletin  43,  entitled  "Freight  Train  Resistance:  Its  Relation  to  Car  Weight," 
1910,  Bulletin  59,  entitled  "The  Effects  of  Cold  Weather  upon  Train  Resistance  and 
Tonnage  Rating,"  1912,  Bulletin  74,  entitled  "The  Tractive  Resistance  of  a  28-ton  Electric 
Car,"  1914,  and  Bulletin  92,  entitled  "The  Tractive  Resistance  on  Curves  of  a  28-ton 
Electric  Car,"   1916,  of  the  Engineering  Experiment  Station  of  the  University  of  Ulinois. 
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resistance  component  of  net  resistance,  its  effect  on  journal  and  roll- 
ing resistance  being  neglected.  This  situation  has  arisen  primarily 
because  of  the  lack  of  experimental  data  applying  to  passenger  cars 
of  different  weights,  and  because  the  problems  requiring  the  predic- 
tion of  passenger  train  resistance  have  not  the  economic  importance 
of  similar  problems  arising  in  connection  with  freight  trains.  The 
error  involved  by  ignoring  car  weight  is  not,  however,  so  great  in  the 
former  case  as  in  the  latter ;  for  while  passenger  cars  ordinarily  vary 
in  gross  weight  only  from  about  thirtj^-five  to  sixty-five  tons,  the  cor- 
responding range  in  freight  service  is  from  about  eighteen  to  ninety- 
eight  tons.  Despite  this  difference  in  the  necessity  of  accurately 
determining  resistance  in  the  two  instances,  the  prediction  of  passenger 
train  resistance  is  nevertheless  important,  and  data  such  as  are  here 
presented  have  been  needed. 

The  results  here  set  forth  define  the  resistance  of  passenger  trains 
made  up  of  cars  ranging  in  average  weight  from  thirty-three  to 
seventy-one  tons,  and,  it  is  believed,  present  for  the  first  time  full 
experimental  data  showing  the  influence  of  car  weight  on  the  resist- 
ance of  entire  steam  railroad  passenger  trains  throughout  the  range 
of  car  weight  now  prevalent  in  American  practice.*  Throughout  this 
bulletin  the  terms  "resistance,"  ''net  resistance,"  and  "specific  re- 
sistance ' '  mean  the  number  of  pounds  of  tractive  force  required  for 
each  ton  of  train  weight  in  order  to  keep  the  train  moving  at  uniform 
speed  on  straight  level  track.  Ordinarily  these  terms  apply  to  re- 
sistance in  still  air.  Here,  however,  they  include  the  effects  on  resist- 
ance of  such  winds  as  prevailed  during  the  tests,  which,  as  later 
appears,  were  from  various  directions  and  of  velocities  as  high  as 
thirty-one  miles  per  hour.  The  bulletin  deals  exclusively  with  the 
resistance  of  the  cars  alone — locomotive  and  tender  resistance  were 
not  measured  and  are  not  discussed. 

The  results  of  the  last  eighteen  tests  included  in  this  report  were 
separately  summarized  and  discussed  in  a  paper  on  ' '  Passenger  Train 
Resistance"  published  in  February,  1917  in  Bulletin  194  of  the  Amer- 
ican Railway  Engineering  Association. 

2,  Ack7ioivledgments. — Through  the  courtesy  of  W.  L,  Park, 
Vice  President,  and  R.  W.  Bell,  General  Superintendent  of  Motive 

*t)ata  concerning  the  resistance  of  two  trains  composed  of  cars  of  two  different  weights 
(46.2  tons  and  62.7  tons)  are  given  in  Bulletin  No.  26  of  the  Pennsylvania  Railroad  Com- 
pany Test  Department. 
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Power  of  the  Illinois  Central  Railroad,  the  tests  were  made  on  the 
lines  of  that  company  between  Champaign  and  Centralia,  Illinois, 
and  by  means  of  a  dynamometer  car  which  since  1900  has  been  jointly 
owned  b}'  the  Railroad  Company  and  the  University,  The  interest 
and  the  cooperation  of  E.  H.  Baker,  Trainmaster  at  Champaign,  under 
whose  immediate  direction  the  test  car  was  handled,  are  also  grate- 
fully acknowledged. 
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II.    Summary 

At  the  expense  of  some  duplication  of  statement,  the  following 
summary  is  presented  at  this  point  in  order  to  provide  a  general  view 
of  the  work. 

3.  The  Trains.— The  tests  were  undertaken  to  measure  the  re- 
sistance of  passenger  trains  at  all  speeds  up  to  seventy  miles  per  hour 
and  for  average  car  weights  varying  throughout  the  entire  current 
range  in  weight.  The  chief  characteristics  of  the  twenty-eight  trains 
tested  were  as  follows : 

Minimum     Maximum 

Total  weight  (excluding  locomotive  and  tender), 

tons 138  727 

Number  of  cars  in  the  train 4          12 

Average  gross  weight  per  car,  tons     .     .      .      .  33.6  71.1 

Nine  of  these  trains  were  in  "local"  service,  the  others  in 
"through"  service.  Of  the  240  cars  composing  these  twenty-eight 
trains,  178  had  six-wheel  trucks,  and  62  had  four-wheel  trucks. 

4.  The  Track. — The  experiments  were  made  upon  well  con- 
structed and  well  maintained  main  line  track,  nearly  all  of  which  is 
laid  with  either  85-pound  or  90-pound  rail.  Except  through  station 
grounds  where  screenings  or  cinders  are  used  for  ballast,  the  track  is 
ballasted  with  broken  stone. 

5.  The  Results. — The  average  values  of  the  resistance  of  the 
trains  tested  are  defined  by  the  curves  of  Fig.  9.  From  these  curves 
has  been  prepared  Table  3,  which  shows  probable  average  values  of  re- 
sistance for  passenger  trains  composed  of  cars  varying  in  weight  from 
thirty  to  seventy-five  tons,  and  at  speeds  ranging  from  five  to  seventy- 
five  miles  per  hour.  Individual  trains  will  occasionally  be  met  with 
whose  general  average  resistance  will  exceed  the  values  previously  de- 
fined by  from  8  to  10  per  cent. 
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The  tests  were  made  in  fair  and  moderate  or  warm  weather  dur- 
ing which  the  maximum  wind  velocity  encountered  at  any  time  was, 
with  one  exception,  twenty-five  miles  per  hour.  The  results  are  prob- 
ably safely  applicable  to  passenger  trains  running  under  like  condi- 
tions of  track  and  weather.  They  should  not,  however,  be  applied 
without  modification  to  trains  running  under  widely  different  condi- 
tions. 
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III.     The  Trains,  The  Track  and  The  Test  Car 

6.  The  Trains  Tested. — The  twenty-eight  passenger  trains  in- 
chided  in  the  report  were  tested  in  two  series.  Series  I  comprises  ten 
tests  which  were  made  in  1908-1909  in  conjunction  with  freight  resist- 
ance tests  then  in  progress.  At  that  time  the  test  car  was  operated 
from  Champaign  to  Mattoon,  Illinois,  in  freight  service  and  it  was 
usually  returned  in  local  passenger  train  No.  24  from  Mattoon  to 
Champaign.  The  test  car  was  operated  upon  one  occasion  at  this 
period  in  through  train  No.  5,  and  Series  I  includes,  therefore,  nine 
runs  with  train  24  and  one  with  train  5.  The  average  weight  of  the 
cars  in  train  24  varied  during  the  nine  tests  then  made  only  from 
33.6  to  40.7  tons,  and  the  results  based  on  this  limited  range  in  weight 
did  not  warrant  generalizations.  The  opportunity  to  continue  the 
tests  with  heavy  trains  did  not  present  itself  until  May  of  1916  when 
the  work  was  resumed  and  continued  during  the  summer  with  trains 
No.  5  and  No.  2.  Eleven  tests  were  then  made  with  train  No.  5,  ' '  Fast 
Mail,"  running  from  Champaign  to  Centralia,  and  seven  tests  with 
train  No.  2,  ' '  Through  Mail, ' '  running  from  Centralia  to  Champaign, 
These  eighteen  tests  constitute  Series  2. 

Considering  both  series  together  the  range  in  train  weight  was 
from  138  to  727  tons,  in  average  car  weight  from  33.6  to  71.1  tons,  and 
the  number  of  cars  per  train  varied  from  4  to  12.  For  each  of  the 
three  classes  of  trains  the  variations  in  train  weight,  car  weight,  num- 
ber of  cars,  and  truck  construction  were  as  follows : 


Train 
No. 

Number 

of  Trains 

Tested 

Gross  Weight  of 
Train,  Tons 

Average  Weight 
per  Car,  Tons 

Number  of  Cars 
in  the  Train 

Number  of  Cars 

per  Train 

Having  4-wheel 

Trucks 

Min. 

Max. 

Min. 

Max. 

Min. 

Max. 

Min. 

Max. 

24 
5 
2 

9 

12 

7 

138.0 
370.  G 
549.0 

234.2 
615.5 
727.0 

33.60 
46.32 
63.49 

40.70 
55.90 
71.10 

4 
10 

8 

6 
12 

n 

1 

0 

4 
3 
2 

Similar  data  and  other  details  concerning  the  make-up  of  each  of 
the  trains  are  presented  in  Table  1. 
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Train  No.  24  is  scheduled  to  cover  the  45  miles  from  Mattoon  to 
Champaign  in  1  hour  and  22  minutes,  a  schedule  speed  of  32.9  miles 
per  hour.  A  typical  running  time  for  this  train  is  1  hour  and  10  min- 
utes, equivalent  to  a  running  speed  of  38.6  miles  per  hour.  Train 
No.  5  is  allowed  by  the  schedule  3  hours  and  35  minutes  to  cover  the 
124.5  miles  from  Champaign  to  Centralia;  thus  its  schedule  speed  is 
34.8  miles  per  hour.  Its  running  time  is  about  2  hours  and  51  minutes, 
which  corresponds  to  a  running  speed  of  43.7  miles  per  hour.  Train 
No.  2  is  scheduled  between  Centralia  and  Champaign  at  3  hours  and 
5  minutes,  a  schedule  speed  of  40.4  miles  per  hour.  For  this  train  a 
typical  running  time,  2  hours  and  37  minutes,  is  equivalent  to  a  run- 
ning speed  of  47.5  miles  per  hour. 

In  eight  of  the  nine  tests  of  train  24  the  resistance  of  the  dyna- 
mometer ear  itself  is  included  in  the  records  and  its  weight  is  included 
in  the  train  weight.  The  weight  of  the  test  car,  29  tons,  is  however 
not  greatly  different  from  the  average  weight  of  the  cars  in  this  train 
and  its  inclusion  has  lowered  only  slightly  the  average  car  weight. 
The  test  car  weight  is  likewise  included  in  five  of  the  tests  with  trains 
2  and  5,  and  in  these  instances  its  relatively  light  weight  has  lowered 
appreciably  the  normal  average  car  weight.  In  the  remaining  four- 
teen tests  the  dynamometer  car  was  coupled  with  its  measuring  draw- 
bar toward  the  rear  of  the  train,  and  in  these  cases  its  own  resistance 
is  excluded  from  the  test  car  records.  Its  weight  is  consequently  ex- 
cluded from  the  train  weights  and  has  not  affected  the  normal  average 
car  weights. 

The  net  weights  of  all  cars  were  obtained  from  the  records  of  the 
Illinois  Central  Railroad  and  the  Pullman  Company.  To  determine 
the  car  loads  passengers  were  counted  and  allowed  for  at  140  pounds 
each;  the  weights  of  baggage  and  mail  were  estimated  by  personal 
inspection  and  count  of  the  contents  of  each  car ;  the  weight  of  express 
was  determined  by  reference  to  the  bills,  supplemented  by  inspection 
and  estimate.  The  error  entailed  by  these  methods  certainly  does  not 
exceed  fifteen  per  cent  of  the  weight  of  the  load,  and  since  among  all 
the  trains  the  maximum  load  amounted  to  only  6.6  per  cent  of  the 
gross  train  weight,  the  maximum  error  in  gross  train  weight  itself 
caused  by  inaccuracies  in  the  processes  described  is  less  than  one  per 
cent. 

Of  the  three  classes  of  trains  tested,  local  train  No.  24  had  the 
lowest  average  car  weight  and,  naturally,  the  highest  proportion  of 
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four-wheel  truck  cars.  Of  the  45  cars  composing  these  nine  local 
trains,  28  (or  62  per  cent)  had  four-wheel  trucks.  In  the  twelve 
trains  No.  5  there  were  included  altogether  129  cars,  of  which  27  (or 
21  per  cent)  were  equipped  with  four-wheel  trucks.  Train  No.  2  had 
the  heaviest  cars  and  the  smallest  proportion  of  four-wheel  truck  cars. 
The  seven  trains  of  this  class  included  66  cars,  of  which  only  7  (or 
10.6  per  cent)  had  four-wheel  trucks.  All  other  cars  in  the  three 
classes  of  trains  had  six-wheel  trucks. 

Since  car  weight  affects  the  specific  resistance,  not  only  through 
its  influence  on  air  resistance,  but  through  its  influence  on  journal  and 
rolling  resistance  as  well,  there  is  apparently  an  inconsistency  in 
method  in  grouping — as  is  done  in  this  report — trains  including  both 
four-wheel  and  six-wheel  truck  cars,  and  especially  in  thus  grouping 
trains  which  have  in  their  make-up  different  proportions  of  the  two 
kinds  of  trucks.  This  apparent  inconsistency,  considering  the  purpose 
of  the  investigation,  is  not  so  objectionable  as  may  appear.  It  was  not 
possible  under  the  conditions  under  which  the  tests  were  made  to 
control  the  make-up  of  the  trains.  The  tests  had  to  be  made  in  regular 
service  and  the  trains  had  to  be  accepted  with  their  usual  make-up. 
This  limitation  has  not  defeated  the  main  purpose  of  the  tests,  for 
they  were  undertaken,  not  to  distinguish  the  resistance  of  four-wheel 
and  six-wheel  truck  cars,  but  to  measure  the  resistance  of  ordinary 
passenger  trains  of  widely  different  average  car  w^eight;  and  wide 
variation  in  car  weight  carries  with  it,  in  American  practice,  a  varia- 
tion in  truck  construction  similar  to  that  encountered  in  the  trains 
here  discussed.  Any  train  of  35  to  40  tons  average  car  weight  is  sure 
to  include  in  its  make-up  four-wheel  truck  cars, — and  in  about  the 
proportion  which  prevailed  in  these  tests.  Even  the  heaviest  through 
trains  are  likely  occasionally  to  include  a  car  or  two  with  four-wheel 
trucks,  as  was  the  case  with  Train  No.  2. 

7.  The  Track. — The  track,  formerly  part  of  one  of  the  oldest 
single-track  lines  in  the  State,  was  converted  about  twenty  years  ago 
into  a  double-track  road.  The  roadbed  is  in  good  condition  and  the 
drainage  in  general  is  excellent.  The  track  was  especially  surveyed 
for  the  purposes  of  these  tests. 

Except  on  a  few  short  stretches  through  station  grounds,  where 
cinders  and  screenings  are  used  for  ballast,  both  tracks  are  ballasted 
with  broken  limestone.    The  cross-ties,  6  inches  by  8  inches  by  8  feet, 
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are  spaced  about  20  inches  between  centers  and  are  of  treated  red 
oak,  treated  soft  wood  or  untreated  white  oak.  Seventy  miles  of  the 
southbound  track  are  laid  with  90-pound  rail  of  American  Eailway 
Association  section,  while  the  remaining  54.5  miles  are  laid  with  85- 
pound  rail  of  American  Society  of  Civil  Engineers  section ;  98.6  miles 
of  the  northbound  track  are  laid  with  85-pound  rail  of  American  So- 
ciety of  Civil  Engineers  section,  while  the  remaining  25.9  miles  are 
laid  with  90-pound  rail  of  American  Railway  Association  section.  All 
rails  are  laid  with  broken  joints  supported  on  two  ties.  During  eight 
months  of  the  year  there  is  employed  in  maintaining  this  portion  of 
the  road  a  force  of  men  averaging  one  man  per  mile  of  track.  During 
the  remaining  four  months  this  force  is  reduced  to  one  man  for  each 
two  miles. 

8.  The  Test  Car. — The  dynamometer  car  used  in  these  experi- 
ments has  been  described  in  detail  in  Bulletin  43  of  the  Engineering 
Experiment  Station  of  the  University  of  Illinois  and  in  the  Railway 
Age  Gazette  for  February  19,  1909.  The  recording  apparatus  within 
the  car  produces  continuous  graphical  records  of  the  gross  resistance 
of  the  train,  speed,  time,  brake  cylinder  pressure,  wind  direction,  wind 
velocity,  and  location  of  mile  posts  and  other  reference  points.  A 
reproduction  of  one  of  the  test  car  records  is  given  in  Bulletin  43 
previously  mentioned.  When  supplemented  by  an  accurate  profile 
and  train  data,  these  records  permit  the  calculation  of  train  resistance 
at  any  point  or  section  on  the  road.  The  methods  by  which  these  cal- 
culations were  made  and  the  precautions  observed  to  ensure  accuracy 
are  explained  later. 
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IV.     Test  Conditions,  Methods  and  Calculations 

9.  Test  Conditions. — In  Table  1  are  set  forth  for  each  test  the 
weather  conditions,  the  average  velocity  and  the  direction  of  the  wind, 
and  the  air  temperatures  prevailing  at  the  beginning  and  at  the  end 
of  the  test.  With  only  two  exceptions  the  tests  were  made  on  fair 
days  and  in  moderate  or  warm  weather.  The  average  air  temperature 
varied  from  40  degrees  F.  during  one  test  to  93  degrees  F.  in  another. 
The  average  wind  velocity  was  20  m.  p.  h.  or  less  during  all  but  three 
tests.  During  two  tests  the  average  wind  velocity  was  25  m.  p.  h.  and 
on  only  one  it  was  31  m.  p.  h. 

"While  the  wind  velocity  was  recorded  for  each  test,  the  uncertain- 
ties regarding  its  influence  have  made  a  definite  evaluation  of  its  share 
of  the  total  resistance  impracticable.  It  has  seemed  necessary,  there- 
fore, to  regard  the  wind  velocity  as  one  of  the  incidental  variables 
which  is  likely  to  be  met  with  in  train  operation  and  which  should 
be  included  in  the  final  resistance  values.  It  has,  accordingly,  been  in- 
cluded and  the  terms  "resistance"  and  "specific  resistance"  as  here 
used  include  the  resistance  due  to  such  winds  as  prevailed  during  the 
tests. 

10.  Test  Methods., — As  has  already  been  stated  the  tests  were 
run  in  regular  service,  no  attempt  being  made  to  modify  schedules  or 
to  control  speed.  During  each  test  the  data  cited  in  the  description 
of  the  test  car  were  produced  and  from  them  resistance  was  calculated 
for  as  great  a  variety  of  speeds  as  the  records  presented.  These  re- 
sistance values  were  then  plotted  in  a  diagram  such  as  any  one  of  the 
curves  in  Fig.  1,  which  shows  for  the  train  in  question  the  relation 
between  resistance  and  speed.  The  production  of  such  a  diagram 
was  the  immediate  purpose  of  each  test,  and  it  was  the  expectation 
that  when  the  resistance-speed  curves  of  the  individual  tests  were 
brought  together,  analysis  of  the  curves  would  reveal  the  relations  ex- 
isting between  train  resistance  and  car  weight. 

The  pressure  in  the  brake  cylinder  was  recorded  merely  to  make 
it  possible  to  distinguish  the  periods  when  the  brakes  were  applied,  it 
being  obviously  necessary  to  avoid  such  portions  of  the  record  when 
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choosing  sections  for  calculation.  The  wind  velocity  and  direction 
relative  to  the  test  car  were  obtained  by  means  of  an  anemometer  and 
windvane  mounted  on  its  roof.  "When  compounded  with  the  known 
speed  and  direction  of  motion  of  the  car,  these  data  permit  the  deter- 
mination of  the  actual  wind  direction  and  wind  velocity  with  respect 
to  the  track.  The  location  of  the  test  car  upon  the  road  was  defined 
by  marking  upon  the  chart  the  position  of  mile  posts  and  stations  at  the 
moment  they  were  passed  by  the  car.  This  record  makes  it  possible 
to  correlate  any  portion  of  the  chart  with  the  road  profile.  In  addi- 
tion to  the  weight  of  the  train  there  were  recorded  its  length,  the  car 
names  and  numbers,  and  facts  concerning  the  truck  construction. 

11.  Methods  Employed  in  Calculating  the  Results. — To  produce 
for  each  train  the  resistance-speed  curve  referred  to  in  the  preceding 
section  involves  calculating  the  train  resistance  at  various  positions 
of  the  train  upon  the  track,  and  the  first  step  towards  this  end  is  the 
inspection  of  the  test  car  record  in  order  to  select  suitable  points  or 
sections  at  which  the  resistance  may  be  calculated.  The  considerations 
of  most  importance  in  this  selection  are  that  the  points  represent  final- 
ly as  great  a  speed  range  as  possible  and  that  the  speeds  be  approx- 
imately evenly  distributed  within  this  range.  Points  and  sections  were 
selected  only  where  the  entire  train  was  running  and  continued  to  run 
upon  straight  track ;  resistance  due  to  track  curvature  is  therefore  en- 
tirely eliminated.  The  data  essential  to  the  process  of  calculation  are 
the  drawbar  pull  of  the  engine,  the  train  speed  and  its  acceleration,  the 
tonnage,  and  the  profile.  The  pull  and  the  speed,  as  previously  stated, 
are  determined  from  continuous  curves  drawn  on  the  test  car  chart. 
Two  processes  have  been  used,  designated  here  as  method  1  and  method 
2.  By  method  1,  the  momentary  values  of  pull,  speed,  acceleration, 
and  grade  were  determined  for  a  particular  position  of  the  train  upon 
the  road ;  by  method  2  the  average  values  of  these  quantities  were 
determined  for  the  period  during  which  the  test  car  was  passing  over 
a  definite  section  of  the  track. 

Under  method  1,  the  point  on  the  road  having  been  chosen,  the 
pull  and  the  speed  were  found  by  direct  readings  from  the  chart.  This 
pull  divided  by  the  tonnage  gives  the  gross  train  resistance  at  this 
speed,  and  this  gross  resistance  was  then  corrected  for  both  accelera- 
tion and  grade  resistances.  The  acceleration  was  determined  by  graph- 
ical methods  from  the  speed  curve,  and  the  grade  was  found  by  cor- 
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relating  the  position  of  the  train  with  the  profile.  The  points  were  all 
selected  so  that  at  the  moment  under  consideration  the  entire  train  was 
on  a  nearly  uniform  grade.  Method  1  results  in  momentary  values  of 
train  resistance  at  the  points  considered. 

By  method  2  the  average  value  of  train  resistance  was  determined 
for  the  period  during  which  the  test  car  at  the  head  of  the  train  was 
passing  a  selected  section  of  the  track.  This  track  section  corresponds 
to  a  certain  length  on  the  test  car  record.  The  section  was  selected  so 
that  the  speed  of  the  car  when  entering  was  nearly  equal  to  its  speed  at 
exit  and  moreover  so  that  no  considerable  variations  in  speed  occurred 
during  transit  over  the  section.  These  portions  of  the  chart  having 
been  chosen,  the  average  pull  was  next  found  by  determining  the 
average  ordinate  of  the  curve  of  drawbar  pull,  and  the  average  speed 
was  found  by  means  of  the  section  length  and  the  time  record.  Gross 
resistance  in  pounds  per  ton  was  next  derived  by  dividing  this  value 
of  pull  by  the  tonnage,  and  this  gross  resistance  was  accordingly  cor- 
rected for  the  resistances  due  to  acceleration  and  grade,  as  in  method 
1.  In  this  case  the  average  acceleration  is  found  by  consideration  of 
the  speeds  at  entrance  to  and  exit  from  the  section.  In  order  to  correct 
for  grade,  the  elevation  of  the  center  of  gravity  of  the  train  was  deter- 
mined for  that  position  of  the  train  at  which  the  test  car  entered  the 
section,  and  again  for  the  position  at  which  the  car  left  the  section. 
The  difference  between  these  elevations  establishes  the  effective  aver- 
age grade,  which  either  helps  or  opposes  the  locomotive  while  the  train 
passes  the  section.  These  elevations  of  the  center  of  gravity  of  the 
train  may  not  be  determined  with  sufficient  accuracy  unless  the  train 
at  the  moment  is  on  a  practically  uniform  grade.  The  section  limits 
were  therefore  so  chosen.  Method  2  results  in  a  value  of  average  train 
resistance  for  the  average  speed  at  which  the  train  passes  the  section 
under  consideration.  It  would  be  rigidly  correct  if  train  resistance 
varied  uniformly  with  speed,  in  other  words,  if  the  curve  showing  the 
relation  of  resistance  to  speed  were  a  straight  line.  This,  of  course, 
is  not  the  relation,  and  the  process  accordingly  gives  results  which 
are  slightly  in  error.  As  previously  stated,  however,  the  section  was 
chosen  so  that  the  difference  between  the  speeds  at  entrance  to  and 
exit  from  the  section  was  small,  and  for  the  speed  range  represented 
by  this  difference,  the  curve  of  train  resistance  deviates  but  little  from 
a  straight  line.  Such  error  as  does  result  from  the  process  is,  there- 
fore, very  small,  and  is  of  no  moment  whatever  when  compared  with 
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variations,  due  to  natural  causes,  wliich  occur  in  the  resistance  itself. 

The  two  methods  are  fundamentally  alike.  Although  the  first  is 
the  less  laborious,  it  requires  the  determination  of  acceleration  at  a 
point  on  the  speed  curve,  which  is  occasionally  difficult  to  make  ac- 
curately. Method  2  is,  accordinglj^,  generally  preferable,  and  it  is 
also  to  be  preferred  because  it  deals  with  average  values  and  there- 
fore tends  to  eliminate  from  the  results  the  incidental  momentary 
variations  which  frequently  occur  in  train  resistance.  Method  2  has 
consequently  been  used  during  these  tests  whenever  it  was  possible  to 
do  so,  but  it  has  been  necessary  occasionally  to  resort  to  the  use  of 
method  1,  especially  for  the  determination  of  resistance  at  low  speed, 
because  in  passenger  service  low  speeds  are  rarely  maintained  for  a 
long  enough  period  to  permit  the  use  of  the  second  method.  Of  all 
the  resistance  values  included  in  this  report  only  about  16  per  cent 
were  derived  by  method  1.  These  values  are  represented  in  the  resist- 
ance speed  diagrams  by  the  circles,  whereas  values  derived  by  method 
2  are  represented  by  the  black  dots. 

In  general  the  methods  used  during  these  tests  were  like  those 
set  forth  in  Bulletin  43  of  the  Engineering  Experiment  Station  of 
the  University  of  Illinois  and  described  in  detail  in  sections  11  to  15 
and  in  Appendix  4  of  that  bulletin.  The  precautions  taken  to  ensure 
accuracy  which  are  there  described,  particularly  in  the  determination 
of  the  acceleration  corrections,  were  strictly  observed  in  these  experi- 
ments. 

12.  The  Derivation  of  the  Resistance  Curves. — The  calculations 
result,  for  each  test,  in  a  series  of  values  of  net  train  resistance  at  a 
variety  of  speeds.  These  values  of  resistance  were  plotted  with  respect 
to  speed,  and  gave  such  a  diagram  as  in  Fig.  1.  The  curve,  such  as  is 
shown  there,  was  next  drawn  to  express,  for  the  test  in  question,  the 
relation  existing  between  resistance  and  speed.  In  order  to  draw  this 
curve,  the  plotted  points  were  assumed  to  be  arranged  in  a  number 
of  groups,  and  for  each  group  the  averages  of  the  values  of  speed  and 
of  resistance  were  determined.  By  these  averages  a  new  point  or 
' '  center  of  gravity ' '  of  the  group  was  then  plotted.  The  curve  was 
drawn  by  confining  attention  to  the  few  points  thus  determined. 
The  groups  of  points  were  arbitrarily  selected  so  that  the  resulting 
"centers  of  gravity"  would  be  distributed  nearly  equidistantly 
throughout  the  speed  range.  All  curves  presented  in  the  report,  ex- 
cept those  shown  in  Fig.  9,  were  drawn  by  this  process. 
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V.     The  Results  of  the  Tests 

13.  Results  of  the  Individual  Tests. — The  immediate  result  of 
each  test  is  a  curve  which  shows  for  the  train  under  consideration  the 
relation  existing  between  train  resistance  and  speed.  Fig.  1  includes 
such  a  curve  for  the  train  of  test  1,  in  which  the  average  weight  of 
the  cars  was  40.58  tons.  Similar  curves  for  each  of  the  twenty-eight 
trains  tested  are  presented  in  Figs.  1  to  5  inclusive. 
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There  is  considerable  variation  among  the  points  on  the  individual 
plots  of  Figs.  1  to  5,  as  well  as  considerable  variation  of  the  points 
from  the  mean  defined  by  the  curves.  It  is  possible  that  part  of  this 
variation  may  be  due  to  accumulated  errors  in  instruments  or  in  the 
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Fig.  2.    Diagrams  Showing  the  Relation  between  Tkain  Resistance 
AND  Speed  for  Four  Trains 


calculations,  but  since  every  precaution  was  taken  to  avoid  such  errors, 
they  are  undoubtedly  of  little  consequence.  The  data,  particularly 
for  certain  tests  during  which  wind  conditions  changed  considerably, 
indicate  that  the  usual  variations  in  the  direction  and  velocity  of  the 
wind  during  any  test  are  sufficient  to  account  for  the  differences  in 
train  resistance  shown  in  these  figures.  Variations  in  such  other  com- 
ponents of  train  resistance  as  journal  friction  and  oscillatory  resist- 
ances are  also  undoubtedly  accountable  in  a  large  degree  for  the 
differences  discussed.  The  data  do  not  afford  a  means  of  evaluating 
the  influence  of  such  components  of  resistance. 

14.  Results  of  All  the  Tests. — The  twenty-eight  curves  from 
Figs.  1  to  5  have  been  brought  together  in  Fig.  6  which  embodies, 
therefore,  the  immediate  results  of  all  the  tests.    These  curves  make 
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it  clear  that  there  was  a  maximum  variation  of  about  75  per  cent  in 
the  resistance  of  different  trains.  Difference  in  wind  velocity  fails  to 
account  for  this  variation,  except  in  a  few  selected  cases,  but  there 
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Fig.  3.    Diagrams  Showing  the  Eelation  between  Teain  Resistance 
AND  Speed  for  Six  Trains 


was  every  reason  to  believe  that  as  in  the  freight  train  resistance  tests 
reported  in  Bulletin  43  of  the  Engineering  Experiment  Station  the 
divergence  of  these  curves  might  be  explained  by  the  variation  in  the 
average  weight  of  the  cars  going  to  make  up  the  different  trains.  Com- 
parison with  the  tabular  data  shows  that  the  four  upper  curves  are 
derived  from  tests  of  trains  in  which  the  average  car  weight  was  36.5 
tons  while  the  four  lower  curves  are  from  tests  of  trains  in  which  the 


24 


ILLINOIS  ENGINEERING  EXPERIMENT  STATION 


average  car  weight  was  69.8  tons.  These  facts  serve  as  a  rough  in- 
dication of  the  part  played  by  car  weight  in  effecting  changes  in  train 
resistance.  As  has  been  previously  stated,  this  conclusion  was  anti- 
cipated when  the  work  was  begun  and  tests  were  made  therefore  with 
trains  which  cover  the  ordinary  range  of  passenger  car  weight. 
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Fig.  4.    Diagrams  Showing  the  Eelation  between  Train  Eesistance 
AND  Speed  for  Six  Trains 


If  in  Fig.  6  at  the  point  corresponding  to  20  miles  per  hour  a 
perpendicular  is  erected,  it  will  cut  the  curves  in  twenty-eight  points, 
each  of  which  pertains  to  a  particular  train  and  defines  for  that  train 
the  average  value  of  resistance  at  a  speed  of  20  miles  per  hour.  If 
each  of  these  resistance  values  is  plotted  with  respect  to  the  average 
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car  weight  of  the  train  to  which  it  pertains,  the  diagram  for  20  miles 
per  hour  shown  in  Fig.  7  is  obtained.  Since  in  this  diagram  the  values 
of  resistance  all  relate  to  a  common  speed,  the  influence  of  speed  on 
resistance  is  eliminated,  and  the  figure  shows  the  relation  which  at  20 
miles  per  hour  exists  between  resistance  and  average  car  weight.    Fig. 
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Fig.  5.    Diagrams  Showing  the  Relation  between  Train  Eesistance 
AND  Speed  for  Six  Trains 


7  includes  seven  diagrams  obtained  by  this  process  for  speeds  of  10, 
20,  30,  40,  50,  60  and  .70  miles  per  hour.  The  coordinates  of  the  points 
plotted  in  Fig.  7  are  given  in  Table  2.  In  it  the  tests  are  arranged  in 
the  order  of  the  average  car  weights. 
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Both  Fig.  7  and  Table  2  show  that  the  points  on  the  individual 
plots  fall  into  three  groups.  The  group  having  the  lowest  average 
ear  weight  was  obtained  from  tests  made  on  local  train  number  24 
which  has  been  described  on  page  12  and  in  Table  1.  It  has  been 
noted  that  the  number  of  cars  in  these  trains  having  four-wheel  trucks 
varied  from  50  per  cent  to  80  per  cent.  The  intermediate  group  of 
points  was  derived  from  tests  with  train  number  5  in  which  the  num- 
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Fig.  6. 


Curves  Showing  the  Eelation  between  Train  Eesistance  and 
Speed   for   the    Twenty-eight    Trains    Tested 


ber  of  cars  having  four-wheel  trucks  varied  from  18  per  cent  to  27 
per  cent.  The  group  of  points  pertaining  to  trains  having  a  high 
average  car  weight  applies  to  tests  made  on  train  number  2  in  which 
the  number  of  cars  having  four-wheel  trucks  varied  from  0  per  cent 
to  20  per  cent. 

In  considering  the  variation  among  the  points  on  the  individual 
plots  of  Fig.  7  it  should  be  borne  in  mind  that  each  point  represents 
the  average  resistance  of  a  particular  train  at  a  given  speed.  With 
the  exception  of  test  number  4  which  results  in  abnormally  low  re- 
sistance values  the  average  variation  of  all  the  points  from  the  mean 
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curves  is  8  per  cent.  There  are  three  trains  which  at  some  speed  gave 
resistances  greater  than  20  per  cent  above  or  below  the  mean  curve. 
The  majority,  however,  vary  from  the  curve  by  10  per  cent  or  less. 
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Fig.  7.    Diagrams   Showing  the  Eelation  between   Train   Resistance  and 
Average  Car  Weight  egr  Seven  Different  Speeds 


In  the  following  table  are  given  the  average  deviations  above  and 
below  the  mean  for  all  the  points  in  Fig.  7. 

No  satisfactory  explanation  for  these  differences  is  obtainable 
from  the  data.    They  are  probably  dne  to  varying  external  conditions 
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such  as  wind  and  temperature  as  well  as  to  variations  in  train  con- 
dition and  make  up.  Variations  similar  to  those  recorded  in  the  fore- 
going table  may  be  expected  with  any  train. 


Table  2 

Values  of  Resistance   at  Various  Speeds  Derived   from  the  Curves  for 

The  Individual  Tests 

This  table  provides  the  coordinates  of  the  points  plotted  in  Fig.  7 


Average 

Train  Resistance — Pounds  per  Ton 

Test 

Weight 
per  Car 

No. 

Tons 

10 

20 

30 

40 

50 

60 

70 

M.  P.  H. 

M.  P.  H. 

M.  P.  H. 

M.  P.  H. 

M.  P.  H. 

M.  P.  H. 

M.  P.  H. 

8 

33.60 

6.83 

8.00 

9.30 

10.80 

12.56 

14.72 

9 

34.50 

7.01 

7.90 

8.90 

10.00 

11.39 

13.00 

3 

37.02 

7.35 

7.61 

8.03 

8.73 

9.91 

10.50 

6 

37.10 

6.45 

6.90 

7.43 

8.18 

9.30 

10.67 

7 

37.12 

7.47 

7.90 

8.42 

9.10 

9.91 

10.92 

5 

37.90 

5.70 

6.70 

7.80 

9.05 

10.58 

12.38 

4 

39.03 

4.90 

5.72 

6.73 

8.00 

9.90 

1 

40.58 

8.23 

8.89 

9.65 

10.60 

11.78 

2 

40.70 

7.81 

8.80 

10.00 

11.35 

13.00 

10 

46.32 

6.42 

6.93 

7.57 

8.42 

9.76 

11.68 

21 

48.65 

5.44 

5.70 

6.00 

6.45 

7.14 

8.23 

10.20 

16 

49.04 

4.90 

5.60 

6.35 

7.30 

8.40 

9.73 

11.40 

25 

49.10 

4.67 

4.89 

5.21 

5.80 

6.70 

7.91 

9.38 

20 

50.13 

6.00 

6.40 

7.35 

8.70     ■ 

10.50 

17 

51.18 

5.18 

5.92 

6.82 

7.85 

9.08 

10.52 

12 

51.80 

4.85 

5.38 

6.00 

6.72 

7.65 

8.78 

10.30 

24 

51.83 

4.80 

5.12 

5.51 

6.10 

6.93 

8.30 

10.00 

11 

54.96 

5.40 

5.75 

6.20 

6.81 

7.60 

8.70 

10.25 

28 

55.10 

6.00 

6.76 

7.76 

9.05 

14 

65.13 

6.50 

6.95 

7.55 

8.33 

9.31 

10.60 

13 

55.90 

5.96 

6.68 

7.56 

8.60 

9.85 

19 

63.49 

4.52 

5.30 

5.94 

7.10 

8.30 

9.70 

1  . 

65.29 

4.51 

5.30 

6.20 

7.22 

8.48 

9.94 

11.75 

15 

66.10 

3.46 

4.17 

4.98 

5.87 

6.94 

8.22 

9.77 

23 

68.63 

4.84 

5.02 

5.30 

5.74 

6.45 

7.62 

9.50 

22 

68.66 

4.90 

5.20 

5.64 

6.38 

7.45 

8.94 

26 

70.83 

4.00 

4,32 

4.70 

5.20 

5.88 

6.71 

7.87 

27 

71.10 

5.08 

5.32 

5.62 

6.00 

6.50 

7.32 

8.60 

Although  there  is  considerable  variation  among  the  points,  they 
indicate  clearly  a  decrease  in  the  resistance  as  the  car  weight  increases. 
The  rate  of  this  decrease  is  shown  by  the  curves  drawn  to  represent 
the  points  on  the  individual  plots  of  Fig.  7.  These  curves  have  been 
drawn  by  the  same  method  as  the  curves  of  Figs.  1  to  5  inclusive. 

The  seven  curves  from  the  individual  plots  of  Fig.  7  have  been 
brought  together  in  Fig.  8,  which  shows,  therefore,  the  average  rela- 
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tion  between  resistance  and  average  car  weight  for  each  of  seven 
different  speeds.  Fig.  8  shows  in  graphical  form  the  results  of  the 
whole  research. 

Average   Deviation   of  All  Points  in  Fig.  7  from  the  Mean  as  Shown  by 

THE  Curves  There  Drawn  Expressed  as  Percentages  of   the 

Curve  Ordinates 


Miles  per  Hour 

10 

20 

30 

40 

50 

60 

70 

8.7 
6.6 

6.5 
8.3 

7.1 
7.3 

9.0 

8.5 

9.0 

8.6 

10.2 
7.1 

6.7 

6.6 

15.  The  Results  Expressed  as  Resistance-Speed  Curves. — Fig. 
8,  however,  presents  the  relations  in  unusual  form.  Ordinarily  train 
resistance  is  expressed  as  a  curve  or  equation  which  defines  the  rela- 
tion between  resistance  and  speed  instead  of  the  relation  between  re- 
sistance and  car  weight  as  in  this  figure.  Obviously  a  single  curve 
will  not  suffice  to  express  the  results  of  these  experiments  in  the  usual 
form,  since  the  influence  of  car  weight  cannot  thereby  be  made  evident. 
A  number  of  curves  will  be  required  for  this  purpose,  each  of  which 
will  apply  only  to  a  particular  average  car  weight.  Fig.  9  presents 
such  a  group  of  resistance  speed  curves  which  have  been  derived 
directly  from  the  lines  of  Fig.  8,  and  Fig.  9  shows,  therefore,  in  dif- 
ferent form,  only  such  information  as  is  obtainable  from  Fig.  8. 

The  relation  between  the  two  figures  will  be  made  clear  by  ex- 
plaining the  derivation  of  the  curve  in  Fig.  9  applying  to  an  average 
car  weight  of  40  tons.  In  Fig.  8  the  ordinate  corresponding  to  an 
average  car  weight  of  40  tons  cuts  the  seven  lines  there  drawn  at  seven 
points,  at  which  the  mean  resistance  values  are  6.3,  7.0,  7.7,  8.6,  9.8, 
11.2,  and  12.7  pounds  per  ton,  corresponding  to  speeds  of  10,  20,  30, 
40,  50,  60  and  70  miles  per  hour  respectively.  These  values  are  the 
coordinates  of  seven  points  on  a  resistance-speed  curve  applying  to  a 
car  weight  of  40  tons.  These  seven  points  have  been  plotted  in  Fig. 
9  and  define  there  the  curve  for  40  tons.  The  curves  for  30,  35,  45,  50, 
60,  and  75  tons  average  weight  per  car  have  been  derived  in  like 
manner.  The  curves  of  Fig.  9  reproduce  quite  exactly  the  facts  pre- 
sented in  Fig.  8  and  present  the  final  results  of  the  experiments.  Three 
additional  curves  corresponding  to  55,  65,  and  70  tons  per  car  which 
were  included  in  the  original  diagram  have  been  omitted  from  Fig.  9 
to  avoid  confusion. 
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16.  T^e  Results  Expressed  in  Tabular  Form. — For  convenience 
the  values  of  resistance  defined  by  the  curves  of  Figs.  8  and  9  have 
been  tabulated  in  Table  3  which  gives  the  resistance  values  at  speeds 
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Table  3 

Values  of  Resistance  at  Various  Speeds  and  for  Various  Average 

Car  Weights 


The  values  are  derived  directly  from  the 

jurves  oi 

Fig.  9  and  present  the  final  results  of  the  testa 

Train  Resistance — 

Pounds 

per  Ton 

Speed 

Speed 

Miles 

Miles 

per 

Column  Headings  Indicate  the  Average  Weights 

per  Car- 

-Tons 

per 

Hour 

Hour 

30 

35 

40 

45 

50 

55 

60 

65 

70 

75 

5 

7.4 

6.6 

6.0 

5.4 

5.0 

4.8 

4.6 

4.4 

4.3 

4.1 

5 

6 

7.5 

6.7 

6.0 

5.5 

5.0 

4.8 

4.6 

4.4 

4.3 

4.2 

6 

7 

7.6 

6.8 

6.1 

5.5 

5.1 

4.8 

4.7 

4.5 

4.3 

4.2 

7 

8 

7.7 

6.8 

6.2 

5.6 

5.1 

4.9 

4.7 

4.5 

4.4 

4.2 

8 

9 

7.8 

6.9 

6.2 

5,6 

5.2 

4.9 

4.8 

4.6 

4.4 

4.3 

9 

10 

7.9 

7.0 

6.3 

5.7 

5.2 

5.0 

4.8 

4.6 

4.4 

4.3 

10 

11 

8.0 

7.1 

6.4 

5.8 

5.2 

5.0 

4.8 

4.7 

4.5 

4.3 

11 

12 

8.1 

7.1 

6.4 

5.8 

5.3 

5.0 

4.9 

4.7 

4.5 

4.4 

12 

13 

8.2 

7.2 

6.5 

5.9 

5.3 

6.1 

4.9 

4.7 

4.5 

4.4 

13 

14 

8.3 

7.3 

6.5 

5.9 

5.4 

5.1 

5.0 

4.8 

4.6 

4.4 

14 

15 

8.4 

7.4 

6.6 

6.0 

5.4 

5.2 

5.0 

4.8 

4.6 

4.5 

15 

16 

8.5 

7.5 

6.7 

6.0 

5.5 

5.2 

5.0 

4.9 

4.7 

4.5 

16 

17 

8.6 

7.6 

6.7 

6.1 

5.5 

5.3 

5.1 

4.9 

4.7 

4.5 

17 

18 

8.7 

7.7 

6.8 

6.1 

5.6 

5.3 

5.1 

5.0 

4.8 

4.6 

18 

19 

8.8 

7.7 

6.9 

6.2 

5.7 

5.4 

5.2 

5.0 

4.8 

4.6 

19 

20 

9.0 

7.8 

7.0 

6.3 

5.7 

5.4 

5.2 

5.0 

4.9 

4.7 

20 

21 

9.1 

7.9 

7.0 

6.3 

5.8 

5.5 

5.3 

5.1 

4.9 

4.7 

21 

22 

9.2 

8.0 

7.1 

6.4 

5.8 

5.5 

5.3 

5.1 

5.0 

4.8 

22 

23 

9.3 

8.1 

7.2 

6.4 

5.9 

5.6 

5.4 

5.2 

5.0 

4.8 

23 

24 

9.4 

8.2 

7.2 

6.5 

5.9 

5.6 

5.4 

5.2 

5.0 

4.9 

24 

25 

9.5 

8.3 

7.3 

6.6 

6.0 

5.7 

5.5 

5.3 

5.1 

4.9 

26 

26 

9.6 

8.4 

7.4 

6.6 

6.1 

5.7 

5.6 

5.4 

5.1 

5.0 

26 

27 

9.8 

8.5 

7.5 

6.7 

6.1 

5.8 

5.6 

5.4 

5.2 

5.0 

27 

28 

9.9 

8.6 

7.5 

6.8 

6.2 

5.9 

5.7 

5.5 

5.2 

5.1 

28 

29 

10.0 

8.7 

7.6 

6.8 

6.2 

5.9 

5.7 

5.5 

5.3 

5.1 

29 

30 

10.1 

8.8 

7.7 

6.9 

6.3 

6.0 

5.8 

5.6 

5.4 

5.2 

30 

31 

10.3 

8.9 

7.8 

7.0 

6.4 

6.0 

5.8 

5.6 

5.4 

5.2 

31 

32 

10.4 

9.0 

7.9 

7.1 

6.4 

6.1 

5.9 

5.7 

5.5 

5.3 

32 

33 

10.5 

9.1 

8.0 

7.1 

6.5 

6.2 

6.0 

5.8 

5.5 

5.4 

33 

34 

10.7 

9.2 

8.0 

7.2 

6.6 

6.2 

6.0 

5.8 

5.6 

5.4 

34 

35 

10.8 

9.3 

8.1 

7.3 

6.7 

6.3 

6.1 

5.9 

5.7 

5.5 

35 

36 

10.9 

9.4 

8.2 

7.4 

6.7 

6.4 

6.2 

6.0 

5.7 

5.5 

36 

37 

11.1 

9.5 

8.3 

7.4 

6.8 

6.5 

6.2 

6.0 

5.8 

5.6 

37 

38 

11.2 

9.6 

8.4 

7.5 

6.9 

6.5 

6.3 

6.1 

5.9 

5.7 

38 

39 

11.4 

9.8 

8.5 

7.6 

7.0 

6.6 

6.4 

6.2 

5.9 

5.7 

39 

40 

11.5 

9.9 

8.6 

7.7 

7.0 

6.7 

6.4 

6.2 

6.0 

5.8 

40 

41 

11.7 

10.0 

8.7 

7.8 

7.1 

6.8 

6.5 

6.3 

6.1 

6.9 

41 

42 

11.8 

10.1 

8.8 

7.9 

7.2 

6.9 

6.6 

6.4 

6.2 

6.0 

42 

43 

12.0 

10.3 

9.0 

8.0 

7.3 

6.9 

6.7 

6.5 

6.3 

6.0 

43 

44 

12.2 

10.4 

9.1 

8.1 

7.4 

7.0 

6.8 

6.6 

6.4 

6.1 

44 

45 

12.3 

10.5 

9.2 

8.2 

7.5 

7.1 

6.9 

6.7 

6.4 

6.2 

45 

46 

12.5 

10.7 

9.3 

8.3 

7.6 

7.2 

7.0 

6.8 

6.5 

6:3 

46 

47 

12.6 

10.8 

9.4 

8.4 

7.7 

7.3 

7.1 

6.9 

6.6 

6.4 

47 

48 

12.8 

11.0 

9.6 

8.5 

7.8 

7.4 

7.2 

7.0 

6.7 

6.5 

48 

49 

13.0 

11.1 

9.7 

8.6 

7.9 

7.5 

7.3 

',  .1 

6.8 

6.6 

49 

50 

13.1 

11.2 

9.8 

8.8 

8.0 

7.6 

7.4 

7.2 

7.0 

6.7 

50 

51 

13.3 

11.4 

9.9 

8.9 

8.1 

7.7 

7.5 

7.3 

7.1 

6.8 

51 

52 

13.5 

11.5 

10.1 

9.0 

8.2 

7.8 

7.6 

7.4 

7.2 

6.9 

52 

53 

13.7 

11.7 

10.2 

9.1 

8.4 

7.9 

7.7 

7.5 

7.3 

7.0 

53 

54 

13.8 

11.8 

10.3 

9.2 

8.5 

8.1 

7.8 

7.6 

7.4 

7.1 

54 

55 

14.0 

12.0 

10.5 

9.4 

8.6 

8.2 

8.0 

7.7 

7.5 

7.2 

55 
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Train  Resistance- 

—Pounds  per  Tod 

Speed 

Speed 

Miles 

Miles 

per 

Column  Headings  Indicate  the  Average  Weights  per  Cai 

— Tons 

per 

Hour 

Hour 

30 

35 

40 

45 

50 

55 

60 

65 

70 

75 

56 

14.2 

12.1 

10.6 

9.5 

8.7 

8.3 

8.1 

7.8 

7,6 

7.3 

56 

57 

14.4 

12.3 

10.8 

9.6 

8.9 

8.4 

8.2 

8.0 

7.7 

7.5 

57 

58 

14.6 

12.5 

10.9 

9.8 

9.0 

8.6 

8.3 

8.1 

7.8 

7.6 

58 

59 

14.8 

12.6 

11.1 

9.9 

9.1 

8.7 

8.4 

8.2 

8.0 

7.7 

59 

60 

15.0 

12.8 

11.2 

10.0 

9.2 

8.8 

8.6 

8.3 

8.1 

7.8 

60 

61 

15.1 

12.9 

11.3 

10.2 

0.4 

8.9 

8.7 

8.4 

8.2 

7.9 

61 

62 

15.3 

13.1 

11.5 

10.3 

9.5 

9.1 

8.8 

8.6 

8.3 

8.1 

62 

63 

15.5 

13.2 

11.7 

10.5 

9.7 

9.2 

9.0 

8.7 

8.5 

8.2 

63 

64 

15.7 

13.4 

11.8 

10.6 

9.8 

9.3 

9.1 

8.8 

8.6 

8.3 

64 

65 

15.9 

13.6 

11.9 

10.7 

9.9 

9.5 

9.2 

8.9 

8.7 

8.4 

65 

66 

16.1 

13.8 

12.1 

10.9 

10.0 

9.6 

9.3 

9.1 

8.8 

8.6 

66 

67 

16.3 

13.9 

12.2 

11.0 

10.2 

9.7 

9.4 

9.2 

9.0 

8.7 

67 

68 

16.5 

14.1 

12.4 

11.1 

10.3 

9.9 

9.6 

9.3 

9.1 

8.8 

68 

69 

16.7 

14.3 

12.5 

11.3 

10.5 

10.0 

9.7 

9.5 

9.2 

9.0 

69 

70 

16.9 

14.4 

12.7 

11.4 

10.6 

10.1 

9.9 

9.6 

9.4 

9.1 

70 

71 

17.1 

14.6 

12.8 

11.6 

10.7 

10,3 

10.0 

9.7 

9.5 

9.2 

71 

72 

17.3 

14.8 

13.0 

11.7 

10.9 

10.4 

10.1 

9.9 

9.6 

9.4 

72 

73 

17.5 

15.0 

13.1 

11.9 

11.0 

10.6 

10.3 

10.0 

9.8 

9.5 

73 

74 

17.7 

15.1 

13.3 

12.0 

11.2 

10.7 

10.4 

10.1 

9.9 

9.7 

74 

75 

17.9 

15.3 

13.5 

12.1 

11.3 

10.8 

10.5 

10.3 

10.0 

9.8 

75 

between  5  and  75  miles  per  hour  and  for  car  weights  ranging  from  30 
to  75  tons.  Table  3  also  includes  the  coordinates  of  the  resistance 
curves  corresponding  to  55,  65  and  70  tons  per  car  and  omitted  from 
Fig.  10. 

17.  Final  Results. — The  final  results  of  the  research  are  pre- 
sented in  the  two  forms  just  stated,  namely.  Fig.  9  and  Table  3,  from 
which  the  resistance  of  ordinary  passenger  trains  may  be  predicted 
with  reasonable  accuracy.  It  should  be  borne  in  mind,  however,  that 
these  results  are  applicable  to  trains  running  at  uniform  speed,  on 
level  tangent  track  of  good  construction,  during  weather  when  the 
temperature  is  not  lower  than  40  degrees  F.  and  when  the  wind  velo- 
city does  not  exceed  25  m.  p.  h.* 

It  is  also  significant  that  a  considerable  number  of  the  tests 
developed  resistances  averaging  about  8  per  cent  in  excess  of  the  mean 
resistance  which  would  be  predicted  by  the  use  of  Figs.  7,  8  or  9.  It 
should  be  understood  that  this  allowance  is  intended  to  cover  prob- 
able variations  in  the  resistance  of  different  trains  under  normal  op- 

*  Twenty-five  of  the  tests  here  reported  were  made  when  the  wind  velcocity  did  not 
exceed  20  m.  p.  h.  During  two  tests  it  did  not  exceed  25  m.  p.  h.  and  during  only  one 
test  did  it  exceed  30  m.  p.  h. 
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erating  conditions.  This  allowance  in  no  way  takes  the  place  of  that 
additional  reserve  which  must  be  allowed  to  cover  unusual  variations 
in  resistance  due  to  low  temperatures,  or  high  winds  or  of  that  reserve 
in  tractive  effort  of  the  locomotive  necessitated  by  operating  condi- 
tions which  reduce  the  efficiency  of  the  locomotive  itself. 
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Fig.  10.    Comparative  Curves  Showing  the  Relation  between  Train 
Resistance  and  Speed  for  Train  Composed  of  Eight  40-ton  Cars 

18.  Comparison  with  Other  Experiments. — For  purposes  of  com- 
parison with  the  results  of  other  investigations  the  following  formulas 
are  given,  together  with  Figs.  10  and  11.  The  curves  in  Fig.  10  have 
been  calculated  for  a  train  composed  of  eight  40-ton  cars  while  those 
of  Fig.  11  have  been  calculated  for  a  train  of  ten  60-ton  cars. 


.        ,        *          r>     50  ,   ^^ora  ,  0.002  a  S^r^    ,  n-V 
Armstrong*         R=  —  +  O.OdbS  H 1^ 1  +  -j^ 


V-"^] 


Bloodt 


r  0  401   ^-^ 

22  =  3  +  0.125+    0.0014 +  ^p 


*"Standard  Handbook  for  Electrical  Engineers,"  Section  13,  p.  947,   1910. 
tProc.  Amer.   See.  Mech.  Eng.,  Vol.  24,  p.   945,   1903. 
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Fig.   11.    Comparative   Curves    Showing  the   Eelation   between   Train 
Eesistance  and  Speed  for  Train  Composed  of  Ten  60-ton  Cars 


Cole* 
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Maillouxt  B  =  3.5  +  0.15  S  +  ^(0-02^+ 0.25)-|g, 


S      10  s^ 
Westinghouself    R  =  4:  +  j^  +  ^^^ 

Notation:    E  =  train  resistance,  pounds  per  ton. 
S  =  speed,  miles  per  hour. 
17= weight  of  the  train,  tons. 
N  =  number  of  cars  in  the  train. 
A  =  cross  sectional  area. 


*Ranway  Age   Gazette,   Vol.   47  n.   s.,  pp.  361,   411,   451,   503,   546,   583,   1909. 
tStreet  Railway  Journal,  Vol.  24,  p.  1003,   1904. 
JProc.  Amer.  Inst.     Elec.  Eng.,  Vol.  23,  p.  731,   1904. 
JWestinghouse  Company. 
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APPENDIX 

Typical  Tables  of  Results  of  the  Individual  Tests 

In  this  appendix  three  tables  are  given,  each  of  which  shows  the 
principal  results  of  the  calculations  for  one  test.  The  tests  have  been 
chosen  so  that  each  one  is  fairly  representative  of  all  the  tests  made 
with  a  particular  class  of  train.  Table  4,  for  example,  is  typical  of  the 
results  obtained  with  train  No.  24,  Table  5  representative  of  the  tests 
with  train  No.  5,  and  Table  6  representative  of  the  tests  with  train 
No.  2.  The  final  values  of  net  resistance  on  tangent,  level  track,  at 
uniform  speed  are  given  in  column  12,  and  the  corresponding  values 
of  speed  in  column  11.  These  two  columns  give  the  coordinates  of  the 
points  plotted  on  the  individual  diagrams  of  Figs.  1  to  5,  inclusive. 

It  has  been  customary  in  bulletins  of  the  Engineering  Experi- 
ment Station  of  this  nature  to  present  complete  tables  of  data  for  all 
the  tests.  This  practice  has  been  maintained  largely  for  the  purpose 
of  showing  the  range  of  conditions  such  as  wind  velocity  and  direc- 
tion, acceleration,  grade  and  length  of  sections.  It  has  also  served  to, 
show  the  division  of  the  gross  train  resistance  into  such  items  as  accel- 
eration, grade,  and  net  resistance.  In  view  of  the  fact  that  these  data 
have  been  given  so  fully  in  previous  publications  and  since  the  rela- 
tion between  the  various  items  is  not  materially  different  in  this  case, 
it  is  thought  that  the  presentation  of  typical  tables  of  data  is  suffi- 
cient. 
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Bulletin  No.  9.  An  Extension  of  the  Dewey  Decimal  System  of  Classification  Applied  to  the 
Engineering  Industries,  by  L.  P.  Breckenridge  and  G.  A.  Goodenough.  1906.  Revised  Edition 
1912.     Fifty  ce?its. 

Bulletin  No.  10.  Tests  of  Concrete  and  Reinforced  Concrete  Columns,  Series  of  1906,  by  Arthur 
N.  Talbot.     1907.     None  available. 

Bulletin  No.  11.  The  Effect  of  Scale  on  the  Transmission  of  Heat  through  Locomotive  Boiler 
Tubes,  by  Edward  C.  Schmidt  and  John  M.  Snodgrass.     1907.     None  available. 

Bulletin  No.  12.  Tests  of  Reinforced  Concrete  T-Beams,  Series  of  1906,  by  Arthur  N.  Talbot. 

1907.  None  available. 

Bulletin  No.  IS.  An  Extension  of  the  Dewey  Decimal  System  of  Classification  Applied  to  Archi- 
tecture and  Building,  by  N.  Clifford  Ricker.     1907.     None  available. 

Bulletin  No.  14.  Tests  of  Reinforced  Concrete  Beams,  Series  of  1906,  by  Arthur  N.  Talbot. 

1907.  None  available. 

Bulletin  No.  15.  How  to  Burn  Illinois  Coal  Without  Smoke,  by  L.  P.  Breckenridge,  190S, 
None  available. 

Bulletin  No.  16.  A  Study  of  Roof  Trusses,  by  N.  Clifford  Ricker.     1908.     None  available. 

Bulletin  No.  17.  The  Weathering  of  Coal,  by  S.  W.  Parr,  N.  D.  Hamilton,  and  W.  F.  Wheeler 

1908.  None  available. 

Bulletin  No.  18.  The  Strength  of  Chain  Links,  by  G.  A.  Goodenough  and  L.  E.  Moore.  1908. 
Forty  cents. 

Bulletin  No.  19.  Comparative  Tests  of  Carbon,  Metallized  Carbon  and  Tantalum  Filament 
Lamps,  by  T.  H.  Amrine.     1908.     None  available. 

Bulletin  No.  SO.  Tests  of  Concrete  and  Reinforced  Concrete  Columns,  Series  of  1907,  by  Arthur 
N.  Talbot.     1908.     None  available. 

Bulletin  No.  21 .  Tests  of  a  Liquid  Air  Plant,  by  C.  S.  Hudson  and  CM.  Garland.  1908.  Fifteen 
cents. 

Bulletin'No.  22.  Tests  of  Cast-iron  and  Reinforced  Concrete  Culvert  Pipe,  by  Arthur  N.  Talbot. 
1908.     None"  available. 

Bulletin  No.  23.  Voids,  Settlement  and  Weight  of  Crushed  Stone,  by  Ira  O.  Baker.  1908. 
Fifteen  cents. 

^Bulletin  No.  34-  The  Modification  of  Illinois  Coal  by  Low  Temperature  Distillation,  by  S.  W.  Parr 
and  C.  K.  Francis.     1908.     Thirty  cents. 

Bulletin  No.  2-5.  Lighting  Country  Homes  by  Private  Electric  Plants,  by  T.  H.  Amrine.  1908. 
Twenty  cents. 
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41 


42  PUBLICATIONS    OP   THE   ENGINEEBING   EXPERIMENT   STATION 

Bulletin  No.  26.  High  Steam-Pressure  in  Locomotive  Service.     A  Review  of  a  Report  to  the 
Carnegie  Institution  of  Washington,  by  "W.  F.  M.  Goss.     1908.     Twenty-five  cents. 

Bulletin  No.  Z7.  Tests  of  Brick  Columns  and  Terra  Cotta  Block  Columns,  by  Arthur  N.  Talbot 
and  Duff  A.  Abrams.     1909.     Twenty-five  cents. 

Bulletin  No.  28.  A  Test  of  Three  Large  Reinforced  Concrete  Beams,  by  Arthur  N.   Talbot. 
1909.     Fifteen  cents. 

Bulletin  No.  29.  Tests  of  Reinforced  Concrete  Beams:     Resistance  to  Web  Stresses,  Series  of 
1907  and  1908,  by  Arthur  N.  Talbot.     1909.     Forty-five  cents. 

*Bulletin  No.  SO.  On  the  Rate  of  Formation  of  Carbon  Monoxide  in  Gas  Producers,  by  J.  K.  Cle- 
ment, L.  H.  Adams,  and  C.  N.  Haskins.     1909.     Twenty-five  cents. 

*Bulletin  No.  31.  Tests    with    House-Heating    Boilers,    by    J.    M.    Snodgrass.     1909.     Fifty-five 
cents. 

Bulletin  No.  32.  The  Occluded  Gases  in  Coal,  by  S.  W.  Parr  and  Perry  Barker.     1909.     Fifteen 
cents. 

Bulletin  No.  33.  Tests  of  Tungsten  Lamps,  by  T.  H.  Amrine  and  A.  Guell.     1909.     Twenty  cents. 

Wulletin  No.  34.  Tests  of  Two  Types  of  Tile-Roof  Furnaces  under  a  Water-Tube  Boiler,  by  J.  M. 
Snodgrass.     1909.     Fifteen  cents. 

Bulletin  No.  35.  A  Study  of  Base  and  Bearing  Plates  for  Columns  and  Beams,  by  N.  Clifford 
Ricker.     1909.     Twenty  cents. 

Bulletin  No.  38.  The  Thermal  Conductivity  of  Fire-Clay  at  High  Temperatures,  by  J.  K.  Clement 
and  W.  L.  Egy.     1909.     Twenty  cents. 

Bulletin  No.  37.  Unit  Coal  and  the  Composition  of  Coal  Ash,  by  S.  W.  Parr  and  W.  F.  Wheeler. 
1909.     None  available. 

Bulletin  No.  38.  The  Weathering  of  Coal,  by  S.  W.  Parr  and  W.  F.  Wheeler.     1909.     Twenty- 
five  cents. 

^Bulletin  No.  39.  Tests  of  Washed  Grades  of  IlUnois  Coal,  by  C.  S.  McGovney.     1909.     Seventy- 
five  cents. 

Bulletin  No.  Jfi.  A  Study  in  Heat  Transmission,  by  J.  K.  Clement  and  C.  M.  Garland.     1910. 
Ten  cents. 

Bulletin  No.  41.  Tests  of  Timber  Beams,  by  Arthur  N.  Talbot.     1910.     Thirty-five  cents. 

*Bulleiin  No.  42.  The  Efifect  of  Keyways  on  the  Strength  of  Shafts,  by  Herbert  F.  Moore.     1910. 
Ten  cents. 

Bulletin  No.  43.  Freight  Train  Resistance,  by  Edward  C.  Schmidt.     1910.     Seventy-five  cents. 

Bulletin  No.  44-  An  Investigation   of  Built-up  Columns  under  Load,  by  Arthur  N.  Talbot  and 
Herbert  F.  Moore.     1911.     Thirty-five  cents. 

*Bulletin  No.  45.  The  Strength  of  Oxyacetylene  Welds  in  Steel,  by  Herbert  L.  Whittemore.     1911. 
Thirty- five  cents. 

*Bulletin  No.  46.  The  Spontaneous  Combustion  of  Coal,  by  S.  W.  Parr  and  F.  W.  Kressman. 
1911.     Forty-five  cents. 

*Bulletin  No.  47.  Magnetic  Properties  of  Heusler  Alloys,  by  Edward  B.  Stephenson.    1911.    Twen- 
ty-five cents. 

^Bulletin  No.  48.  Resistance  to  Flow  through  Locomotive  Water  Columns,  by  Arthur  N.  Talbot 
and  Melvin  L.  Enger.     1911.     Forty  cents. 

^Bulletin  No.  49.  Tests  of  Nickel-Steel  Riveted  Joints,  by  Arthur  N.  Talbot  and  Herbert  F.  Moore. 
1911.      Thirty  cents. 

*Bulletin  No.  60.  Tests  of  a  Suction  Gas  Producer,  by  C.  M.  Garland  and  A.  P.  Kratz.     1912. 
Fifty  cents. 

Bulletin  No.  51.  Street  Lighting,  by  J.  M.  Bryant  and  H.  G.  Hake.     1912.     Thirty-five  cents. 

Wulletin  No.  62.  An  Investigation  of  the  Strength  of  Rolled  Zinc,  by  Herbert  F.  Moore.     1912. 
Fifteen  cents. 

*Bulletin  No.  53.  Inductance  of  Coils,  by  Morgan  Brooks  and  H.  M.  Turner.     1912.     Forty  cents. 

Wulletin  No.  64.  Mechanical  Stresses  in  Transmission  Lines,  by  A.  Guell.     1912.     Twenty  cents. 

*Bulletin  No.  66.  Starting  Currents  of  Transformers,  with  Special  Reference  to  Transformers  with 
SiUcon  Steel  Cores,  by  Trygve  D.  Yensen.     1912.     Twenty  cents. 

Wulletin  No.  66.  Tests  of  Columns:     An  Investigation  of  the  Value  of  Concrete  as  Reinforcement 
for  Structural  Steel  Columns,  by  Arthur  N.  Talbot  and  Arthur  R.  Lord.     1912.     Twenty-five  cents. 

*Bulletin  No.  67.  Superheated  Steam  in  Locomotive  Service.     A  Review  of  Publication  No.  127 
of  the  Carnegie  Institution  of  Washington,  by  W.  F.  M.  Goss.     1912.     Forty  cents. 
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*Bulletin  No.  58.  A  New  Analysis  of  the  Cylinder  Performance  of  Reciprocating  Engines,  by 
J.  Paul  Clayton.     1912.     Sixty  cents. 

*Bulletin  No.  69.  The  Effect  of  Cold  Weather  upon  Train  Resistance  and  Tonnage  Rating,  by 
Edward  C.  Schmidt  and  F.  W.  Marquis.     1912.     Twenty  cents. 

Bulletin  No.  60.  The  Coking  of  Coal  at  Low  Temperatures,  with  a  Preliminary  Study  of  the 
By-Products,  by  S.  W.  Parr  and  H.  L.  Olin.     1912.     Twenty-five  cents. 

*Bulletin  No.  61.  Characteristics  and  Limitation  of  the  Series  Transformer,  by  A.  R.  Anderson 
and  H.  R.  Woodrow.     1913.     Twenty-five  cents. 

Bulletin  No.  63.  The  Electron  Theory  of  Magnetism,  by  Elmer  H,  Williams.     1913.     Thirty-five 
cents. 

Bulletin  No.  63.  Entropy-Temperature  and  Transmission  Diagrams  for  Air,  by  C.  R.  Richards. 
1913.     Twenty-five  cents. 

*Bulletin  No.  6^.  Tests  of  Reinforced  Concrete  Buildings  under  Load,  by  Arthur  N.  Talbot  and 
Willis  A.  Slater.     1913.     Fifty  cents. 

*Bulletin  No.  65.  The  Steam  Consumption  of  Locomotive  Engines  from  the  Indicator  Diagrams, 
by  J.  Paul  Clayton.     1913.     Forty  cents. 

Bulletin  No.  66.  The  Properties  of  Saturated  and  Superheated  Ammonia  Vapor,  by  G.  A.  Good- 
enough  and  William  Earl  Mosher.     1913.     Fifty  cents. 

Bulletin  No.  67.  Reinforced  Concrete  Wall  Footings  and  Column  Footings,  by  Arthur  N.  Talbot. 

1913.  Fifty  cents. 

Bulletin  No.  68.  The  Strength  of  I-Beams  in  Flexure,  by  Herbert  F.  Moore.     1913.     Twenty 
cents. 

Bulletin  No.  69.  Coal  Washing  in  Illinois,  by  F.  C.  Lincoln.     1913.     Fifty  cents. 

Bulletin  No.  70.  The  Mortar-Making  Qualities  of  Illinois  Sands,  by  C.  C.  Wiley.     1913.     Twenty 
cents. 

Bulletin  No.  71-  Tests  of  Bond  between  Concrete  and  Steel,  by  Duff  A.  Abrams.     1914.     One 
dollar. 

*Bulletin  No.  7Z.  Magnetic  and  Other  Properties  of  Electrolytic  Iron  Melted  in  Vacuo,  by  Trygve 
D.  Yensen.     1914.     Forty  cents. 

Bulletin  No.  73.  Acoustics  of  Auditoriums,  by  F.  R.  Watson.     1914.     Twenty  cents. 

*Bulletin  No.  74.  The  Tractive  Resistance  of  a  28-Ton  Electric  Car,  by  Harold  H.  Dunn.     1914. 

Twenty-five  cents. 

Bulletin  No.  75.  Thermal  Properties  of  Steam,  by  G.  A.  Goodenough.     1914.     Thirty-five  cents. 

Bulletin  No.  76.  The  Analysis  of  Coal  with  Phenol  as  a  Solvent,  by  S.  W.  Parr  and  H.  F.  Hadley. 

1914.  Twenty-five  cents. 

*Bulletin  No.  77.  The  Effect  of  Boron  upon  the  Magnetic  and  Other  Properties  of  Electrolytic 
Iron  Melted  in  Vacuo,  by  Trygve  D.  Yensen.     1915.     Ten  cents. 

^Bulletin  No.  78.  A  Study  of  Boiler  Losses,  by  A.  P.  Kratz.     1915.     Thirty-five  cents. 

^Bulletin  No.  79.  The  Coking  of  Coal  at  Low  Temperatures,  with  Special  Reference  to  the  Prop- 
erties and  Composition  of  the  Products,  by  S.  W.  Parr  and  H.  L.  Olin.     1915.     Twenty-five  cents. 

Bulletin  No.  80.  Wind  Stresses  in  the  Steel  Frames  of  OflSce  Buildings,  by  W.  M.  Wilson  and 
G.  A.  Maney.     1915.     Fifty  cents. 

^Bulletin  No.  81.  Influence  of  Temperature  on  the  Strength  of  Concrete,  by  A.  B.  McDaniel. 

1915.  Fifteen  cents. 

Bulletin  No.  82.  Laboratory  Tests  of  a  Consolidation  Locomotive,  by  E.  C.  Schmidt,  J.  M,  Snod- 
grass,  and  R.  B.  Keller.     1915.     Sixty-five  cents. 

*Bulletin  No.  83.  Magnetic  and  Other  Properties   of    Iron    Silicon  Alloys,  Melted  in  Vacuo,  by 
Trygve  D.  Yensen.     1915.     Thirty-five  cents. 

Bulletin  No.  84.  Tests  of  Reinforced  Concrete  Flat  Slab  Structures,  by  Arthur  N.  Talbot  and  W.  A. 
Slater.     1916.     Sixty-five  cents. 

*Bulletin  No.  85.  The  Strength  and  Stiffness  of  Steel  under  Biaxial  Loading,  by  A.  T.  Becker. 

1916.  Thirty-five  cents. 

*Bulletin  No.  86.  The  Strength  of  I-Beams  and  Girders,  by  Herbert  F.  Moore  and  W.  M.  Wilson. 
1916.     Thirty  cents. 

*Bulletin  No.  87.  Correction  of  Echoes  in  the  Auditorium,  University  of  Illinois,  by  F.  R.  Watson 
and  J.  M.  White.     1916.     Fifteen  cents. 

Bulletin  No.  88.  Dry  Preparation  of  Bituminous  Coal  at  Illinois  Mines,  by  E.  A.  Holbrook.     1916. 
Seventy  cents. 
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^Bulletin  No.  89.  Specific  Gravity  Studies  of  Illinois  Coal,  by  Merle  L.  Nebel.  1916.  Thirty 
cents. 

^Bulletin  No.  90.     Some  Graphical  Solutions  of  Electric  Railway  Problems,  by  A.   M.  Buck. 

1916.  Twenty  cents. 

Bulletin  No.  91.  Subsidence  Resulting  from  Mining,  by  L.  E.  Young  and  H.  H.  Stoek.  1916. 
None  available. 

^Bulletin  No.  92.  The  Tractive  Resistance  on  Curves  of  a  28-Ton  Electric  Car,  by  E.  C.  Schmidt 
and  H.  H.  Dunn.     1916.     Twenty-five  cents. 

*Bulletin  No.  93.     A  Preliminary  Study  of  the  Alloys  of  Chromium,  Copper,  and  Nickel,  by 

D.  F.  McFarland  and  O.  E.  Harder.     1916.     Thirty  cents. 

*Bulletin  No.  94.     The  Embrittling  Action  of  Sodium  Hydroxide  on  Soft  Steel,  by  S.  W.  Parr. 

1917.  Thirty  cents. 

*Bulletin  No.  95.  Magnetic  and  Other  Properties  of  Iron-Aluminum  Alloys  Melted  in  Vacuo,  by 
T.  D.  Yensen  and  W.  A.  Gatward.     1917.     Twenty-five  cents. 

*Bulletin  No.  96.  The  Effect  of  Mouthpieces  on  the  Flow  of  Water  through  a  Submerged  Short 
Pipe,  by  Fred  B  Seely,     1917.     Twenty-five  cents. 

Wulletin  No.  97.  Effects  of  Storage  upon  the  Properties  of  Coal,  by  S.  W.  Parr.  1917.  Twenty 
cents. 

*Bulletin  No.  98.  Tests  of  Oxyacetylene  Welded  Joints  in  Steel  Plates,  by  Herbert  F.  Moore. 
1917.     Ten  cents. 

Circular  No.  4.  _  The  Economical  Purchase  and  Use  of  Coal  for  Heating  Homes,  with  Special 
Reference  to  Conditions  in  Illinois.     1917.     Ten  cents. 

Wulletin  No.  99.     The  Collapse  of  Short  Thin  Tubes,  by  A.  P.  Carman.     1917.     Twenty  cents. 

*Circular  No.  6.  The  Utilization  of  Pjrrite  Occurring  in  Illinois  Bituminous  Coal,  by  E.  A. 
Holbrook.     1917.     Twenty  cents. 

^Bulletin  No.  100.  Percentage  of  Extraction  of  Bituminous  Coal  with  Special  Reference  to  Illinois 
Conditions,  by  C.  M.  Young.     1917. 

*Bulletin  No.  101.  Comparative  Tests  of  Six  Sizes  of  Illinois  Coal  on  a  Mikado  Locomotive,  by 

E.  C.  Schmidt,  J.  M.  Snodgrass,  and  O.  S.  Beyer,  Jr.     1917.     Fifty  cents. 

'^Bulletin  No.  102.  A  Study  of  the  Heat  Transmission  of  Building  Materials,  by  A.  C.  Willard 
and  L.  C.  Lichty.     1917.     Twenty-five  cents. 

^Bulletin  No.  103.  An  Investigation  of  Twist  Drills,  by  B.  Benedict  and  W.  P.  Lukens.  1917. 
Sixty  cents. 

^Bulletin  No.  104.  Tests  to  Determine  the  Rigidity  of  Riveted  Joints  of  Steel  Structures  by 
W.  M.  Wilson  and  H.  F.  Moore.     1917.     Twenty-five  cents. 

Circular  No.  6.      The  Storage  of  Bituminous  Coal,  by  H.  H.  Stoek.     1918.     Forty  cents. 

Circular  No.  7.  Fuel  Economy  in  the  Operation  of  Hand  Fired  Power  Plants.  1918.  Twenty 
cents. 

*Bulletin  No.  103. 'H.yd.Teintio  Experiments  with  Valves,  Orifices,  Hose,  Nozzles,  and  Orifice 
Buckets,  by  Arthur  N.  Talbot,  Fred  B  Seely,  Virgil  R.  Fleming  and  Melvin  L.  Enger,  1918. 
Thirty-five  cents. 

*Bulletin  No.  106.  Teat  of  a  Flat  Slab  Floor  of  the  Western  Newspaper  Union  Building,  by 
Arthur  N.  Talbot  and  Harrison  F.  Gonnerman.     1918.     Twenty  cents. 

Circular  No.  8.      The  Economical  Use  of  Coal  in  Railway  Locomotives.     1918.     Twenty  cents. 

*Bulletin  No.  107.  Analysis  and  Tests  of  Rigidly  Connected   Reinforced  Concrete  Frame",  : 
MikishiAbe.    1918.     Fifty  cents. 

^Bulletin  No.  108  Analysis  of  Statically  Indeterminate  Structures  by  the  Slope  Deflection  Method, 
by  W.  M.  Wilson,  F.  E.  Richart  and  Camillo  Weiss.    1918.    One  dollar. 

*Bulletin  No.  109.  The  Pipe  Orifice  as  a  Means  of  Measuring  Flow  of  Water  through  a  Pipe,  by 
H.  H.  Jordan  and  R.  E.  Davis.   1918. 

^Bulletin  No.  110.  Passenger  Train  Resistance,  by  E.  C.  Schmidt  and  H.  H.  Dunn.  1918. 
Twenty  cents. 


*A  limited  number  of  copies  of  bulletins  starred  is  available  for  free  distribution. 
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